i Exercise 9

Letf: A® Bandg: B® C betotal, and let h
=g°f: A® C bethecomposition of g and f.

(a) Provethat, if f and g areinjective, then his
Injective, but the converseisfalse.

(b) Provethat, if f and g aresurjective, then his
surjective, but the converseisfalse.

By
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== | he definition of composition

The composition of the functions g ° f Is defined

by the assignment
" xI Dg-t,g°f(x)=g(f(x).
A g°f C
. .
° X f 9(f(x))
\ . f(x)/g/
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i f, gareinjective b hisinjective

Pr oof:
Suppose h (a,) =h (a,), wherea,, a, 1 A.
Then, by the definition of composition,
a(f(a) =9(f(a)).
Since g isinjective, weknow f (a,) =f (a,).
Sincef isinjective, we know a, = a..

Thus, h(a) =h(a,) P a, = a, whichis the
definition of an injective function. Thus, h Is
Injective.
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i f, garesurjective P hissurjective

Pr oof:
Let c be an arbitrary element of C.
Sincegissurjective, $bl Bsuchthat g (b)=c
Furthermore, sincef issurjective, $al A such
that f (a) = Db.
Therefore,

g(f(a))=9(b)=c,org°f(a)=c.

hissurjective.
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hisinjective P gisinjective ?
i hissurjective b fissurjective ?

Counterexample:

f:A® Bandg:B® C; f g
A=(a}, B={b, d}, C={c}, A B c

f (a)= b,

g (b)=c, g(d)=c, a o C

h(a)=g°f(a)=c. /

h is surjective and injective,
but f Isnot surjective,
and g Is not injective.
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i hisinjectivep fisinjective

Pr oof:
Suppose f(a,) =f (a,), f(a),f(a) T B.
Because g istotal, with the definition of
composition, we have

h(ay) =9(1(a) =9(1 () =h(ay.
Thustheinjectivity of h providesa, = a, as
desired.
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i hissurjective P gissurjective

Pr oof:

Let c be an arbitrary element of C. Sinceh s
surjective, theremust $al A suchthat h (a) = c.

By the definition of composition, $ b1 B, f (a)=b
and g(b) = c.
Thus, g Issurjective.
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* Conclusion

N

N

N

If f and g are injective, then hisinjective.
If f and g are surjective, then h is surjective.
If f and g are bijective, then his bijective.

If
If
If

n=g°f isinective, thenf isinjective.
n=g°f Issurjective, then g issurjective.

n=g°f Ishijective, thenf isinjective, g Is

surjective.

PDF created with FinePrint pdfFactory Pro trial version http://www.fineprint.com



http://www.fineprint.com

