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Abstract

Chiron is a derivative of von-Neumann-Bernays-Gédel (NBG) set theory
that is intended to be a practical, general-purpose logic for mechanizing
mathematics. Unlike traditional set theories such as Zermelo-Fraenkel
(zF) and NBG, Chiron is equipped with a type system, lambda nota-
tion, and definite and indefinite description. The type system includes
a universal type, dependent types, dependent function types, subtypes,
and possibly empty types. Unlike traditional logics such as first-order
logic and simple type theory, Chiron admits undefined terms that re-
sult, for example, from a function applied to an argument outside its
domain or from an improper definite or indefinite description. The
most noteworthy part of Chiron is its facility for reasoning about the
syntax of expressions. Quotation is used to refer to a set called a con-
struction that represents the syntactic structure of an expression, and
evaluation is used to refer to the value of the expression that a con-
struction represents. Using quotation and evaluation, syntactic side
conditions, schemas, syntactic transformations used in deduction and
computation rules, and other such things can be directly expressed in
Chiron. This paper presents the syntax and semantics of Chiron, some
definitions and simple examples illustrating its use, a proof system for
Chiron, and a notion of an interpretation of one theory of Chiron in
another.
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1 Introduction

The usefulness of a logic is often measured by its expressivity: the more
that can be expressed in the logic, the more useful the logic is. By a logic,
we mean a language (or a family of languages) that has a formal syntax
and a precise semantics with a notion of logical consequence. (A logic may
also have, but is not required to have, a proof system.) By this definition,
a theory in a logic—such as Zermelo-Fraenkel (zF) set theory in first-order
order—is itself a logic. But what do we mean by expressivity? There are
actually two notions of expressivity. The theoretical expressivity of a logic
is the measure of what ideas can be expressed in the logic without regard
to how the ideas are expressed. The practical expressivity of a logic is the
measure of how readily ideas can be expressed in the logic.

To illustrate the difference between these two notions, let us compare two
logics, standard first-order logic (FOL) and first-order logic without function
symbols (FOL™). Since functions can be represented using either predicate
symbols or function symbols, FOL and FOL™ clearly have exactly the same
theoretical expressivity. For example, if three functions are represented as
unary function symbols f, g, h in FOL, these functions can be represented as
binary predicate symbols pf, pg, pp in FOL™. The statement that the third
function is the composition of the first two functions is expressed in FOL by
the formula

Va . h(z) = f(g(x)),

while it is expressed in FOL™ by the more verbose formula

VZL‘,Z . ph($,2) = 3y . pg(xay) /\pf(yvz)

The verbosity that comes from using predicate symbols to represent func-
tions progressively increases as the complexity of statements about functions
increases. Hence, FOL™ has a significantly lower level of practical expressiv-
ity than FOL does.

Traditional general-purpose logics—such as predicate logics like first-
order logic and simple type theory and set theories like ZF and von-Neumann-
Bernays-Godel (NBG) set theory—are primarily intended to be theoretical
tools. They are designed to be used in theory, not in practice. They are
thus very expressive theoretically, but not very expressive practically. For
example, in the languages of ZF and NBG, there is no vocabulary for forming
a term f(a) that denotes the application of a set f representing a function to
a set a representing an argument to f. Moreover, even if such an application
operator were added to ZF or NBG, there is no special mechanism for handling



“undefined” applications. As a result, statements involving functions and
undefinedness are much more verbose and indirect than they need to be,
and reasoning about functions and undefinedness is usually performed in
the metalogic instead of in the logic itself.

Chiron is a set theory that has a much higher level of practical expres-
sivity than traditional set theories. It is intended to be a general-purpose
logic that, unlike traditional logics, is designed to be used in practice. It
integrates NBG set theory, elements of type theory, a scheme for handling
undefinedness, and a facility for reasoning about the syntax of expressions.
This paper presents the syntax and semantics of Chiron, some definitions
and simple examples illustrating its use, a proof system for Chiron, and a
notion of an interpretation of one theory of Chiron in another. A quicker,
more informal presentation of the syntax and semantics of Chiron is found
in [8].

The following is the outline of the paper. Section 2 gives an informal
overview of Chiron. Section 3 presents Chiron’s official syntax and an un-
official compact notation for Chiron. The semantics of Chiron is given in
section 4. We also show in section 4 that there is a faithful semantic inter-
pretation of NBG in Chiron. A large group of useful operators are defined
in sections 5 and 6 including the operators needed for the substitution of a
term for the occurrences of a free variable. Some of the practical expressiv-
ity of Chiron is illustrated by examples in section 7. Section 8 presents a
proof system for Chiron and proves that it is sound and also complete in a
restricted sense. Section 9 defines the notion of a semantic interpretation of
one theory of Chiron in another. The paper concludes in section 10 with a
brief summary and a list of future tasks. There are two appendices. The
first presents two alternate semantics for Chiron based on value gaps, and
the second gives an expanded definition of a proper expression.

2 Overview

This section gives an informal overview of Chiron. A formal definition of
the syntax and semantics of Chiron is presented in subsequent sections.

2.1 NBG Set Theory

NBG set theory is closely related to the more well-known ZF set theory.
The underlying logic of both NBG and ZzF is first-order logic, and NBG and
ZF both share the same intuitive model of the iterated hierarchy of sets.
However, in contrast to ZF, variables in NBG range over both sets and proper



classes. Thus, the universe of sets V' and total functions from V to V like the
cardinality function can be represented as terms in NBG even though they
are proper classes. There is a faithful interpretation of zF in NBG [18, 21, 22].
This means that reasoning in ZF can be reduced to reasoning in NBG in a
meaning-preserving way and that NBG is consistent iff ZF is consistent. A
good introduction to NBG is found in [12] or [16].

Chiron is a derivative of NBG. It is an enhanced version of STMM [5],
a version of NBG with types and undefinedness. Chiron has a much richer
syntax and more complex semantics than NBG, but the models for Chiron
contain exactly the same values (i.e., classes) as the models for NBG. More-
over, there is a faithful semantic interpretation of NBG in Chiron—which
means that there is a meaning-preserving embedding of NBG in Chiron such
that Chiron is a conservative extension of the image of NBG under the em-
bedding. That is, Chiron adds new vocabulary and assumptions to NBG
without compromising the underlying semantics of NBG, and hence, Chiron
is satisfiable iff NBG is satisfiable.

2.2 Values

A wvalue is a set, class, superclass, truth value, undefined value, or operation.
A class is an element of a model of NBG set theory. Each class is a collection
of classes. A set is a class that is a member of a class. A class is thus a
collection of sets. A class is proper if it not a set. Intuitively, sets are “small”
classes and proper classes are “big” classes. A superclass is a collection of
classes that need not be a class itself. Summarizing, the domain D, of sets
is a proper subdomain of the domain D, of classes, and D. is a proper
subdomain of the domain D of superclasses. Dy is the universal class (the
class of all sets), and D, is the universal superclass (the superclass of all
classes).

There are two truth values, T representing true and F representing false.
The truth values are not members of Dy. There is also an undefined value L
which serves as the value of various sorts of undefined terms such as unde-
fined function applications and improper definite or indefinite descriptions.
1 is not a member of Dy U {T,F}.

An operation is a mapping over superclasses, the truth values, and the
undefined value. More precisely, for n > 0, an n-ary operation is a total

mapping
O’:Dl X~--XDn—>Dn+1

where D; is Dg, DcU{L}, or {T,F} for all i with 1 <7 < n+1. An operation



is not a member of D;U{T,F, L}. A function is a class of ordered pairs that
represents a (possibly partial) mapping

f:Dy — Dy.

Operations are not classes, but many operations can be represented by func-
tions (which are classes).

2.3 Expressions

An expression is a tree whose leaves are symbols. There are four special
sorts of expressions: operators, types, terms, and formulas. An expression
is proper is it is one of these special sorts of expressions, and an expression
is improper if it is not proper. Proper expressions denote values, while
improper expressions are nondenoting (i.e., they do not denote anything).

Operators denote operations. Many sorts of syntactic entities can be
formalized in Chiron as operators. Examples include logical connectives;
individual constants, function symbols, and predicate symbols from first-
order logic; type constants and type constructors including dependent type
constructors; and definedness operators. Like a function or predicate symbol
in first-order logic, an operator in Chiron is not useful unless it is applied.

Types are used to restrict the values of operators and variables and to
classify terms by their values. They denote superclasses. Terms are used
to describe classes. They denote classes or the undefined value L. A term
is defined if it denotes a class and is undefined if it denotes 1. Every term
is assigned a type. Suppose a term a is assigned a type o and « denotes
a superclass X,. If a is defined, i.e., a denotes a class x, then z is in X,,.
Formulas are used to make assertions. They denote truth values.

The proper expressions are categorized according to their first (leftmost)
symbols:

1. Operator and operator applications (op, op-app).
2. Variables (var).

3. Type applications and dependent function types (type-app,
dep-fun-type).

4. Function applications and abstractions (fun-app, fun-abs).
5. Conditional terms (if).

6. Existential quantifications (exists).



7. Definite and indefinite descriptions (def-des, indef-des).

8. Quotations and evaluations (quote, eval).

2.4 Dependent Function Types
A dependent function type is a type of the form
Y= (dep_fun_typea (Var7 z, Oé), /8)

where o and ( are types. (Dependent function types are commonly known
as dependent product types.) The type v denotes a superclass of possibly
partial functions. A function abstraction of the form

(fun-abs, (var, z, @), b),

where b is a term of type 3, is of type 7.

The dependent function type =y is a generalization of the more common
function type a — 5. If f is a term of type @ — § and a is a term of type «,
then the application f(a) is of type f—which does not depend on the value
of a. In Chiron, however, if f is a term of type v and a is a term of type «,
then the term

(fun_app7 fa CL),
the application of f to a, is of the type
(type-app, 7, a),

the type formed by applying the type v to a—which generally depends on
the value of a.

2.5 Undefinedness

An expression is undefined if it has no prescribed meaning or if it denotes a
value that does not exist. There are several sources of undefined expressions
in Chiron:

e Nondenoting operator, type, and function applications.
e Nonexistent function abstractions.
e Improper definite and indefinite descriptions.

e Out of range variables and evaluations.



Undefined expressions are handled in Chiron according to the traditional
approach to undefinedness [6]. The value of an undefined term is the un-
defined value L, but the value of an undefined type or formula is D. (the
universal superclass) or F, respectively. That is, the values for undefined
types, terms, and formulas are D., 1, and F, respectively. Commonly used
in mathematical practice, the traditional approach to undefinedness enables
statements involving partial functions and definite and indefinite descrip-
tions to be expressed very concisely [6].

2.6 Quotation and Evaluation

A construction is a set that represents the syntactic structure of an expres-
sion. A term of the form (quote,e), where e is an expression, denotes the
construction that represents e. Thus a proper expression e has two different
meanings:

1. The semantic meaning of e is the value denoted by e itself.

2. The syntactic meaning of e is the construction denoted by (quote, e).

There are two ways to refer to a semantic meaning v. The first is to
directly form a proper expression e not beginning with eval that denotes v.
The second is to form a term a that denotes the construction that represents
a proper expression e that denotes v and then form the type (eval, a, type),
term (eval, a, «), or formula (eval,a,formula) (depending on whether e is a
type, a term assigned the type «a, or a formula) which denotes v.

Likewise there are two ways to refer to a syntactic meaning c¢. The first
is to directly form a term a not beginning with quote that denotes c¢. The
second is to form an expression e such that the construction ¢ represents
the syntactic structure of e and then form the expression (quote, e) which
denotes c.

For an expression e, the term (quote, e) denotes the syntactic meaning
of e and is thus always defined (even when e is an undefined term or an
improper (nondenoting) expression). However, a term (eval, a, ), where «
is a type, may be undefined.

10



op type term formula
op-app | var type-app | dep-fun-type
fun-app | fun-abs | if exists
def-des | indef-des | quote eval

Table 1: The Key Words of Chiron.

3 Syntax

This section presents the syntax of Chiron which is inspired by the S-
expression syntax of the Lisp family of programming languages.

3.1 Expressions

Let S be a fixed countably infinite set of symbols and K be the set of the
16 symbols given in Table 1. Assume K C §. The members of S are the
symbols of Chiron and the members of K are the key words of Chiron.

Let a signature form be a sequence s1, ..., Sy+1 of symbols where n > 0

and each s; is the symbol type, term, or formula. A language of Chiron is a
pair L = (O, 0) where:

1. O is a countable set of symbols such that (1) O and S are disjoint and
(2) Op C O where Oy is the set of the 18 symbols given in Table 2.
The members of O are called operator names and the members of O
are the built-in operator names of Chiron.

2. 0 maps each o € O to a signature form such that, for each o € Oy,
(o) is the signature form assigned to o in Table 2.

Throughout this paper let L = (O, 6) be a language of Chiron.

Let L; = (O, 6;) be a language of Chiron for i = 1,2. L; is a sublanguage
of Ly (and Ly is an extension of L), written L1 < Lo, if O; C O and 6 is
a subfunction of 5.

The two formation rules below inductively define the notion of an ex-
pression of L. expry [e] asserts that e is an expression of L.

