CAS 701 Fall 2002

Final Examination

Instructor: William M. Farmer

You have 3 hours to complete this test worth 100 points consisting of
3 pages and 8 questions. Write your answers in the examination booklet
provided to you. Good luck!

(1)

[10 pts.] Use truth tables to verify that the de Morgan Laws for propo-
sitional logic are tautologies:

(a) ~(PAQ) & (=P V-Q).
(b) ~(PV@Q) < (=P A-Q).

[10 pts.] Find a set S of real numbers such that the order type of (.5, <)
is v where:

(a) v=w.
(b) y=w+w.
(¢) y=w-w.

[20 pts.] Let A be a set with |A| > 1, F' be the set of all total functions
f:A— A and o: F x F — F be composition (i.e., for all f,g € F
and z € A, (f o g)(x) = f(g9()))-

(a) Show that there is some h € F such that (F,o,h) is a monoid.

(b) Show that there is some F’ with {h} C F' C F and some
i: F — F such that (F’ 0,4, h) is a group.

[10 pts.] Assume that the following statements hold:

e [ is a sound and complete formal system for a language L.

e T = (L,T) is a theory such that T is consistent in F', T is com-
plete, and I' is finite.

Describe a decision procedure for T, i.e., describe an algorithm that,
given a formula ¢ of L, determines whether 7' = ¢ or T' = —p. Explain
why your procedure is correct.
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(5) [10 pts.] Consider the theory T'= (L,T") of first-order logic such that:

L=W,0,0,{=,<}) where = and < are binary.
' = {1, 2,93, ¢4, p5} where:
p1 18 V. (z <x).
o is Vo,y,z. a <yAhNy<z=ux<z.
p3 is Vo,y.z=yVaer<yVy<zx.
pg is Voyy. 2. xc<y=r<zAz<y.
w5 is dx,y . ~(z =vy).

(a) Describe four nonisomorphic models of T of cardinality < w.

(b) Describe one uncountable model of T" of cardinality > w.

(6) [10 pts.] Formalize in simple type theory (STT) the theory of 3-colorable
graphs. A graph is 8-colorable if the nodes of the graph can be colored
using three different colors such that, for all nodes ni,ns in the graph,
if there is an edge from nq to n9, then n; and ny have different colors.

(7) [10 pts.] Recall that the Ackermann function A : NxN — N is defined
recursively by the following equations:

A(0,y) =y + 1.
A(x +1,0) = A(z, 1).
Alx+ 1,y +1) = Az, A(z + Ly)).
Explain how this definition can be viewed as an instance of well-

founded recursion. Hint: The well-founded relation is a certain lexi-
cographical order.
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(8) [20 pts.] Consider the theory T'= (L,T") of simple type theory:

L=(V,{A,P,V,L,R},T) where

T(A) = (x — ).
T(P)=(t — (L —1)).
T(V) = (v — %).
7(L) = (L — 1).
T(R) = (t — 1).

I'= {1, 92,93, 4, 5, 6, 7} where:
w1 is Vo :x.Vs,t:v.(A(z) = P(s,t)).
w9 18 Vay,x9:x. Alxy) = A(x2) = 21 = 29.
©3 is VSl,SQ,tl,tQ L.
P(Sl,tl) = P(SQ,tQ) = (81 =89 ANt = tg).
pq is Vo :x. V(A(z)) = .
w5 is Vs,t:v. L(P(s,t)) =s.
we is Vs,t:v. R(P(s,t)) =t.
o7 is VQ: (L — %) .
[(Vz:*.Q(A(x))) A
(Vs,t:0. (Q(s) AQ(Y) = Q(P(s,1)))] =
Vi, Q).

T is a theory of binary trees whose leaves are truth values.

(a) Which of the axioms of T" ensure that there is “no confusion” in
the models of T'?

(b) Which of the axioms of T" ensure that there is “no junk” in the
models of 77

(¢) By recursion, define M : (v — ¢) in T to be the function that,
given a tree t, returns the tree ¢’ that is the “mirror” of ¢t. Your
definition should have the form

M= (\t:..B).
(d) Explain why your definition of M makes sense.
(e) Prove in T that

Vit:ie. M(M(t)) =t.
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