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Exe 15

Suppose P=(S,<=) Is preorder. Define a nontrivial
equivalence relation R on S such that the quotient
structure P/R Is partial order

By Zhuomei



Preorder

A binary relation <= over a set S Is a preorder If it
has following properties:

= Reflexive: forallain S, a<=a
= Transitive: forallabandcinS,
Ifa<=bandb<=cthena<=c



Partial Order

A binary relation <= over a set S Is a partial order If
It has following properties:

= Reflexive: forallainS,a<=a

= Transitive: foralla,bandcinsS,
Ifa<=bandb<=cthena<=c

= Antisymmetric:

foralla,binS,ifa~bandb~a
thena=0>b



Equivalence Relation

A binary relation ~ over a set S Is a equivalence
relation if it is

= Reflexive: forallainS,a~a
= Transitive: forallabandcins§,

Ifa~bandb~cthena~c
= Symmetric: foralla, binS,

Ifa~bthenb ~a



Quotient Set

Given a set S and an equivalence relation ~ over S,
the quotient set written as S/~, Is the set of all
equivalence classes in S under equivalence relation

~

Example:

If S Is the set of all cars and ~ Is the equivalence
relation of “ having the same color”, then the set of
all green cars and the set of all white cars are
different equivalence classes. S/~ could be identified
with the set of all car colors.



Equivalence Class

Given aset S. ais an element in set S. Equivalence
class Is a subset of S, and satisfies {x in S| X ~ a}where
~ 1S an equivalence relation. This equivalence class Is
denoted as [a]

= Any two equivalence classes are either equal or
disjoint, that is, the set of all equivalence classes
of S forms a partition of S

= The property of an equivalence relation a ~ b if
and only if [a] = [b]



Suppose P = (S, <=) Is preorder. Define a nontrivial
equivalent relation R on S such that the quotient
structure P/R Is partial order

We may take two steps:
= Find an equivalence relation R over set S

* Find a binary relation ~ over the set of
equivalence classes and then prove this binary
relation ~ Is a partial order



we define a binary relation R on set S: forall a,b Iin S,
Ifa<=bandb<=athena R b (<=is preorder onS)

Prove binary relation R is an equivalence relation
= forallainS,a<=a - aRa (reflexive)
= foralla, bandcinS,ifaRbandbRc,then
a<=Db, b<=candc<=h, b<=c
- a<=candc<=a
- aRc (transitive)
= foralla,binsS, fromaR b, we can get
a<=b,b<=a
- bRa (symmetric)

We can get conclusion that R is an equivalence relation over
set S.



Define a binary relation ~ on the set of equivalence classes:
for all elements of Set Sa and b, if a <= Db, define [a] ~ [b]

Prove that binary relation ~ is a partial order
= reflexive a<=a - [a] ~[a]
= transitive [a] ~ [b] and [b] ~ [c]
2> a<=bandb<=c
> a<=cCc (<= has transitive property)
= [a] ~ [c]
= antisymmetric
[a] ~ [b] and [b] ~ [a]
2> a<=bandb<=a

2> aRbD (definition of equivalence relation R)
- [a] = [b] (property of equivalence relation)

That means that ~ s a partial order on the set of equivalence
classes



