Theory of Lattices In FOL

Jun Wu
Nov, 2002



What Is Lattices (view of set theory)

Lattice (D, <, U, n)
<ODxD,:DxD - D, n:DxD - D

* (D, 3)
Partial order set

e [J(Join)
Every subset { a, b} has a(unique) least upper bound in D,
denoteasall b, ajoinb

* N (meet)
Every subset { a, b} has a(unique) greatest lower bound in D,
denoteasan b, ameetb



|_attices and Not Lattices
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1. total order islattice x<y= (xOy) =y ( Least upper bound)
(X n y) =x ( Greatest lower bound)

2. form lattice from partial order.



Example of Lattices

La[the (D, S, |:|, N ) ] =-{a' b, c}
D: Power set of {a,b,c} /[\
< ifx<y,iffx0Oy p-fa, bl ET®Y Mo o

[1 (join) : union of subsets of
power set

! i A = {a} {r>§_-2<‘c = {c}
N (meet): intersection of
subset sets of power set
@< 1)



Theory of Lattices

T={L,T}
L={V,® {0, n}, {s}}
[ . AXIoms
1. [x.x<x (Reflexive)
2.0x,y.(x<y)(y<x) = (Xx=y) (Antisymmetry)
3.0X,y,z. (Xx<y) U(y<2) = (x<2) (Trangitivity)
4. 0x,y,zU (x<su O(ysuw) U((x<s2)U(y<2) = (U 2))
(Least upper bound)
5.0x,y,zMU ((uisx) Du<sy) O((zsx)U(zgsy) = (z<g u)))
(Greatest |lower bound)
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What is Lattices (view of algebra)

Lattice (D, L, n)
[1: DxD - D, n:DxD - D
e XN X=X,XxUx=x (ldempotency)
e XNYy=yn X x0Oy=yUx (Commutativity)
e XNny)nz=xn (yn z) (Associativity)
(xOy)Oz=xU (yU 2

e Xxn (XxXUOy)=x, xUO (X ny)=x (Absorption
Identities)



Theory of Lattices (view of algebra)

T={L,T}

L

[:

={V, o, {0, n}, b}

Axioms

[IX.Xx n X=X,Xx 0 x=x (Idempotency)

(X, y.XNy=ynX (Commutativity)

X, y.xUy=yLX

(X, y,z.(xny)nz=xn (yn z) (Associativity)
(Ix,y,z.(xOy)Oz=x0O (yQd 2z

(X, y.x n (X 1 y)=x (Absorption identities)

(X, y.xO (X Nny)=x



Lattices and Boolean Algebra

Boolean lattice
* Boolean algebrais aboolean lattice

e |salattice aboolean agebra?

Complementarity
xy=1,xny=0
1. universal upper bound O: universal lower bound
Distributivity
XUy nz) =(x0Oy)n(x Oz)
xnlydz)=xXxny)d(xn 2z



Conclusion

e A latticeasan algebraand alattice asa
poset are “equivalent” concepts.

— 1. Lettheposet L = (D, <, U, n ) bealattice. Setx n y
=GLB{x,y} andx Oy=LUB{x,y} . Thenthe
agebra L = (D, L, n ) isalattice.

— 2. Letthealgebral = (D, I, n ) bealattice. Set x <y
Iff x ny=x.ThenL =(D, <, U, n ) isaposet, and the
poset is alattice.
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