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Simple Type Theory

A theory of STT is the following tuple: T = (L, I)
A language of STT is a tuple L = (v,C, t) where:

- V 1s an infinite set of symbols called variables

- C1s set of symbols called constants

— 1. atotal function C— 7

[': Axioms of T



Definitions

* The theory of a complete ordered field:
(D, +,—, 0, %, 1, 1, <) . L1s type of elements in D.

T(+H)=0—>0U—1) C = {+7 X, -1, <, 09 ]‘}
T(-)=01—1) Notations:
T(X)=01—>01—1) a+b denotes +(a, b)
T()=0—1) a+(—a) denotes +(a,—(a))
T (0)=1

aXb  denotes X(a,b)
T(1)=1

T(Q=0—->0—>7)




Field Axioms

* A field 1s a nonempty set with 2 functions x & +
satistying the following axioms:

— Axiom 1: (Associative Laws)
e Va,b,c:t.(a+b)+c=a+ (b+c¢)
e Va,b,c:l.(axb)xc=ax(bxc)
— Axiom 2: (Commutative Laws)
e Va,b:t.a+b=b+a
e Va,b:t.axb=Dbxa



Axioms of a Field (continued)

- Axiom 3: (Distributive Law)
. Va,b,c:t.ax(b+c)=(axb)+(axc)
. Va,b,c:t.(a+b)yxc=(axc)+(bxc)
- Axiom 4: (Existence of identities)

. Va:t.a+0=a

. Va:t.ax1=a
- Axiom 5: (Existence of inverse)

. Additive inverse: Va:1.a+ (-a)=0
. Multiplicative Inverse: Va: 1. = (a=0) =>a x (1(a)) = 1



Axioms of a Field (continued)

. Example of a field: the set of rational numbers Q and
set of real numbers R.

. Additive and multiplicative identities of a field F are
unique.
. Proof: suppose el and e2 are both mult. identities in D then
el=el x e2ande2=¢e2 x el=>el =¢2

. Suppose el and e2 are both additive identities in F then
el=el +e2ande2 =e2 +el =>el =¢2



Axioms of an Ordered Field

. An ordered field is a linearly ordered field by <

— Axioms for the theory of linear orders 1s as follows:

. Axiom 6: Irreflexitivity: Va: 1. =(a < a)
. Axiom 7: Transitivity: Va, b, c: 1. (a<b) A(b<c)=>(a<c)
. Axiom 8: Trichotomy: Va,b: 1. (a<b)v(b<a)v(b=a)

— Just as the distributive law links together + and %, we need
rules to tell us how + and x affect the ordering of elements
of our field, therefore we define the following 2 axioms:

. Axiom 9: Va,b,c:t.(a<b)=>(a+c)<(b+c¢)
. Axiom 10: Va,b:1.(0<a)A(0O<b)=>(0<axb)



Axioms of an Ordered Field (continued)

Example : we need to derive that: (0 <a) A (0 <b)
=>(0<a+Db)

1. (0<a)A(O<b)

(0 + (b)) < (b + (-b)) (by axiom 9)

—b <0 (from 2)
(—b<0)A(0<a)=>(—b<a)(by axiom 8)
5. (—b+b)<(a+Db)(by axiom9)

6. O<(a+b) (from 5) => derived

N

I



Axioms of an Ordered Field (continued)

. Examples:

- The Rational numbers Q are an ordered field

-~ Real numbers R are an ordered field

- LetFbethesetZ,=1{0,1, 2, 3,4,5,6} on which +
and x are defined. F is a field under these operations but

when we define an ordering 0<1<2<3<4<5<6 on F, then
F 1s not an ordered field under this ordering.

. Solution: with this given ordering we have 0 < 1 but 1f we
add 6 then we produce a contradiction. 0+6 < 1 + 6 => 6< 0



Completeness Axiom

. Every non-empty set which 1s bounded above has a least
upper bound.

. Definition of bounded above: A subset S of an ordered

field F 1s bounded above, if there exist M eF such that
x<Mforallx € S

. Completeness Axiom: (Axiom 11)

- VS: (1 — *). (@ x:x1. S(x)) => [T b: 1. (upper (S, b) A
Vc: L. upper (S,¢c)=>b<c¢)])

-~ Where: upper (S, a) = VXx: 1. S(X) =>x<a



Completeness Axiom
(continued)

. The existence of a complete ordered field 1s the set
of real numbers denoted by R

. If F1 and F2 are both complete ordered fields then
we can show that there exist a bijective function i:
F1 — F2 such that i(a+b) = i(a) + i(b), i(axb)=i(a) X
i(b), and a < b <=>i(a) < i(b)

Therefore F1 and F2 are the same.
The function 7 1s called an
order isomorphism




Conclusion

. The existence of such an order isomorphism
shows that the real numbers are essentially
unique.

Theretore the real numbers are the only

Complete Ordered Field
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