Expr-1 (Atomic expression)
seSUO0

expry[s]

11



Operator Name Signature Form

1. set type

2. class type

3. op-names term

4. lang type

5.  expr-sym type

6. expr-op-name term, type

7. expr term, type

8. expr-op term, type

9. expr-type term, type
10. expr-term term, type
11.  expr-term-type term, term, type
12. expr-formula term, type
13. in term, term, formula
14. type-equal type, type, formula
15. term-equal term, term, type, formula
16. formula-equal formula, formula, formula
17. not formula, formula
18. or formula, formula, formula

Table 2: The Built-In Operator Names of Chiron.

Expr-2 (Compound expression)

exprylerl, ... exprea]
expry[(e1,...,en)]

where n > 0.

Hence, an expression is an S-expression (with commas in place of spaces)
that exhibits the structure of a tree whose leaves are symbols in SU O. Let
&1 denote the set of expressions of L.

A proper expression of L is an expression of L defined by the set of 13
formation rules below. A proper expression denotes a class, a truth value,
the undefined value, or an operation. Each proper expression of L is assigned
an expression. p-expry[e : €/] asserts that e € £, is a proper expression
of L to which the expression €’ € £ is assigned. An improper expression
of L is an expression of L that is not a proper expression of L. Improper
expressions are nondenoting.

12



There are four sorts of proper expressions. An operator of L is a proper
expression of L to which the expression op is assigned. A type of L is a
proper expression of L to which the expression type is assigned. A term
of L is a proper expression of L to which a type of L is assigned. And a
formula of L is a proper expression of L to which the expression formula is
assigned. When a is a term of L, « is a type of L, and p-expr; [a : o] holds,
a is said to be a term of type . As we mentioned earlier, operators denote
operations, types denote superclasses, terms denote classes or the undefined
value 1, and formulas denote the truth values T and F.

operator; [O] means p-expr;[O : op], type;[a] means p-expr; [« :
type], termpy[a] means p-expr;[a : «] for some type a of L, and
formulay[A] means p-expr;[A : formula]. termg[a : «] means
p-expr;fa : a] and type;[a], i.e., a is a term of type a. An expression
k is a kind of L, written kindy[k], if k = type, type;[k], or k = formula.
Thus kinds are the expressions assigned to types, terms, and formulas. A
proper expression e of L is said to be an expression of kind k if k = type
and e is a type, type;[k] and e is a term of type k, or k = formula and e is
a formula.

The following formation rules define the 13 proper expression categories
of Chiron:

P-Expr-1 (Operator)

o€ O,kindy, [k?l], ceey kindL[kn_H]
operator; [(op,0,k1,. .., knt1)]

where n > 0; 6(0) = s1,...,8,+1; and k; = s; = type, type; [k;] and
s; = term, or k; = s; = formula for all 7 with 1 <i <n+ 1.

P-Expr-2 (Operator application)

operator; [(op,0, ki, ..., kyy1)], exprylel],...,expr;y[en]
p—exprL[(op—app, (Op7 0, kla ) kn—i—l)a €1, .- 7en) : kn—l—l]

where n > 0 and (k; = type and type;[e;]), (typer[ki] and
termy[e;]), or (k; = formula and formulay[e;]) for all i with 1 <
1 < n.

P-Expr-3 (Variable)

x € S, type[a]
termy [(var, z, a) : o]

13



P-Expr-4 (Type application)

type;[a], termp [a]
type[(type-app, a;, a)]

P-Expr-5 (Dependent function type)

termL [(var, x, O()] ) typeL [/8]
typey[(dep-fun-type, (var, z, o), §)]

P-Expr-6 (Function application)
termy[f : o], termy[a]
termy[(fun-app, f,a) : (type-app, o, a)]

P-Expr-7 (Function abstraction)

termp[(var, z, )], termy[b : 5]

termp [(fun-abs, (var, z, ), b) : (dep-fun-type, (var, z, ), 8)]

P-Expr-8 (Conditional term)

formulay [A], termy[b: 8], termy[c: 7]
termy [(if, 4,0, ¢) : 0]

where § = b lfﬁ:7
(op-app, (op, class, type)) otherwise

P-Expr-9 (Existential quantification)

termy [(var, z, )], formulay [B]

formulay [(exists, (var, z, «), B)]

P-Expr-10 (Definite description)

termp [(var, z, )], formulay [ B]

termyp [(def-des, (var,z, ), B) : o]

P-Expr-11 (Indefinite description)

termp [(var, z, )], formulay [ B]

termy [(indef-des, (var, z, «), B) : o]

P-Expr-12 (Quotation)

expry [e]
termp[(quote, e) : (op-app, (op, expr, type))]

14



P-Expr-13 (Evaluation)

termp [a], kindy [k]
p-expr; [(eval,a, k) : k]

Note: An expanded definition of a proper expression with 25 proper expres-
sion categories is given in appendix B.

Proposition 3.1.1 The formation rules assign a unique expression of L to
each proper expression of L.

Unless stated otherwise, an operator name, operator, etc. is an opera-

tor name, operator, etc. of L. We will use s,t,u,v,w,z,y,z,... to denote
symbols; 0,0/, ... to denote operator names; O, ', ... to denote operators;
a, B,7, - .. to denote types; a, b, c, ... to denote terms; A, B,C, ... to denote
formulas; and k, k', ... to denote kinds.

The length of an expression e € £, written |e|, is defined recursively by
the following statements:

1. fseSUO, |s|=1.
2. Ifer,...,en €&, (€1, en)| =1+ |e1] + - |en]-

Notice that |()] = 1 and, in general, |e| equals the number of symbols and
parenthesis pairs occurring in e. The complezity of an expression e € &y,
written c(e), is the pair (m,n) € N x N of natural numbers such that:

1. m is the number of occurrences of the symbol eval in e that are not
within a quotation.

2. n is the length of e.

For c(e1) = (m1,n1) and c(e2) = (ma, n2), c(e1) < c(ez) means either m; <
mg or (my = me and ny < ng).

Let O = (op,0,k1,...,knt1) be an operator. The operator name o
is called the name of O, and the list ki,...,k,+1 of kinds is called the
signature of O. O is said to be an n-ary operator because it is applied
to n arguments in an operator application. O is a type operator, term
operator, or formula operator if k,y1 = type, typer[kn+1], or knt1 =
formula, respectively. A type constant is a O-ary type operator application
of the form (op-app, (op, 0,type)). A term constant (or simply constant) of
type « is a 0-ary term operator application of the form (op-app, (op, 0, «)).
A formula constant is a O-ary formula operator application of the form

15



Operator
1. (op,set, type)
2. (op,class, type)
3. (op,op-names,V)
4.  (op,lang,type)
5.  (op,expr-sym, type)
6. (op,expr-op-name, L, type)
7. (op,expr, L, type)
8. (op,expr-op, L, type)
9. (op,expr-type, L, type)
10.  (op, expr-term, L, type)
11.  (op, expr-term-type, L, E¢y, type)
12.  (op, expr-formula, L, type)
13. (op,in,V, C, formula)
14.  (op, type-equal, type, type, formula)
15.  (op, term-equal, C, C, type, formula)
16.  (op, formula-equal, formula, formula, formula)
17. (op, not, formula, formula)
18.  (op, or, formula, formula, formula)
where:
V = (op-app, (op, set, type))
C = (op-app, (op, class, type))
¢ = (op-app, (op, opnames, V))
L = (op-app, (op, lang, type))
Ety = (op-app, (op, expr-type, type), £)

(op-app, (op, 0, formula)). Two operators are similar if their names are the

Same.

Let 0 € O and F = 60(0). If F' contains the symbol term, there will be
many operators with the name o that have different signatures, i.e., there will
be many operators with the name o that are similar to each other. However,
each operator name will usually be assigned a preferred signature. If F' does
not contain the symbol term, o is assigned F’ as its preferred signature. Each
built-in operator name is assigned a preferred signature. An operator formed
from a built-in operator name and its preferred signature is called a built-in
operator of Chiron. The operators in Table 3 are the built-in operators of

Chiron.

Table 3: The Built-In Operators of Chiron.

16




Remark 3.1.2 A language L = (0O,6) can be presented as a set L’ of
operators such that, for each symbol o, there is at most one operator in L’
whose name is 0. O is the set of operator names o such that o € O iff 0 is
the name of some operator in L', and 6 is the function from O to signature

forms such that, for all (o :: k1,...,kny1) € L, 6(0) is the signature form
corresponding to ki, ..., kp+1. In addition, for each (o :: k1,...,kpt1) € L,
k1,...,kny1 is the preferred signature of o.

Let a = (var,x,«) be a variable. z is called the name of a, and « is
called the type of a. Two variables are similar if their names are the same.
An expression e is ewval-free if all occurrences of the symbol eval in e
are within a quotation. Notice that, if e is eval-free, then the complex-
ity of e is c(e) = (0,]e]). We will use a°f, g, ~°f .. s a°f bt c*f) .. .; and
Af Bef Cef . to denote eval-free types, terms, and formulas, respectively.
A subexpression of an expression is defined inductively as follows:

1. If e is a proper expression, then e is a subexpression of itself.

2. Ife = (s,e1,...,ey,) is a proper expression such that s is not quote, then
e; is a subexpression of e for each proper expression e; with 1 < i < n.

3. If e is a subexpression of ¢’ and €’ is a subexpression of €”; then e is a
subexpression of e”.

e is a proper subexpression of €' if e is a subexpression of €’ and e # ¢’. No-
tice that (1) a subexpression is always a proper expression, (2) an improper
expression has no subexpressions, (3) a quotation has no proper subexpres-
sions, and (4) if e; is a proper subexpression of ey, then |e;| < |ez| and
c(e1) < c(e2), i.e., the length and the complexity of a proper subexpres-
sion of an expression is strictly less than length and the complexity of the
expression itself.

3.2 Compact Notation

We introduce in this subsection a compact notation for proper expressions—
which we will use in the rest of the paper whenever it is convenient. The
first group of notational definitions in Table 4 defines the compact notation
for each of the 13 proper expression categories.

The next group of notational definitions in Table 5 defines additional
compact notation for the built-in operators and the universal quantifier.

We will often employ the following abbreviation rules when using the
compact notation:
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Compact Notation Official Notation

(O:Zkl,...,kn_H) (Op,O kl,... kn+1)

(0 k1, .. kny1)(er,...,en) (op-app, (op,0,ki, ... knt1),€1,-..,€p)
(x: ) (var, z, a)

a(a) (type-app, o, a)

(Az:a.p) (dep-fun-type, (var, z, @), 3)

f(a) (fun-app, f, a)

Az :a.b) (fun-abs, (var, x, «), b)

if(A,b,c) (if, A, b, c)

(3z:a.B) (exists, (var, x, a), B)

(tz:a.B) (def-des, (var, z, a), B)
(ex:a.B) (indef-des, (var, z, a), B)

Fe™ (quote, e)

la]k (eval,a, k)

lalty (eval, a, type)

[a]te (eval, a, (op-app, (op, class, type)))
lalfo (eval, a, formula)

Table 4: Compact Notation

1. A matching pair of parentheses in an expression may be dropped if
there is no resulting ambiguity.

2. A variable (z : a) occurring in the body e of (xx : «v . €), where * is A,
A, 3, V, ¢, or € may be written as x if there is no resulting ambiguity.

3. (xx1:aq...(*xp tay . €)--+), where xis A, A, 3, or V, may be written
as

(X1 Q1. Ty Q. €).

Similarly, (xz1 : ... (xxp : . €)--+), where x is A, A, 3, or V, may
be written as

(X1, Tp . €).
4. If we assign a fixed type, say «, to a symbol = to be used as a variable

name, then an expression of the form (xz : « . e), where x is A, A, 3,
V, ¢, or €, may be written as (xx . e).
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Compact Notation

<

9}
<

o
B
Q

Q

mMmmmmmmme SO
=]

op

Defining Expression

(set :: type)()

(class :: type)()
(op-names :: term)( )
(lang :: type)()

(expr-sym :: type)( )
(expr-op-name :: L, type)(a)
(expr- op name :: L, type)(¢)
(expr :: L, type)(a)
(expr :: L, type)(¢)
(expr-op L, type)(a)
(expr-op :: L, type)(¢)
(expr-type :: L, type)(a)
(expr-type :: L, type)(¢)

(expr-term :: L, type)(a)

(expr-term :: L, type)(¥)
(expr-term-type :: L, E¢y, type)(a, b)
(expr-term-type :: L, E¢y, type) (¢, )
(expr-formula :: L, type)(a)
(expr-formula :: L, type)(¢)

(in :: V, C, formula)(a, b)

( type, type, formula)(«, )

( C, C, type, formula)(a, b, o)
(a
(
(no
(
(
(
(

type-equal ::

term-equal ::
a=cb)

formula equal :: formula, formula, formula) (A, B)

not :: formula, formula)(A)

(a €b))

~(a=b))

or :: formula, formula, formula) (A4, B)

(33 a. (+4)))

J

Table 5: Additional Compact Notation
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5. If kq, ..., kny1 is the preferred signature assigned to an operator name
o, then an operator application of the form

(O o k‘l, e .,kn+1)(61, . .,en)

may be written as o(ey,...,e,) and an operator application of the
form (o :: k)() may be written as o.

6. [alty, [alte, [a]a, and [a]f, may be shortened to [a] if a is of type Eiy,
Eie, E;g‘j, and Eg,, respectively.

