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Primitive Recursive

• Take n natural numbers as inputs,
produce a natural number

• Basic primitive functions are given by 
three axioms
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Axioms
• The “Constant Function” 0

Z = λx.0

• The “Successor Function”, as defined in Peano
arithmetic
S = λx.(x+1)

• The “Projection Function”     , which takes n 
arguments and returns the ith.

= λx1⋅⋅⋅xn.xi
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Exponential Function

• The exponential function computes xy

• xy is simply x multiplied by itself y times

• x⋅x is simply x added to itself x times

• x+x is simply x+1 or S(x) x times
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Recursive Definition of Addition
• Sum function f = λx,y.(x + y)

• In recursive notation
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Addition cont’d
• g, h ∈ PR, let g(x) = x, and h(x,y,z) = z + 1.

• a PR derivation of f is:
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Recursive Definition of 
Multiplication

• Prod function f = λx,y.(x ⋅ y)

• In recursive notation
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Multiplication cont’d
• g, h ∈ PR

• a PR derivation of f is:
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Recursive Definition of the 
Exponential Function

• Exp function f = λx,y.(x ^ y)

• In recursive notation
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Exponential Function cont’d
• g, h ∈ PR

• a PR derivation of f is:
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Conclusion

Primitive recursion allows us to reduce 
complicated mathematical operations 
such as the exponential function to very 
simple operations, well defined by Peano
arithmetic.
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