Using the compact notation, expressions can be written in Chiron so
that they look very much like expressions written in mathematics textbooks
and papers.

3.3 Quasiquotation

Quasiquotation is a parameterized form of quotation in which the parame-
ters serve as holes in a quotation that are filled with the values of expressions.
It is a very powerful syntactic device for specifying expressions and defin-
ing macros. Quasiquotation was introduced by W. Quine in 1940 in the
first version of his book Mathematical Logic [20]. It has been extensively
employed in the Lisp family of programming languages [1].!

We will introduce quasiquotation into Chiron as a notational definition.
Unlike quotation, quasiquotation will not be part of the official Chiron syn-
tax. The meaning of a quasiquotation will be an expression that denotes a
construction.

The three formation rules below inductively define the notion of a marked
expression of L. m-expr; [m] asserts that m is a marked expression of L.

M-Expr-1
seSU0
m-expry [s]
M-Expr-2
termp [a]

m-expry[[a]

In Lisp, the standard symbol for quasiquotation is the backquote (¢) symbol, and thus
in Lisp, quasiquotation is usually called backquote.

20



M-Expr-3

m-expry [mi],..., m-expry[m,]

m-expr;[(mi,...,my)]
where n > 0.
A marked expression of the form |a] is called an evaluated component.
Proposition 3.3.1 FEvery expression is a marked expression of L.

A quasiquotation of L is a syntactic entity of the form
(quasiquote, m)

where m is a marked expression of L.?*3 A compact notation for quasiquo-
tation can be easily defined as indicated by the following example: Let
"f(la])™ be the compact notation for the quasiquotation

(quasiquote, (fun-app, f, [a])).

Here we are using "m ' when m is an expression to mean the quotation of
m and when m is a marked expression containing evaluated components to
mean the quasiquotation of m.

We next define the semantics of quasiquotation. It assumes a knowledge
of the semantics of Chiron given in section 4 and the defined-in and ord-pair
operators defined in section 5. Let F' be the function, mapping marked
expressions of L to terms of L, recursively defined by:

1. If m is a symbol s € SU O, then F(m) = (quote, ).

2. If m is an evaluated component |a], then F(m) = a.

3. If m is a marked expression (my, ..., m,) where n > 0, then
F(m) = [F(ma),..., F(my)].

Note that, as defined in subsection 5.2, [a1,...,a,] denotes an n-tuple of
sets. For a quasiquotation g = (quasiquote, m), define G(q) = F'(m).

2The evaluated components in a quasiquotation are sometimes called antiquotations.

3Quasiquotations correspond to backquotes in Lisp as follows. The symbol quasiquote
corresponds to the backquote symbol (¢) and an evaluated component |a| in a quasiquo-
tation corresponds to ,a. Thus the quasiquotation (quasiquote, (a,b, |c|)) corresponds to
the backquote ‘(a b ,c).

21



Proposition 3.3.2

1. If e is an expression, then G((quasiquote,e)) is a term of L such that

= G((quasiquote, €)) = (quote, e).

2. If q is a quasiquotation containing an evaluated component | (quote,e) |
and ¢’ is the quasiquotation that results from replacing | (quote,e)| in
q with e, then

= G(q) = G(q).

3. If {lai],..., an]} is the set of evaluated components occurring in a
quasiquotation q, then

(e lEA---Na, L E)DG(q) L E.

Note that, as defined in subsection 5.1, a | « asserts that the value of the
term a is in the value of type a.

From now on, we will consider a quasiquotation ¢ to be an alternate nota-
tion for the term G(q). Many expressions involving syntax can be expressed
very succinctly using quasiquotation. See sections 6 and 7 for examples,
especially the liar paradox example in subsection 7.7.

4 Semantics

This section presents the official semantics of Chiron which is based on
standard models. Two alternate semantics based on other kinds of models
are given in appendix A.

4.1 The Liar Paradox

Using quotation and evaluation, it is possible to express the liar paradox in
Chiron. That is, it is possible to construct a term LIAR whose value equals
the value of

T—[LIAR] ™.

(See subsection 7.7 for details.) LIAR denotes a construction representing a
formula that says in effect “I am a formula that is false”.
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If the naive semantics is employed for quotation and evaluation, a con-
tradiction is immediately obtained:

[LIAR])t, = ["—[LIAR]% s
= —[LIAR]g

[LIAR]¢, is thus ungrounded in the sense that its value depends on itself.
This simple argument is essentially the proof of A. Tarski’s 1933 theorem on
the undefinability of truth [24, 25, 26, Theorem I|. The theorem says that
[z]fo cannot serve as a truth predicate over all formulas.

Any reasonable semantics for Chiron needs a way to block the liar para-
dox and similar ungrounded expressions. We will briefly describe three ap-
proaches.

The first approach is to remove evaluation (eval) from Chiron but keep
quotation (quote). This would eliminate ungrounded expressions. However,
it would also severely limit Chiron’s facility for reasoning about the syntax
of expressions. It would be possible using quotation to construct terms
that denote constructions, but without evaluation it would not be possible
to employ these terms as the expressions represented by the constructions.
Some of the power of evaluation could be replaced by introducing functions
that map types of constructions to types of values. An example would be a
function that maps numerals to natural numbers.

A second approach is to define a semantics with “value gaps” so that
expressions like [LIAR]s, are not assigned any value at all. In his famous
paper Outline of a Theory of Truth [14], S. Kripke presents a framework for
defining semantics with truth-value gaps using various evaluation schemes.
Kripke’s approach can be easily generalized to allow value gaps for types and
terms as well as for formulas. In appendix A we define two value-gap se-
mantics for Chiron using Kripke’s framework with valuation schemes based
on the weak Kleene logic [13] and B. van Fraassen’s notion of a superval-
uation [28]. Kripke-style value-gap semantics are very interesting, if not
enlightening, but they are exceeding difficult to work with in practice. The
main problem is that there is no mechanism to assert that an expression has
no value (see appendix A for details).

The third approach is to consider any evaluation of a term that denotes
a construction representing a non-eval-free expression to be undefined. For
example, the value of [LIAR]¢, would be F, the undefined value for formulas.
The origin of this idea is found in Tarski’s famous paper on the concept
of truth [24, 25, 26, Theorem III]. It is important to understand that an
evaluation of a term a containing the symbol eval can be defined as long as a
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denotes a construction representing an expression that does not contain eval
outside of a quotation. Thus the value of an evaluation like [[T" 17 Jte]te
would be the value of 17 because the expression 17 presumably does not
contain eval at all. The official semantics for Chiron defined in this section
employs this third approach to blocking the liar paradox.

4.2 Prestructures

A prestructure of Chiron is a pair (D, €), where D is a nonempty domain
and € is a membership relation on D, that satisfies the axioms of NBG set
theory as given, for example, in [12] or [16].

Let P = (DL, €”) be a prestructure of Chiron. A class of P is a member
of DI, A set of P is a member x of DI such that z €” y for some member
y of DF. That is, a set is a class that is itself a member of a class. A class
is proper if it is not a set. A superclass of P is a collection of classes in DI
We consider a class, as a collection of sets, to be a superclass. Let Df,) be
the domain of sets of P and DI be the domain of superclasses of P. The
following inclusions hold: DI ¢ DF c DF.

A function of P is a member f of DF such that:

1. Each p €f f is an ordered pair (z,y) where z,y are in DF.

2. For all (x1,y1), (2, y2) er f,if 1 = x2, then y1 = yo.

Notice that a function of P may be partial, i.e., there may not be an ordered
pair (z,y) in a function for each x in DF.

Let DI’ ¢ DF be the domain of functions of P. For f,z in DF, f(z)
denotes the unique y in DI such that f is in Df and (z,y) € f. (f(z) is
undefined if there is no such unique y in DF.) For ¥ in D and = in DF,
Y[] denotes the unique class in D composed of all y in D such that, for
some f in both ¥ and DY, f(z) = y. (3[z] is undefined if there is no such
unique class in DY)

Let TF, #P and ¥ be distinct values not in DF. T and F¥ represent
the truth values true and false, respectively. 1 is the undefined value that
represents values that are undefined.

For n > 0, an n-ary operation of P is a total mapping from Dy x --- X D,
to Dni1 where D; is DI, DI u {1F}, or {tF rF} for each i with
1<i<n+1. Let Df be the domain of operations of P. We assume that
DPu{rf rf 1P} and DI are disjoint.

Choose Dg | to be any countably infinite subset of DI’ whose members
are neither the empty set () nor ordered pairs. Then let Dg 5 be the subset
of DI defined inductively as follows:
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1. The empty set () is a member of DZ,.

2. If z € Dgl U D(fz and y € D52, then the ordered pair (z,y) of x and
y is a member of DSQ.

Finally, let D = Dg U Dé? 5. The members of DY are called constructions.

They are sets with the form of trees whose leaves are members of Dé? 1- Their
purpose is to represent the syntactic structure of expressions. The symbols
in expressions are represented by members of Dg 1- A construction is a
symbol construction, an operator name construction, operator construction,
type construction, term construction, or formula construction if it represents
a symbol, operator name, operator, type, term, or formula, respectively.

Choose GT to be any bijective mapping from S U O onto D§1~ Let HY
be the bijective mapping of £7, onto D defined recursively by:

1. Ife€ SUO, then H" (e) = GP(e).
2. Ife=() € &, then H (e) = 0.

3. Ife=(e1,...,e,) € EL where n > 1, then
Hp(e) = <HP(€1),HP((€2,...,en))>.

HPF(e) is called the construction of the expression e.

4.3 Structures
A structure for L is a tuple

S = (DV7D67stDf7D07De7€7T7F7J—7§7H7[)

1. P = (D.,€) is a prestructure of Chiron. D, = DY, Dy = DF| Dy =
DP, Do =D r=1F r=¥" and L = LT

2. Do = DI where Df, | is some chosen countably infinite subset of DY
whose members are neither the empty set () nor ordered pairs.

3. £ is a choice function on Dg. Hence, for all nonempty superclasses X
in Dg, £(X) is a class in X.

4. H = H? where G* is some chosen bijective mapping from S U onto
DF,.
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5. For each operator name o € O with 6(0) = s1,...,8p+1, L(0) is an
n-ary operation in D, from Di X - -- x D, into Dy 41 where D; = Dy if
si =type, D; = D, U{L} if s; = term, and D; = {1, ¥} if s; = formula
for each 7 with 1 <7 <n 4+ 1 such that:

a.
b.

C.

I(set)() = Dy, the universal class that contains all sets.
I(class)() = D¢, the universal superclass that contains all classes.

I(op-names)( ) = Doy, the subset of D, whose members represent
the operator names in O.

. I(lang)() is the set of all subsets of Dy,.

. I(expr-sym)() = Dsy, the subset of D, whose members represent

the symbols in S.
If x is a member of D, U{ L},
I(expr-op-name)(z)
iszif x C Doy, D if x = 1, and not D, otherwise.
If x is a member of D, U{L},
T{expr) ()

is the subset of D, whose members are constructed from only
members of Dg,Ux if & C Dy, D if 2 = L, and not D, otherwise.

. Let Dgp, be the subset of D, whose members represent operators

of L. If = is a member of D, U { L},
I(expr-op) (z)

is the subset of D,, whose members are constructed from only
members of Dg,Ux if & C Dy, D if 2 = L, and not D, otherwise.

. Let Dy be the subset of D, whose members represent types of

L. If x is a member of D, U { L},
I(expr-type)(z)

is the subset of Di, whose members are constructed from only
members of Dg,Ux if & C Dy, D if 2 = L, and not D, otherwise.

. Let Dy, be the subset of D, whose members represent terms of

L. If x is a member of D, U{ L},
I(expr-term)(z)

is the subset of D, whose members are constructed from only
members of Dg,Ux if & C Dy, D if 2 = L, and not D, otherwise.
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. If 2,y is a member of D, U {L}, then
I(expr-term-type)(z, y)

is the subset of D, whose members represent terms of the type
represented by y and are constructed from only members of Dgy, U
zif x C Doy and y € Dyy, D if v = L or y = L, and not D,
otherwise.

. Let Dy, be the subset of D, whose members represent formulas
of L. If = is a member of D, U { L},

I (expr-formula)(x)

is the subset of Dy, whose members represent formulas and are
constructed from only members of Dgy Ux if ¢ C Dgy, D if
x = 1, and not D, otherwise.

. If z and y are members of D, U {L}, then
I(in)(x,y)

is T if x is a member of y (and hence x is a member of D) and
is F otherwise.

. If ¥, ¥ are members of Dy, then
I(type-equal) (X, )
is T if ¥ and ¥’ are identical and is F otherwise.
. If x,y are members of D, U{L} and ¥ is a member of Ds, then
I(term-equal)(z,y, >)
is T if , y are identical members of ¥ and is F otherwise.
. If t,¢" are members of {T,F}, then
I(formula-equal)(t,t')
is T if t and ' are identical and is F otherwise.
. If t is a member of {T,F}, then
I(not)(t)
is T if ¢ is F and is F otherwise.
. If t, ¢’ are members of {T,F}, then
I(or)(t,t)

is T if at least one of t and ¢’ is T and is F otherwise.
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Fix a structure
S = (DV)D07DS7Df7D07De) E,T,F,J_,S,H, I)

for L. An assignment into S is a mapping that assigns a class in D, to each
symbol in §. Given an assignment ¢ into S, a symbol s € S, and a class
d € D, let ¢[s — d] be the assignment ¢ into S such that ¢'(s) = d and
¢ (t) = p(t) for all symbols t € S different from s. Let assign(S) be the
collection of assignments into S.

4.4 Valuations

A waluation for S is a possibly partial mapping V from £ X assign(S) into
Do, U Dg UA{T,F, L} such that, for all e € £, and ¢ € assign(5), if V,(e)
is defined, then V,(e) € D, if e is an operator, V,(e) € Dy if e is a type,
Vo(e) € Do U{Ll} if e is a term, and V(e) € {T,F} if e is a formula. (We
write V,,(e) instead of V (e, ¢).)

Let the standard valuation for S be the valuation V for S defined recur-
sively by the following statements:

1. Let e be improper. Then V,,(e) is undefined.

2. Let O = (op,0,k1,...,kn,kny1) be proper. Then I(o0) is an n-ary
operation in D, from Dy x --- x D, into Dyy1. V,(O) is the n-ary
operation in D, from Dy X --- x D, into D,,+1 defined as follows. Let
(d1,....dn) € Dy % x Dy and d = 1(0)(ds, ..., dy). Tf di is in V(k;)
or di = L for all ¢ such that 1 < i < n and type;[k;] and d is in
Vio(kns1) or d = L when typey[kn11], then V,(0)(dy,...,d,) = d.
Otherwise, V,(O)(d1,...,d,) is D¢ if kpy1 = type, L if typey [kny1],
and F if k1 = formula.

3. Let e = (op-app, O, e1,...,e,) be proper. Then

Vo) = Vo(O)Vipler), . .., Vilen)).

4. Let a = (var,z, ) be proper. If p(x) is in V, (o), then V,(a) = p(x).
Otherwise V,,(a) = L.

5. Let 8 = (type-app, @, a) be proper. If V,(a) # L and V,(a)[V,(a)] is
defined, then V,,(8) = V,(a)[V,(a)]. Otherwise V,(8) = D..

6. Let v = (dep-fun-type, (var,z, ), 5) be proper. Then V,(v) is the
superclass of all g in Dy such that, for all d in Dy, if g(d) is defined,
then d is in Vj;(a) and g(d) is in V [zq)(8).
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10.

11.

12.

13.

14.

Let b = (fun-app, f,a) be proper. If V(f) # L, Vo(a) # L,
and V,(f)(Vio(a)) is defined, then V,(b) = V,(f)(Vi(a)). Otherwise
Vo(b) = L.

Let f = (fun-abs, (var, z,«),b) be proper in L. If
g={(d,d) | dis aset in V,(a) and d' = V5, ,q(D) is a set}

is in Dy, then V,(f) = g. Otherwise V,(f) = L.

Let a = (if, A,b,c) be proper. If V,(A) = T, then V,(a) = V,(b).
Otherwise V,,(a) = V,(c).

Let A = (exists, (var,z, «), B) be proper. If there is some d in V()
such that Vi, ,q(B) = T, then V,,(A) = T. Otherwise, V,,(4) = F.

Let a = (def-des, (var,z,a), B) be proper. If there is a unique d in
V(o) such that V. q(B) = T, then V,(a) = d. Otherwise, V,(a) =
1.

Let a = (indef-des, (var, z, o), B) be proper. If there is some d in V,,(«)
such that V ;4 (B) = T, then V,,(a) = §(X) where ¥ is the superclass
of all d in Vj,(«) such that V.4 (B) = T. Otherwise, V,,(a) = L.

Let a = (quote, e) be proper. V,(a) = H(e).

Let e = (eval,a,k) be proper. If (1) V,(a) is in Dy, and k = type,
Vo(a) is in Dy and typep[k], or V,(a) is in Dy, and k = formula;
(2) HY(V,(a)) is eval-free; and (3) V,(H 1 (Vi,(a))) is in Vi(k) if
typep[k], then Vy(e) = V,(H 1 (V,(a))). Otherwise V,(e) is D, if
k = type, L if type;[k], and F if k = formula.

Lemma 4.4.1 The standard valuation for S is well defined.

Proof We will show that, for all e € £1, and ¢ € assign(5), V,,(e) is well
defined. Our proof is by induction on the complexity of e. There are 14 cases
corresponding to the 14 clauses of the definition of a standard valuation.

Case 1: e is improper. V,,(e) is always undefined in this case.

Cases 2-12: e is a proper expression in L that is not a quotation or
evaluation. For each case, V,(e) depends on well-defined components
of S and a collection of values Vs (e’) where e’ ranges over a set of
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a

subexpressions of e and ¢’ is ¢ or ranges over an infinite subset of
assign(.S). Each such V,(¢’) is well defined by the induction hypothesis
because €’ is a subexpression of e, and hence, ¢(e’) < ¢(e). Therefore,
Vi (e) is well defined.

Case 13: e = (quote, ¢’) is proper. V,(e) = H(e') is well defined since
H is a well-defined component of S.

Case 14: e = (eval,a,k) is proper. V,(e) depends on one, two, or
three of the values of V,(a), V,,(k), and V,(H 1 (V,(a))). V,(a) and
Vo(k) when typey [k] holds are well defined by the induction hypoth-
esis because a and k are subexpressions of e, and hence, c(a) < c(e)
and c(k) < c(e). Vuo(H 1 (Vio(a))) when H YV, (a)) € &, is well de-
fined by the induction hypothesis because H~1(V,,(a)) is eval-free and
e is not, and hence, ¢(H1(V,(a))) < c(e). Therefore, V,,(e) is well
defined.

Theorem 4.4.2 Let V be the standard valuation for S. Then the following
statements hold for all e € £1, and ¢ € assign(S):

1.

2
3
4
5

Pro

V() is defined iff e is proper.

. If e is an n-ary operator of L, then V(e) is an n-ary operation in D.
. If e is a type of L, then V,(e) is in Ds.

. If e is a term of L of type v, then Vi (e) is in V(o) U {L}.

. If e is a formula of L, then V(e) is in {T,F}.

of By Lemma 4.4.1, the standard valuation for S is well defined. Parts

1, 2, 3, and 5 of the theorem follow immediately from the definitions of a
structure and the standard valuation for a structure.
Our proof of part 4 is by induction on the length of the term e.

Case 1: e = (op-app, O, e1,...,¢e,) where O = (op,0,k1, ..., kn, kni1)-
Then e is of type kn11. By the definition of V', V,(e) is in V,(kp41) U
{1}

Case 2: e = (var,z,a). Then e is of type a. By the definition of V,
Vio(e) is in V(o) U {L}.
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Case 3: e = (fun-app, f,a) where f is of type a. Then e is of type
a(a). By the induction hypothesis, V,(f) is in V(o) U {L}. By the
definition of V', if Vi (e) = V,(f)(Vo(a)) # L, then V,(f) # L and
Vo(a) # L, and so V(e) is in V,(a)[Vi(a)] = Vi (a(a)). Therefore,
Vio(e) is in Vi (a(a)) U {L}.

Case 4: e = (fun-abs, (var,x,a),b) where b is of type . Then e is
of type v = (Az : a . B). By the induction hypothesis, V. (b) is in
Vo (B) U {L} for all ¢' € assign(S). Suppose g = V,(e) # L. For
all sets d in V,(a), if g(d) is defined, g(d) = V_ jzq)(b) is a set in
Vizsa)(B). For all sets d not in V,(a), g(d) is undefined. Therefore,

%)
by the definition of V', V,,(e) is in V,(y) U {L}.

Case 5: e = (if, A, b, ¢) where b is of type  and ¢ is of type . Then e
is of type

5_{5 if 3=

C otherwise

By the induction hypothesis, V,,(b) is in V,,(8) U {L} and V,(c) is in
Vo(v) U{L}. Vo(B) € V,(C) and V() € Vi,(C). Therefore, by the
definition of V, V,,(e) is in V,,(§) U {L}.

Case 6: e = (def-des, (var,z,«),B). Then e is of type a. By the
definition of V, Vi, (e) is in Vi (o) U {L}.

Case 7: e = (indef-des, (var,z,a), B). Then e is of type a. By the
definition of V, Vi, (e) is in Vi (o) U {L}.

Case 8: e = (quote, e). Then e is of type E. By the definition of H, I,
and V, V(e) is in D = V,,(E).

Case 9: e = (eval,a, k). Then e is of type k. By the definition of V,
Vo(e) is in Vi (k) U{L}.

|

4.5 Models

A model for L is a pair M = (S,V) where S is a structure for L and V is
a valuation for S. Let M = (S,V) be a model for L. An expression e is
denoting [nondenoting] in M with respect to an assignment ¢ € assign(S)
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if V,(e) is defined [undefined]. A denoting term a is defined [undefined] in
M with respect to ¢ if V,(a) is in D [V,(a) = L]. If an expression e is
denoting in M with respect to ¢, then its value in M with respect to ¢ is
Vo(e).

A model M = (S,V) for L is a standard model for L if V is the stan-
dard valuation for S. The official semantics of Chiron is based on standard
models. A formula A is valid in M, written M = A, if V,(A) = T for all
¢ € assign(S). A is valid, written = A, if M = A for all standard models
M. A standard model of a set I' of formulas is a standard model M such
that M |= A for all AeT.

Let e be a proper expression and z be a symbol. e is semantically
closed in M if V,(e) does not depend on ¢, ie., Vi (e) = Vi (e) for all
@, ¢’ € assign(S). e is semantically closed in M with respect to x if V,(e)
does not depend on p(z), i.e., Vy(e) = V,zq(e) for all € assign(S) and
de D..

4.6 Theories

A theory of Chiron is pair T' = (L,I") where L is a language of Chiron and
I" is a set of formulas of L called the azioms of T. T is said to be over L.
A standard model of T is a standard model for L that is a standard model
of I'. A formula A is valid in T, written T |= A, if M | A for all standard
models M of T. The empty theory over L is the theory (L, 0).

Let e be a proper expression of L and T be a theory over L. e is se-
mantically closed in T if e is semantically closed in every model of T'. e is
semantically closed (without reference to a theory) if it is semantically closed
in the empty theory over L. e is semantically closed in T with respect to x
if e is semantically closed in every model of T with respect to x.

Let T; = (L;,T';) be a theory of Chiron for i = 1,2. T} is a subtheory of
T, (and Ty is an extension of T1), written Th < Tb, if Ly < Lo and I'; C I's.

Lemma 4.6.1 LetT; = (L;,I';) be a theory of Chiron fori = 1,2 such that
Ty <Ty. Assume L1 = Ly. Then

T E A implies Ty = A
for all formulas A of L.

Proof Assume the hypotheses of the lemma. Let A be a formula of L,
such that (a) 71 = A. Let (b) M = (S,V) be a standard model of T>. We
must show that M = A. (b) implies (¢) M is a standard model of T} since
Ty <Tyand Ly = Ls. (a) and (c) imply M = A. O
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The following example shows that the assumption in Lemma 4.6.1 that
L1 = L5 is necessary.

Example 4.6.2 Let L; = (O, 0;) be a language of Chiron and T; = (L;,T;)
be a theory of Chiron for i = 1,2 such that O; = {o01,...,0,}, L1 < Lo, and
T'<Th. fAisl={"01",...,70,"}, then T} &= A but T» }~ A.

4.7

Notes Concerning the Semantics of Chiron

Fix a standard model M = (S,V) for L.

1.

An improper expression never has a value, but its quotation (as well as
the quotation of any proper expression) always has a value. The latter
is a set called a construction that represents the syntactic structure of
the expression as a tree.

. The value of an undefined type is D. (the universal superclass). The

value of an undefined term is the undefined value L. And the value of
an undefined formula is F.

Proper expressions—particularly variables and evaluations—within a
quotation are not semantically “active”. They can only become active
if the quotation is within an evaluation.

. Any types in an operator’s signature will normally be semantically

closed. This is the case for all the built-in operators of Chiron as well
as all the operators defined in sections 5 and 6.

Suppose O = (op,0,k1,...,kn, knt1) is an operator. The operation
assigned to O by a standard valuation is a “restriction” of the operation
I(0). Roughly speaking, the domain and range of I(0) is restricted
according to types in the signature ki,..., ky, knt1.

Dependent function types, function abstractions, existential quantifi-
cations, definition descriptions, and indefinite descriptions are variable
binding expressions. According to the semantics of Chiron, a variable
binding (xz : a . €), where xis A, A\, 3, ¢, or ¢, binds all the “free” vari-
ables occurring in e that are similar to (z : ). Variables are bound in
the traditional, naive way. It might be possible to use other more so-
phisticated variable binding mechanisms such as de Bruijn notation [2]
or nominal data types [19, 27].
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10.

11.

12.

The type « of a variable (var, z, «) restricts the value of a variable in
two ways. First, if (var, z, «) immediately follows A, A, 3, ¢, or € in a
variable binding expression, then the values assigned to x for the body
of the variable binding expression are restricted to the values in the
superclass denoted by a. Second, Vi ((var,z,a)) = p(x) iff p(z) is in
the superclass denoted by a. (V,,((var,z,a)) = L if ¢(x) is not in the
superclass denoted by «.)

In a variable (var, z, ), the value of o usually does not depend on the
value assigned to z. Suppose d € V,(a). If V(o) does not depend
on x, then V5 ,q((var,z,a)) = d. If V;(a) does depend on x, then
Velz—sq ((var,r,a)) might equal L. Hence, in the latter case, it might
be necessary to use (var,z,C) instead of (var,z,«) in the body of a

variable binding (xx : « . €) where % is A, A\, 3, ¢, or €

Symbols and operator names are atomic in Chiron. That is, they
cannot be “constructed” from other expressions.

£, the set of constructions that represent the operator names of L,
represents L itself. The members of the type L represent sublanguages
of L. The construction types Eona, Ea, Eopas Ety,as Etea; Elt’w, Efo,as
where a is a sublanguage in L, are parameterized versions of the re-
spective types Eon, E, Eop, Ety, Ete, Elt’e, Efo. (The construction type
Esy does not depend on the set of operator names.)

The notions of a free variable, substitution for a variable, variable
capturing, etc. can be formalized in Chiron as defined operators (see
subsection 6.1.) As a result, syntactic side conditions can be expressed
directly within Chiron formulas. However, these notions are more
complicated in Chiron than in traditional predicate logic due to the
presence of evaluation. For example, when the value of (e : E¢e) equals
the value of "(y : C)7 with x # y, the variable (y : C) is free in

Vo :C.z=[(e: Et)lte
because this formula is semantically equivalent to
Ve:C.xz=(y:C).

Since variables denote classes, they can be called class variables. There
are no operation, superclass, or truth value variables in Chiron. Thus
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13.

14.

15.

16.

17.

direct quantification over operations, superclasses, and truth values
is not possible. Direct quantification over the undefined value L is
also not possible. However, indirect quantification over “definable”
operations, “definable” superclasses, “definable” members of D,U{L},
or truth values can be done via variables of type Eqp, Ety, Ete, or Eg,
respectively. As in standard NBG set theory, only classes are first-class
values in Chiron.

Since sets and classes are superclasses, a type may denote a set or a
proper class. In particular, a type may denote the empty set. That
is, types in Chiron are allowed to be empty. Empty types result, for
example, from a type application a(a) where a denotes a value that is
not in the domain of any function in the superclass that o denotes.

a is a subtype of fin M if V,(a) C V,(B) for all ¢ € assign(S). For
example, E is a subtype of V in every standard model. Cis the universal
type by virtue of denoting D, the universal superclass. Every type is
a subtype of C in every standard model.

An application of a term denoting a function to an undefined term is
itself undefined. That is, function application is strict with respect to
undefinedness. In contrast, the application of term operators is not
necessarily strict with respect to undefinedness.

Suppose f(a) is a function application where f is a term of type (Ax :
a . ). Then a could be any term of any type whatsoever. However,
if the value of a is not a set in the value of «, then f(a) is undefined.
Similarly, suppose

(0 * klu B '7ki—1aa)ki+1)' . 'ak;n-i-l)(elv <oy €i—1,0, €441, - - 7671)

is an operator application. Then a could be any term of any type
whatsoever. However, if the value of a is a class not in the value of «,
then the value of this operator application is D, if k,4+1 = type, L if
typey [kn+1], and F if k41 = formula.

Since functions are classes that represent mappings from sets to sets,
proper classes in the denotations of the types a and 8 have no effect
on the meaning of the dependent function type (Az : a . 8). As a
consequence,

Vo(Az:V.V))=V,((Az:C.C)) =D,
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18.

19.

20.

21.

22.

23.

24.

the domain of functions in M, for all ¢ € assign(S). For the same
reason, if V,(a) # L, then V,(a(a)) is a class (i.e., not a proper
superclass) for all ¢ € assign(5).

Suppose a built-in operator

(op, lub, type, type, type)

is added to Chiron that denotes an operation that, given superclasses
Y1 and X, returns a superclass that is the least upper bound of ¥
and Yo. Then formation rule P-Expr-8 could be modified so that a
conditional term (if, A, b, c) is assigned the type

(Op_app7 (Op7 IUb7 type7 typev type)a ﬁa 7)

where 8 and  are the types of b and ¢, respectively. See appendix B
for details.

A Gédel number [11] is a number that encodes an expression. Anal-
ogously, a Gddel set is a set that encodes an expression. Employing
this terminology, the construction that represents an expression e € £,
is the Gddel set of e which is denoted by (quote,e). Hence, “Godel
numbering” is built into Chiron.

Quotations cannot be expressed as applications of a built-in operator
since expressions are not values (i.e., not classes, superclasses, truth
values, or operations).

The formation rule P-Expr-12 could be sharpened so that the type of
(quote, e) is Ey when e is a type, E;g‘j when e is a term of type «, etc.
See appendix B for details.

When an evaluation b = (eval, a, k) is “semantically well-formed”, the
value of b is, roughly speaking, the value of the value of a.

An “ungrounded expression” is considered to be an undefined expres-
sion. For example, the value of an ungrounded formula like [LIAR],
is F.

If we restrict evaluations to those of the form (eval,a, k) where k is
type, C, or formula, evaluations could be expressed as applications of
the following three built-in operators with appropriate definitions:
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25.

26.

27.

28.

a. (eval-type :: Ey, type).
b. (eval-term :: E¢e, C).

c. (eval-formula :: Eg,, formula).

The operator (eval-formula :: Eg,, formula) can be defined by the fol-
lowing formula schema:

(eval-formula :: Eg,, formula)(a) = [a]so.

This operator is a truth predicate. It satisfies four of the eight criteria
((a), (c), (f), (h)) for a truth predicate given by H. Leitgeb in [15], and
it meets all eight criteria for eval-free formulas.

Operators of the form (o :: k) are applied to an empty tuple of argu-
ments. The value of (o :: k) is a 0-ary operation o such that o() = v
for some value v. We will sometimes abuse terminology and say that
the value of (o :: k) is v instead of o.

A value x € D, is a construction that represents an expression of L.
We will sometimes abuse terminology and say = € D, is an expression
of L. Similarly, we will sometimes say that a value z € D, that
represents a symbol, operator name, operator, type, term, or formula
of L is a symbol, operator name, operator, type, term, or formula of L,
respectively.

Let Eqp, Ety, Ete, and &y, be sets of expressions of L defined inductively
by the following statements:

a. Eqp is the set of built-in operators named set, class, term-equal,
in, not, and or.

b. &ty is the set {V, C} of types.
c. fzisin S and « is in Ey, then (2 : a) is in Ee.

d. If z isin S, a is in &y, a and b are in ¢, and A and B are in
Eo,thena=5b,a€ b, -A, AV B, and dx: o . A are in Ey,.

Let ONBG be the restriction of Chiron to the operators, types, terms,
and formulas in Eqp, Ety, Ete, and Ey,, respectively. CNBG is a version of
NBG embedded in any language of Chiron (see Corollary 4.8.3 below).
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4.8 Relationship to NBG

We show in this section that there is a faithful semantic interpretation of NBG
set theory in Chiron. Loosely speaking, this means Chiron is a conservative
extension of NBG. That is, Chiron adds new reasoning machinery to NBG
without compromising the underlying semantics of NBG.

Let L = (0O, 0) be any language of Chiron. NBG is usually formulated as
a theory in first-order logic over a language Ly containing an infinite set
of variables, a unary predicate symbol V', binary predicates symbols = and
€, and some complete set of logical connectives (say —,V, 3). Assume V = S,
i.e., variables of Ly, are the symbols of Chiron. Let F s denote the set of
formulas of Lyps. A model of NBG is a structure N = (DN, VN =N_eN) for
Lpg that satisfies the axioms of NBG. An assignment into IV is a mapping
that assigns a member of DV to each variable z € V. Let assign(N) be the
collection of assignments into N. The wvaluation for N is a total mapping
W from Fppg x assign(N) to the set {T,F} of truth values. A formula A
of Lupg is valid, written |=npe A, if Wév (A) = T for all models N of NBG and
all ¢ € assign(N).4

® is a translation from NBG to L if ® maps the terms (variables) of
Ly, to the terms of L and the formulas of Ly, to formulas of L. ® is a
(semantic) interpretation of NBG in Chiron if ® is a translation from NBG
to L and, for all formulas A of Lyg, Fnbg A implies = ®(A). That is, ® is
an interpretation of NBG in Chiron if @ is a meaning-preserving translation
from NBG to L. @ is a faithful interpretation of NBG in Chiron if @ is an
interpretation of NBG in Chiron and, for all formulas A of Ly,e, = ®(A)
implies =npg A. That is, ® is a faithful interpretation of NBG in Chiron if
Chiron over L is a conservative extension of the image of NBG under ®.

Let @ be the translation from NBG to L recursively defined by:

1. If z € V, then ®(z) = (x : C).
2. If V(x) is a formula of Ly, then ®(V(x))

(®(z) =v ().

3. If (x = y) is a formula of Ly, then ®((z =y)) = ((z) = ®(y)).

e
—
—

o(A)).
AV B) is a formula of Lypg, then ®((AV B)) = (P(A) V ®(B)).

(

(x € y) is a formula of Lypg, then ®((z € y)) = ((z) € (y)).
5. If (—A) is a formula of Lypg, then ®((—A4)) = (-

£ (

6. 1

*As above for a valuation V, we write W (A, ¢) as W) (A).
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7. If (3x . A) is a formula of Ly, then ®((3z . A)) = (Fz: C. &(A4)).

Lemma 4.8.1 Let N = (DN, VN =N ¥ be a model of NBG and M =
(S,V) be a standard model for L, where

S = (Dy, Dc, Dg, D¢, Do, De, €, T,F, L, &, H, I),
such that (DN, €™N) is identical to the prestructure (De, €).
1. For alld € DN, VN(d) iff d is in Dy.
2. Foralld,d e DV, d=Nd iffd=4d.
3. Foralld,d € DN, deN d iffded.
4. assign(N) = assign(M).
5. For all formulas A of Lybg and ¢ € assign(N), Wév(A) =V, (P(A)).

Proof Clauses 1-4 are obvious. Clause 5 is easily proved by induction
on the structure of the formulas of Ly, since the logical connectives =, V, 3
of Lypg have the same meanings as the negation operator, the disjunction
operator, and existential quantification, respectively, in Chiron. O

Theorem 4.8.2 For all formulas A of Lypg,
Frpe A iff | 2(A).

That is, ® is a faithful interpretation of NBG in Chiron.

Proof For every model N = (DN, VN =N &N) of NBG, there is a standard
model M = (S, V) for L, where

S = (DV7D67stDf7D07D67€7T7F7J—7§7H7I)7

such that (D¥,€") is identical to the prestructure (D, €). Likewise, for
every standard model M = (S, V) for L, where

S = (DV7D07D57DfaD07De7€7T7F7J—7‘£aH7I)7

there is a model N = (DN7 VN =N EN) of NBG such that the prestructure
(D, €) is identical to (DV,€"). The theorem follows from this observation
and clause 5 of Lemma 4.8.1. O

In the previous subsection we defined a restriction of Chiron named CNBG
that we claimed is a version of NBG embedded in any language of Chiron.
This claim is established by the following corollary.

Corollary 4.8.3 ® is a faithful interpretation of NBG in CNBG.
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5 Operator Definitions

There are two ways of assigning a meaning to an operator. The first
is to make the operator one of the built-in operators like (op,set,type)
((set :: type) in compact notation) and then define its meaning as part of
the definition of a standard model. The second is to construct one or more
formulas that together define the meaning of an operator. We will use this
latter approach to define several useful logical, set-theoretic, and syntactic
operators in this section and substitution operators in the next section.
Each operator definition consists of an operator

O=(o:kty. .., knt1)

and a set of defining axioms for O. The definition defines o to be an op-
erator name, 6(0) to be the signature form corresponding to ki, ..., kpt1,
and ki,...,kn4+1 to be the preferred signature of 0. Each defining axiom
is usually eval-free formula. The defining axioms are presented as individ-
ual formulas or as formula schemas. The set of defining axioms presented
by a formula schema usually depends on the language that is being con-
sidered. An operator definition may optionally include compact syntax for
applications of the defined operator.

5.1 Logical Operators

1. Truth
Operator: (true :: formula)
Defining axioms:

(true :: formula)() = C =, C.

Compact notation:
T means (true :: formula)().

2. Falsehood
Operator: (false :: formula)
Defining axioms:

(false :: formula)() =V = C.
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Compact notation:
F means (false :: formula)().

. Conjunction
Operator: (and :: formula, formula, formula)
Defining axioms:

(and :: formula, formula, formula) (A, Be') = —(=A°f v —B°).

Compact notation:
(A A B) means (and :: formula, formula, formula)(A, B).

Note: The defining axioms are presented as a formula schema. Recall
that metavariables like A°f and B denote eval-free formulas.

. Implication
Operator: (implies :: formula, formula, formula)
Defining axioms:

(implies :: formula, formula, formula) (A°f, B°f) = —A4°f v B!,

Compact notation:
(A D B) means (implies :: formula, formula, formula)(A, B).

. Definedness in a Type
Operator: (defined-in :: C, type, formula)
Defining axioms:

(defined-in :: C, type, formula)(a®! = et ).

Compact notation:

(a | @) means (defined-in :: C, type, formula)(a, a).
(a 1 «) means —(a | «).

(a}) means (a | C).
(

a?) means —(al).
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6. Quasi-Equality
Operator: (quasi-equal :: C, C, formula)
Defining axioms:

(quasi-equal :: C, C, formula)(a®!, b°!)
(aefi\/befi) 5 aef — bef'

Note: The application of quasi-equal to two undefined terms is true.
Hence quasi-equal is not strict with respect to undefinedness. Nearly
all the operators defined in this section are strict with respect to un-
definedness.

Compact notation:

(a ~ b) means (quasi-equal :: C, C, formula)(a,b).
(a % b) means —(a ~ b).

7. Canonical Undefined Term
Operator: (undefined :: C)
Defining axioms:

(undefined :: C)() ~ (v : C .z # x).
Compact notation:

1 ¢ means (undefined :: C)().

8. Canonical Empty Type
Operator: (empty-type :: type)
Defining axioms:

Va:C.xz 1 (empty-type :: type)().

Compact notation:
V means (empty-type :: type)().

9. Type Order
Operator: (type-le :: type, type, formula)
Defining axioms:

(—free-in(Tz7, ") A —free-in(Tz7,75T))

(type-le :: type, type, formula)(aef,ﬁef) =Vz:at. 2] B
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Compact notation:
(o < B) means (type-le :: type, type, formula)(a, 3).

Note: The formula schema of defining axioms utilizes the free-in oper-
ator defined in subsection 6.1.

10. Conditional Type
Operator: (if-type :: formula, type, type, type)
Defining axioms:
A >
(if-type :: formula, type, type, type) (A, ﬁef,’yef) =ty Bt

ﬁAef D)
(if-type :: formula, type, type,type)(Aef, ﬁef, ’yef) =ty 'yef.

Compact notation:
if(A, 5,v) means
(if-type :: formula, type, type, type) (A, 5, 7).

11. Conditional Formula
Operator: (if-formula :: formula, formula, formula, formula)
Defining axioms:
A 5
(if-formula :: formula, formula, formula, formula)
(Aef Bef Cef) = Bef
) ) —ty .

—|Aef D)
(if-formula :: formula, formula, formula, formula)
(lélef7 Bef’ Cef) =ty Cef.

Compact notation:

if(A, B,C) means
(if-formula :: formula, formula, formula, formula) (A4, B, C).
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12.

5.2

Simple Function Type
Operator: (sim-fun-type :: type, type, type)
Defining axioms:

(sim-fun-type :: type, type, type)(a®f, 5°) =,
if(syn-closed("3° ), (A z : o . g, Q).
Compact notation:

(a — () means (sim-fun-type :: type, type, type)(a, ).

Note: The formula schema of defining axioms utilizes the syn-closed
operator defined in subsection 6.1.

Set-Theoretic Operators

. Empty set

Operator: (empty-set :: V)
Defining axioms:

(empty-set :: V)() ~ (tu:V.Vv:V.v &u).

Compact notation:

() means (empty-set :: V)().

. Universal class

Operator: (universal-class :: C)
Defining axioms:

(univeral-class :: C)() ~ vz : C.Vu:V.u € x.

Compact notation:
U means (universal-set :: C)( ).

Pair
Operator: (pair:: V,V,V)
Defining axioms:

Yu,v: V. (pair:: V,V,V)(u,v)

cw:V.Vu':V.ouw ew=(w =uVvw =v).
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(a1 v b 1) D (pair = V, V, V) (a®, b) 1 .

Note: The formula schema of defining axioms that comes second as-
serts that pair is strict with respect to undefinedness. The operators
named singleton, triple, etc. are defined in a similar way to pair.

Compact notation:

{} means 0.

{a} means (singleton :: V,V)(a).

{a, b} means (pair :: V,V,V)(a,b).
{a,b,c} means (triple :: V,V,V,V)(a,b, c).

. Ordered Pair
Operator: (ord-pair :: V,V, V)
Defining axioms:

Vu,v:V . (ord-pair :: V,V,V)(u,v) =~
{{u}, {u, v}}.

(a1 Vv b°'1) D (ord-pair :: V, V, V) (a®f, ) 1 .

Compact notation:

(a,b) means (ord-pair :: V,V,V)(a,b).

(a1,...,an) means (a1, (az,...,a,)) for n > 3.

[] means 0.

[a1,...,a,] means (ai,[ag,...,a,]) for n > 1.
. Subclass

Operator: (subclass :: C, C, formula)
Defining axioms:

Vax,y: C. (subclass :: C,C, formula)(z,y) =
Vu:V.u€xDu€Ey.

(a1 Vv b°'1) D (subclass :: C, C, formula)(af, b)) = F.
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Compact notation:

a C b means (subclass :: C, C, formula)(a,b).

a Cbmeans a CbAa#b.

. Union
Operator: (union :: C,C, C)
Defining axioms:

Va,y: C. (union:: C,C,C)(x,y) ~
tz:C.Vu:V.uez=(uexVuey).

(a4 v b°'1) D (union :: C,C, C)(af, b)) 1 .

Compact notation:

a U b means (union :: C,C,C)(a,b).

. Intersection

Operator: (intersection :: C,C, C)
Defining axioms:

Va,y: C. (intersection :: C,C, C)(z,y) ~
tz:C.Vu:V.uez=(uecrAuey).

(a1 v b'1) D (intersection :: C,C, C)(a®f, b)) 1 .

Compact notation:
a N b means (intersection :: C,C, C)(a, b).

. Complement
Operator: (complement :: C, C)
Defining axioms:

Va :C. (complement :: C,C)(z) ~
ty:C.Vu:V.uey=ué¢ux.

a1 > (complement :: C,C)(a*") 1 .
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Compact notation:
a means (complement :: C, C)(a).

. Head
Operator: (head :: V,V)

Defining axioms:

Vw:V. (head :: V,V)(w) ~
tu:V.3v:V.w=(u,v).

a®'1 > (head :: V,, V) (ah) 1.

Compact notation:
hd(a) means (head :: V,V)(a).

. Tail
Operator: (tail :: V,V)
Defining axioms:

Yw: V. (tail :: V,V)(w) ~
tv:V.3u:V.w=(uv).

a®tt D (tail = V., V)(a®) 1.
Compact notation:

tl(a) means (tail :: V,V)(a).
. Append
Operator: (append :: V,V,V)

Defining axioms:

Vax,y:V. (append :: V,V,V)(z,y) ~
if(z = 0,y, (hd(z), append(tl(z), y))).

(a®t1 v b°T1) O (append :: V, V, V) (a®f, b°0) 1.
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12.

13.

14.

Compact notation:
a~b means (append :: V,V,V)(a,b).

In List
Operator: (in-list :: V,V, formula)
Defining axioms:

Va,y: V. (in-list :: V,V, formula)(z,y) =
z = hd(y) Vin-list(z, tl(y)).

(a1 v b°E4) D (in-list :: V, V, formula)(a®!, ") = F.

Compact notation:
a €5 b means (in-list :: V, V, formula)(a, b).

List Type
Operator: (list-type :: type, type)
Defining axioms:

—free-in("z7, ") D
Va:C.x| (list-type :: type,type)(aef) =
z=[]V3Iy:a z:list-type(a®) . z = (y, 2).

Type Union
Operator: (type-union :: type, type, type)
Defining axioms:

(—free-in("z 7,7t ) A —free-in(Tz7,757))
Va: C. x| (type-union :: type, type, type)(af, 5°) =
zlatva | gt

Compact notation:

(e U B) means (type-union :: type, type, type)(a, ).
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15.

16.

17.

18.

Type Intersection
Operator: (type-intersection :: type, type, type)
Defining axioms:

(—free-in("z7, ") A —free-in(Tz 7,7 5T))
Vaz: C. x| (type-intersection :: type, type, type)(af, 3°) =
zlat Az | gt

Compact notation:

(a N ) means (type-intersection :: type, type, type)(«, /).

Type Complement
Operator: (type-complement :: type, type)
Defining axioms:

—free-in("z 7, ") D
Vaz:C. x| (type-complement :: type, type)(a®) =
z 1 at
Compact notation:
@ means (type-complement :: type, type)(«).

Type Product
Operator: (type-prod :: type, type, type)
Defining axioms:

(—free-in("z7, ") A —free-in(Tz 7,7 5T))
Va:C. x| (type-prod :: type, type, type)(a®t, g°f) =
hd(z) | ot Atl(z) | g

Compact notation:

(a x ) means (type-prod :: type, type, type)(a, 3).

Type Sum
Operator: (type-sum :: type, type, type)
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19.

20.

21.

Defining axioms:

(—free-in("z 7, ") A —free-in(Tz 7,7 5%7)) D
Va:C.z/| (type-sum :: type, type, type)(aef, ﬁef)
(hd(z) L ot Atl(z) = 0) V (hd(z) | B Atl(z) = {0}).

Compact notation:

(a + ) means (type-sum :: type, type, type)(a, 3).

Binary Relation
Operator: (bin-rel :: C, formula)
Defining axioms:

Vax: C. (bin-rel :: C,formula)(z) =
Vw:V.wezDIu,v:V.w=(u,v).

a®t 1 > (bin-rel :: C, formula)(a®f) = F.

Univocal
Operator: (univocal :: C, formula)
Defining axioms:

Vz : C. (univocal :: C, formula)(x) =

Vu,v,v" : V. ({u,v) € z A {u,v') €x) Dv=1".

a1 > (univocal :: C, formula)(a®) = F.

Function
Operator: (fun :: C, formula)
Defining axioms:

Va:C. (fun:: C formula)(x) =

bin-rel(x) A univocal(z).

a1 > (fun :: C, formula)(a®’) = F.
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22. Domain of a Class
Operator: (dom :: C,C)
Defining axioms:

Va:C.(dom: C,C)(z) ~
ty:C.Vu:V.uey=3v:V. (uv) €x).

a1 > (dom :: C, C)(ah) 1.

23. Range of a Class
Operator: (ran :: C,C)
Defining axioms:

Va:C.(ran:: C,C)(x) ~
ty:C.Vu:V.uey=(3Fv:V. (v,u) € x).

a1 > (ran : C, C)(a) 7.

24. Total Function on a Class
Operator: (total :: C, C, formula)
Defining axioms:

V f,x:C. (total :: C,C, formula)(f,x) =
fun(f) A dom(f) = x.

(a1 A b'1) D (total :: C, C, formula)(a®f, b°") = F.

25. Surjective Function on a Class
Operator: (surjective :: C, C, formula)
Defining axioms:

YV f,y: C. (surjective :: C, C, formula)(f,y) =
fun(f) Aran(f) =y.

(a®t1 A b°T1) D (surjective :: C, C, formula)(a®f, ) = F.
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26.

27.

28.

29.

Injective Function on a Class
Operator: (injective :: C, C, formula)
Defining axioms:

YV f,x: C. (injective :: C,C, formula)(f,x) =
fun(f) AVu,v:V.(uexzAvexA flu)=f(v)) Du=n.

(a®t4 A b°T1) D (injective :: C, C, formula)(a®f, b°") = F.

Bijective Function from a Class to a Class
Operator: (bijective :: C, C, C, formula)
Defining axioms:

V f,z,y: C. (bijective :: C,C, C,formula)(f,z,y) =
fun(f) A total(f, x) A surjective(f, y) A injective(f, x).

(@ A BT A ) D
(bijective :: C, C, C, formula)(a®f, b, ¢°f) = F.

Infinite Class
Operator: (infinite :: C, formula)
Defining axioms:

YV : C. (infinite :: C, formula)(x) =
If,y:C.y C x A bijective(f,z,y).

a®t1 O (infinite :: C, formula)(a®’) = F.

Countably Infinite Class
Operator: (countably-infinite :: C, formula)
Defining axioms:

Vz : C. (countably-infinite :: C, formula)(x) =
infinite(x) A (Vy : C . infinite(y) D
(Fy : C .y Cy D bijective(f,x,y"))).

a®t4 > (countably-infinite :: C, formula)(a®) = F.
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30. Sum Class
Operator: (sum :: C,C)
Defining axioms:

Va:C.(sum:: C,C)(x) ~
ty:C.Vu:V.uey=Fv:V.ucvAv€Ex).

a1 > (sum :: C, C)(ah) 7.

31. Power Class
Operator: (power :: C,C)
Defining axioms:

Va:C. (power:: C,C)(z) ~
ty:C.VYu:V.uey=uCu.

a1 > (power :: C, C)(a") 7.

32. Type is Class Checker
Operator: (type-is-class :: type, formula)
Defining axioms:

(—free-in("z7, rozefj) A —free-in("y, rof’fj)) D
(type-is-class :: type, formula)(af) =
Jz:C.Vy:C.ylat=yecu.

33. Type is Set Checker
Operator: (type-is-set :: type, formula)
Defining axioms:

(—free-in("u7, ") A =free-in(Ty 7, ")) O
(type-is-set :: type, formula)(a®!) =
Ju:V.Vy:C.yla=yeu
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34.

35.

36.

5.3

Type to Term
Operator: (type-to-term :: type, C)
Defining axioms:

(—free-in(Tz 7, " 1) A Sfree-in(Ty ™, "o ) D
(type-to-term :: type, C)(a®f) ~
tz:C.Vy:C.ylaf=yea.
Compact notation:
term(a) means (type-to-term :: type, C)(«).

Term to Type
Operator: (term-to-type :: C, type)
Defining axioms:

Vo:C.Vy:C.yl (term-to-type :: C,type)(z) =y € x.
a1 O (term-to-type :: C, type)(a®) =y C.

Compact notation:
type(a) means (term-to-term :: C, type)(a).

Power Type
Operator: (power-type :: type, type)
Defining axioms:

(power-type :: type, type)(aef) =ty type(power(term(aef))).

Syntactic Operators

. Proper Expression Checker

Operator: (is-p-expr :: E, formula)
Defining axioms:

Ve:E. (is-p-expr :: E, formula)(e) =
el EoppVelEyVelEeVel Eg.

a*f1 o (is-p-expr :: E,formula)(aef) =F.

Note: Checkers for the different sorts of proper expressions are defined
in a similar way: is-op, is-type, is-term, is-term-of-type, and is-formula.
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2. First Component Selector for a Proper Expression
Operator: (1st-comp :: E, E)
Defining axioms:

Ve:E. (lst-comp: E E)(e) ~
if(is-p-expr(e), hd(tl(e)), Lc).

a1 > (1st-comp :: E, E)(a®) 1.

Note: The second, third, fourth, ... component selectors for proper
expressions are defined in a similar way: 2nd-comp, 3rd-comp,
4th-comp, . ...

3. Operator Application Checker
Operator: (is-op-app :: E, formula)
Defining axioms:

Ve:E. (is-op-app :: E,formula)(e) =
is-p-expr(e) A hd(e) = "op-app™.

a*f1 o (is-op-app :: E,formula)(aEf) =F.

Note: Checkers for the other remaining 11 proper expression cate-
gories are defined in a similar way: is-var, is-type-app, is-dep-fun-type,
is-fun-app, is-fun-abs, is-if, is-exists, is-def-des, is-indef-des, is-quote,
is-eval.

4. Disjunction Checker
Operator: (is-or :: E, formula)
Defining axioms:

Ve:E. (is-or:: E,formula)(e) =
is-op-app(e) A 1st-comp(1st-comp(e)) = "or™.

a1 > (is-or :: E, formula)(a®f) = F.

Note: Checkers for other kinds of operator applications are defined in
a similar way: is-in, is-type-equal, is-union, etc.
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5. First Argument Selector for an Operator Application
Operator: (1st-arg :: E,E)
Defining axioms:
Ve:E. (Ist-arg :: E,E)(e) ~
if(is-op-app(e), 2nd-comp(e), L¢).

a®t1 > (1st-arg :: E,E)(a*") 1.

Note: The second, third, fourth, ... argument selectors for operator
application are defined in a similar way: 2nd-arg, 3rd-arg, 4th-arg, .. ..

6. Variable Binder Checker
Operator: (is-binder :: E, formula)
Defining axioms:

Ve :E. (is-binder :: E, formula)(e) =
is-dep-fun-type(e) V is-fun-abs(e) V is-exists(e) V
is-def-des(e) V is-indef-des(e).

a®t1 O (is-binder :: E, formula)(a®f) = F.

7. Variable Selector for Variable Binder
Operator: (binder-var :: E, E)
Defining axioms:
Ve : E. (binder-var :: E,E)(e) ~
if(is-binder(e), 1st-comp(e), L¢).

a1 > (binder-var :: E, E)(a) 1.

Note: Selectors for a binder name and a binder body are defined in a
similar way: binder-name and binder-body.

8. Function Redex Checker
Operator: (is-fun-redex :: E, formula)
Defining axioms:

Ve : E. (is-fun-redex :: E, formula)(e) =

is-fun-app(e) A is-fun-abs(1st-comp(e)).
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10.

11.

a®t1 > (is-fun-redex :: E, formula)(a®) = F.

Note: A  dependent function type redex checker
is-dep-fun-type-redex is defined in a similar way.

Redex Checker
Operator: (is-redex :: E, formula)
Defining axioms:

Ve:E. (is-redex :: E,formula)(e) =
is-dep-fun-type-redex(e) V is-fun-redex(e).

a®t1 O (is-redex :: E, formula)(a®") = F.

Variable Selector for a Redex
Operator: (redex-var :: E E)
Defining axioms:

Ve:E. (redex-var :: E,E)(e) >
if(is-redex(e), binder-var(1st-comp(e)), Lc).

a®'1 > (redex-var :: E, E)(a®f) 1.

named

Note: Body and argument selectors for a redex named redex-body and

redex-arg are defined in a similar way.

Variable Similarity
Operator: (var-sim :: E, E, formula)
Defining axioms:

Ver, ez : E. (var-sim :: E, E, formula)(e;, e2) =

is-var(eq) A is-var(es) A lst-comp(e;) = 1lst-comp(ez).

(af1 A bE4) D (var-sim :: E, E, formula) (a®f, b°T) = F.

Compact notation:

e1 ~ ey means (var-sim :: E, E, formula)(ey, e3).
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e1 % eg means (e ~ eg).

12. Eval-Free Checker
Operator: (is-eval-free :: E, formula)
Defining axioms:

Ve:E. (is-eval-free :: E, formula)(e) =
is-quote(e) V
(e L Esy ANe#Teval ) vV
e=[]V
(is-eval-free(hd(e)) A is-eval-free(tl(e))).

a®t1 O (is-eval-free :: E, formula)(a®f) = F.

13. Coercion to a Type Construction
Operator: (coerce-to-type :: E, Eiy)
Defining axioms:

Ve : E. (coerce-to-type :: E, Ey)(e1) =

teg : By . e1 =y ea.
a1 > (coerce-to-type :: E, Eyy)(a®) 1.

Note: The operators coerce-to-term and coerce-to-formula are defined
in a similar way.

14. Nominal Type of a Term
Operator: (nominal-type :: Ee, Ey)
Defining axioms:

Veq : Ete . (nominal-type :: Eic, Ety)(e1) =

e
veg: Eyy . er | ERZ.

a®t4 > (nominal-type :: Eq, Ety)(aef)T .
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15. Operator Name Strictness Checker
Operator: (is-strict-op-name :: E,;,, formula)
Defining axioms:

Vo : Eon . (is-strict-op-name :: Eqp, formula) (o) =
Ve:E.

(is-op-app(e) A

0 = 1st-comp(1st-comp(e)) A

Tle™ ey tl(tl(e)))

D

((is-type(e) D [e]ty = C) A

(is-term(e) D [efteT) A

(is-formula(e) D [e]s = F)).

af1 o (is-strict-op-name :: Eon,formula)(aef) =F.

Compact notation:
strict(o) means (is-strict-op-name :: Eqp, formula)(o).

Remark 5.3.1 All the defining axioms given in this section are eval-free.

5.4 Another Notational Definition

Using some of the operators defined in this section, we give a notational
definition for evaluation relativized to a language:

Relativized Evaluation

(eval,a, k,b) means

if(al (Btyp UEtep UEson), [alk, [Lc]k)-
Compact notation:
la]k,p means (eval,a, k,b).

Notice that [a]x, and [a]s are logically equivalent.
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6 Substitution

In this section we will define the operators needed for substitution of a
term for the free occurrences of a variable and prove that they have their
intended meanings. Substitution on eval-free expressions is very similar
to substitution on first-order formulas, but substitution on non-eval-free
expressions is tricky. There are two reasons for this.

We will illustrate the first reason with an example. Consider the formula
a = [(e: E)]. The variable (e : E) is certainly free in the formula. However,
if the value of the variable is "(y : C)7 then the formula is equivalent to
a = (y: C), and so the (y : C) can also be said to be free in the formula.
This example shows that some free occurrences of a variable in an expression
may not be syntactically visible. This significantly complicates substitution.

The second reason has to do with the evaluation of a substitution. A
substitution maps a quoted expression "e™ to a new quoted expression Te’™.
The latter will usually be the argument to an evaluation ["¢’ 7] so that the
value of €’ can be expressed. If €’ is not eval-free, then the evaluation will
be undefined and, as a result, substitution will not work as desired on non-
eval-free expressions. To avoid this problem, evaluations must be “cleansed”
from the result of a substitution.

6.1 Substitution Operators

We define now the operators related to the substitution of a term for the free
occurrences of a variable. Each operator will be defined only for quotations.
As a result, the defining axioms will be an infinite set organized into a finite
number of formula schemas.

1. Good Evaluation Arguments
Operator: (gea :: E, E, formula)
Defining axioms:

—(gea :: E, E, formula)(Te1 ","ea ™)

where e; is a non-eval-free expression, e; is a type and es is
not type, e is a term and es is not a type, or e is a formula
and ey is not formula.

(gea :: E, E, formula) ("o, Ttype).
(gea :: E, E, formula)("at7,"a™).

(gea :: E, E, formula) (" A7, Tformula™).
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2. Free Variable Occurrence in an Expression
Operator: (free-in :: E, E, formula)
Defining axioms:

—(free-in :: E, E, formula)(Te; ", Te2 ™)
where e; is not a symbol or e is an improper expression.
(free-in :: E, E, formula)("z ™, (0 :: k1,..., knt1) ") =
free-in("z ", "k ") V-V free-in(Ta ™, Tkpy1 )

where (0 :: k1,...,kyy1) is proper and n > 0.

(free-in :: E, E, formula)("27,"O(ey, ..., en)")
free-in("z7,"O™) v

free-in("z7,Te1 ) V- - - V free-in(Tz 7, Te, )

where O(eq,...,e,) is proper and n > 0.
(free-in :: E, E, formula)("z7, " (x : o) 7).

(free-in :: E, E, formula)("z™,"(y : @)7) =
free-in("27,"a™)
where = # y.
(free-in :: E, E, formula)("z,"(xz:ac. e)7) =
free-in("z™,"aM)
where (xx : « . €) is proper and x is A, A, 3, ¢, or e.
(free-in :: EE, formula)("z","(xy 1 . e)7) =
free-in("27,"a™) V free-in("z 7, "e™)
where x # y, (¥x : « . e) is proper, and x is A, A, 3, ¢, or €.

(free-in :: E, E, formula)("z7,"a(a)™) =

free-in("27,"a™) V free-in("z 7, "a™).
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(free-in :: E, E, formula)("z7," f(a)™) =

free-in("z ™, " f7) V free-in("z™,"a™).

(free-in :: E, E, formula) ("2, Tif(A, b, ¢)7) =

free-in("2, " A7) V free-in("z7,7b7) V free-in("z7, TcT).

—(free-in :: E, E, formula)("z™,""e™)

where e is any expression.

(free-in :: E, E, formula) ("2, "a]x ") =
free-in("z7,7a™) Vv
free-in("z,"kT) vV

free-in("z7, a).
(a1 v b11) D —(free-in :: E, E, formula)(a®t, b°).

Note: For an evaluation (eval, a, k), a variable may be free in the term
a, in the kind £ when k is a type, and in the expression that the
evaluation represents.

. Syntactically Closed Proper Expression
Operator: (syn-closed :: E, formula)
Defining axioms:

Ve: E. (syn-closed :: E, formula)(e) =

is-p-expr(e) AVe' : Egy . —free-in(€¢, e).

. Cleanse Eval Symbols from an Expression
Operator: (cleanse :: E, E)
Defining axioms:

(cleanse :: E,E)("e) =

l_e—l

where e is an improper expression.
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(cleanse :: E,E)("(0 :: k1y ..oy kpt1) ) =
T |k, [kng1])”

where (o :: k1, ..., kn41) is proper, n > 0, and
k; = cleanse("k; ") for all 4 with 1 <i <n+ 1.

(cleanse :: E,E)("O(eq, ..., en)7) =
"0)(lel,---, (@)

where O(ey,...,ey,) is proper, n > 0,
O = cleanse("0O7), and
e; = cleanse("e; ") for all ¢ with 1 <7 < n.

(cleanse :: E,E)("(z : )7) =
“(a: [@])”

where a = cleanse("a).

(cleanse :: E,E)("(xz: . €)") =
“(xx:|al . e])”

where (xx : . €) is proper; x is A, A, 3, ¢, or €;
a = cleanse("a™); and € = cleanse("e™).

(cleanse :: E,E)("a(b)7) =

"lal(b)”

where @ = cleanse("a) and b = cleanse("h").
(cleanse :: E,E)("f(b)7) =

TLAI(LDY)

where f = cleanse("f7) and b = cleanse("b7).
(cleanse :: E,E)("if(A,b,¢)7) =

Tif(LA, 1B, 1))

where A = cleanse(TA7),

b = cleanse("b™"), and

¢ = cleanse("¢").
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(cleanse :: E,E)(""e™) =

I—l_e—l—l

where e is any expression.

(cleanse :: E, E)("[a]ty ) =
if(syn-closed(a), w, L¢)

where a = cleanse("a™),
@' = coerce-to-type([a]te), and
w = if(gea(a, "type™), |@’'],C)™.

(cleanse :: E,E)("[a]lo ) =
if(syn-closed(a), w, L¢)

where a = cleanse("a™),

@' = coerce-to-term([[a]te),

a = cleanse("a), and

w = "if(gea(a,"a") A @] | &), @], Lo)™.

(cleanse :: E,E)("[a]t ") =
if(syn-closed(a), w, L¢)

where @ = cleanse("a™),
@' = coerce-to-formula([[a]t.), and

w = Tif(geaa, "formula™), &), F)".
A ) (cleanse :: E, E)(aef)T .

5. Substitution for a Variable in an Expression
Operator: (sub :: E,E, E E)
Defining axioms:

(SUb > Ea E7 Ev E)(I_el—la l‘e2“l7 I‘€3“I) =

Mo,

€3

where e; is not a term, es is not a symbol, or e3 is an
improper expression.
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(sub:: E,E,E,E)("a™, "2, (0t k1, ..., kns1)7) =
(o [k1l,. .o, [knga])”

where (o @ ki,...,kpy1) is proper, n > 0, and /k\:z =
sub("a™, "™, "k; ") for all ¢ with 1 <i <n+1.

(sub :: E,E,E,E)("a™, 72,7 O(e1, ..., e,)7) =
"LOJ([E] -, [En))

where O(ey,...,e,) is proper, n > 0,
O =sub("a™,"27,7O™), and
e; =sub("a,"x7,"e; ) for all ¢ with 1 <i <mn.

(sub:: E,E,E;E)("a™,"2,"(z: a)7) =

Mif(a 4 @], [a], Lc)”

where @ = sub("a™,"27,"a") and a = cleanse("a™).

(sub :: E,E,E,E)("a™," 2™, (y: )7) =
“(y:la])”

where x # y and @ = sub("a™,"z7,"a").

(sub:: E,E,E,E)("a™,"2,T(xx:av.€)7) =
"zl . [e])”
where (xx : « . e) is proper; * is A, A, 3, ¢, or €;
a=sub("a™,"z","a"); and € = cleanse("e™).
(sub:: E,E,E;E)("a™,"2,T(*xy:a.e)T) =
"y la] . [e])”
where © # y; (xy:«a . e) is proper; x is A, A, 3, ¢, or €;
a=sub("a™, "z, "a™); and € = sub("a™,"z7,"e).
(sub = E,E,E,E)("a™,"2™," (b)) =
"lal (b))

where & = sub("a™,"z ", ") and b =sub("a™,"z7,7b7).
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(sub :: E,E, E,E)(Ta™, "0, " (B)7) =

"LAICe)”

where f = sub(Ta™, 72,7 f7) and b = sub(Ta, "z, 7b7).

(sub :: E,E,E,E)("a™, "2, Tif(A,b,¢)7) =
mif(LAL, (o], [e])
where 4 = sub("a™, "2, A7), b= sub("a™,"27,7b7), and
c=sub("a™,"2z™, ).

(sub :: E,E,E,E)(Ta™, 27, "e™) =

l_l_e—l—l

where e is any expression.

(sub:: E,E,E,E)("a™, "z, [b]ty ) =

if(syn-closed(b), w, L¢)
where b = sub("a™, T2, 70 7),
b = coerce-to-type(sub(Ta™, "z, [b]ie)),

~ -~

w = I—if(gea(l_bj ,"type™), \_b,J> o

(sub:: E,E,E,E)("a”, 27, [b]o7) =

if(syn-closed(b), w, L¢)

where b = sub("a™, T2, 7b7),

b = coerce-to-term(sub("a”, "z 7, [blse)),
a=sub("a™,"2z7,"a), and

~

w = Tif(gea([b], ") A [V'] | (@), [V], Lo)™.

(sub:: E,E,E,E)(Ta™, 27, b ) =

if(syn-closed(b), w, Lc)

where b = sub("a™,"x,707),

Y= coerce-to-formula(sub("a™, "z, [[B]]te))a
w= ’_if(gea(fb\j,'—formulaj)7 LE’J, F)™.
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(a4t VbV T1) D (sub = E, E, E, E)(a®f, b°f, ) 1.

Note: For an evaluation (eval,a, k), a substitution for a variable is
performed on a to obtain ¢’ and on k when k is a type to obtain &’
and then on the expression represented by the new evaluation resulting
from these substitutions.

. Free for a Variable in an Expression
Operator: (free-for :: E, E, E, formula)
Defining axioms:

(free-for :: E, E, E, formula)(Te; 7, Tea ™, Te3™)

where e; is not a term, es is not a symbol, or e3 is an
improper expression.

(free-for :: E,E, E, formula)("a™,"2 7,7 (0 :: k1, ..., kny1)") =

free-for("a ™, "2, Tk ) A+ Afree-for(Ta, ", Tk )

where (0 :: k1,...,knt1) is proper and n > 0.

(free-for :: E, E, E, formula)("a™,"27,"O(e1,...,en)")
free-for("a™,"27,"OT) A
free-for("a™,"x™,"e1 ") A -+ A free-for(Ta, "2, Tey, )
where O(eq,...,e,) is proper and n > 0.

(free-for :: E, E, E, formula)("a™,"z7,"(y : a)7) =
free-for("a™, "2, Ta™).

(free-for :: E,E, E, formula)("a™,Tz™,"(xz: v . €)7) =
free-for("a™, "2, "a)
where (xx : « . €) is proper and x is A, A\, 3, ¢, or €.

(free-for :: E,E, E, formula)("a™," 2, "%y : v . €7) =
free-for("a™, "™, Ta™) A

(—free-in("z7,"e™) V —free-in("y ™, "a™)) A

free-for("a™, "2, Te™)

where x # y, (xy : « . €) is proper, and * is A, A, 3, ¢, or €.
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(free-for :: E, E, E, formula)(Ta™, "z, " (b))

free-for("a™, "7, "a™) A free-for("a™, "z, 7).

(free-for :: E, E, E, formula)("a™, "z, f(b)™)

free-for("a™, "2, f7) A free-for(Ta, T2, 7H7).

(free-for :: E, E, E, formula)("a™, "2, Tif(A, b,c)") =
free-for("a™,"x7,TAT) A
free-for("a™,"x7,707) A

free-for("a™, "2, Tc).

(free-for :: E, E, E, formula)("a™,"27, e )
where e is any expression.

(free-for :: E, E, E, formula)(Ta™, "z 7,7 [0]x ) =
free-for("a™,"27,7HT) A
free-for("a™, "2, TkT) A
free-for("a™, 727, [blte)-
where b = sub("a™, T2, 7h7).

(@ VitV ett) o
—(free-for :: E, E, E, formula) (a®t, b°f, ¢1).

Remark 6.1.1 All the defining axioms given in this subsection are eval-free
except for those involving the operators free-in and free-for applied to quoted
evaluations.

6.2 Kernel, Normal, and Eval-Free Normal Theories

The kernel language of Chiron is the language Lye, = (O, 0) where:

1. 0 € O iff 0 is a built-in operator name of Chiron or a name of an
operator defined in section 5 or in the previous subsection.

2. For all o € O, 6(0) is the signature form assigned to o.
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A language L is normal if Lye, < L.
Let L be a normal language. The kernel theory over L, written Tlér, is

the theory (L,T'L ) where A € TL iff A is a one of the defining axioms
(with respect to the L) for an operator defined in section 5 or the previous
section.

Let T = (L,T') be a theory. T is normal if T < T. The eval-free
subtheory of T, written eval-free(T), is the theory T' = (L,T”) where IV =
{A €T | Ais eval-free}. T is eval-free normal if T = eval-free(T”) for some
normal theory 7".

Let a be a term, x be a symbol, and e be a proper expression of L. We
say that z is free in e if free-in("z7,"e7) is valid in T}% , and a is free for
z in e if free-for(Ta™,"27,7e7) is valid in TkLer. Similarly, we say x is not
free in e if —free-in("z7,"e7) is valid in 7L, and a is not free for x in e if
—free-for("a™, "z, Te™) is valid in TkLer. We also say e is syntactically closed
if syn-closed("e?) is valid in T3% .

Proposition 6.2.1 Fvery quotation is syntactically closed.

6.3 Evaluation and Quasiquotation Lemmas

The lemmas in this subsection are facts about evaluations that are needed
for the substitution lemmas given in the next subsection. Let = be =, if
k is a type, ~ if k is a type, and = if k is a formula.

Lemma 6.3.1 (Good Evaluation Arguments) LetT = (L,T") be a nor-
mal theory, o be a type, a and b be terms, and A be a formula of L.

1. T l=gea("a™,"type) D [Ta iy =ty o

T = —gea(b, "type™) D [b]ty =ty C.
TEgea(a,"a") D[ aq ~if(a ] a,a, Lc).
T |= —gea(b,"a™) D [b]a =~ Lc.

T = gea(" A7, "formula™) D [FAs = A.

S v e e

T k= —gea(b, "formula™) D [b]s, = F.

Proof Follows from the definition of the standard valuation on evaluations.
|
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Lemma 6.3.2 (Evaluation of Quasiquotations) Let M be a standard
model of a normal theory T = (L,T") and a be a term of type E of L that
denotes a type, term, or formula of kind k = type, C, or formula, respectively,
such that M |= gea(a," k™).

1. Let a="(o:e1,...,ent1)(lc1], ..., [en])? denote an operator appli-
cation where:

a. e; is type, formula, or [b;| for all i with 1 <i<n+1.

b. ¢; denotes a type, term, or formula of kind k; = type, C, or
formula, respectively, for all i with 1 < i <n.

Then

M = [aly =& (0 2 &1, - . @) (ealss - - - [enlis,)

where

’ e; if e; = type or formula.

o { [b:lty if ei = [bi]

2. If a ="(x : |b])" denotes a variable, then

M E [alie = (2 : [bliy)-

3. Ifa="(xz: |b1] . [b2])" denotes a variable binder where x is A, X,
3, ¢, or € and by is semantically closed in M with respect to x, then

M = [a]k =k (x2 = [br]sy - [b2]to)-
4. If a="b1|(|b2])" denotes a type application, then
M = la]iy =4y [b1]ey ([b2]e)-
5. If a="1b1|(|b2])" denotes a function application, then
M = [a]ie > [b1]te([b2]1e)-
6. If a = Tif(|b1], |ba], [bs])" denotes a conditional term, then

M |: [[aﬂte = if([[bl]]fm [[bQ]]tea [[b3]]te)'
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7. If a ="[|b]]sy " denotes a type evaluation, then

M = [a]iy =ty [[0e]y-
8. If a="[[b1]]|p, " denotes a term evaluation, then
M = [ale = [[b1]te] por., -
9. If a ="[|b]]s " denotes a formula evaluation, then
M l: [[Clﬂfo = [mb]]te]]fo-
Proof Let M = (S,V) be a standard model of 7" and ¢ € assign(5).
Parts 1, 4-9 Similar to part 2.

Part 2 We must show that V,([a]ie) = Vi, ((x : [b]iy))-

Vio([a]te)
= Vo(["(z: [6]) Tee)
= Vp(H ' (Vy("(z = [b])7))
= Vp(H ™ (Vy([Tvar™, 27, 0]))))
= Vo((H (Ve (Tvar)), HH (Ve ("2 ™), HH(Vie(0))))
= Vo((H™'(H(var)), H'(H(x)), [b+y))
= Vi((var, z, [b]iy))
= Vo((@ : [bly))

The third line is by the definition of V' on evaluations and M = gea(a,"C");
the fourth is by the definition of a quasiquotation; the fifth is by the def-
initions of H and [aq,...,ay]; the sixth is by the definition of V' on quo-
tations and evaluations and the fact that M = gea(a,"C") implies M

gea(b, "type™).

Part 3 We must show that V ([a]x) = Vo ((x2 : [b1]ty - [b2]f)) assuming
ba is semantically closed in M with respect to z.

Ve(lalx)
= V([T b - [b2])Tk)
Vo (H (Vo (T(xa = [b1] - [b2])7))
( b))

= V,(H 1( ([T [Tvar™, T, by,
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[[bQ]]fo))
= V,((*, (var,z, [b1]ty), [b2]t0))
— Vgo((*x : [[bl]]ty . [[bQHfo))

The third line is by the definition of V' on evaluations and M k= gea(a,”k");
the fourth is by the definition of a quasiquotation; the fifth is by the defini-
tions of H and [ay, ..., ay,]; the sixth is by the definition of V' on quotations
and evaluations, the fact that M = gea(a," k™) implies M = gea(by, "type”)
and M = gea(by, "formula™), and the fact by is semantically closed in M
with respect to z. O

Lemma 6.3.3 Let M = (S,V) be a standard model of a normal theory
T = (L,T') and q be a quasiquotation of L whose set of evaluated components
is{la1],..., lan]}. If a; is semantically closed in M for allt with 1 < i < n,
then q is semantically closed in M.

Proof Let ¢, ¢’ € assign(S). We must show that V,(¢) = Viy(¢). Our
proof is by induction on the length of ¢q. If ¢ is a quotation, then ¢ is
obviously semantically closed, and so we may assume ¢ is not a quotation.
Let ¢ ="(mq,...,my)" where k > 1.

Veo(q)

= Vo("(mi,...,mg)7")

= Vo([fmi?,...,"my )

= [Vw(rmlj)v o 7Vs0(rmk—')]

= [ch’(rml—l)a cees Vw’(rmk—l)]

= Vo([fma™,...,"my )

= Vo("(ma,...,mg)7)

= V@’(Q)
The third line is by the definition of a quasiquotation; the fourth is by the
definition of [a1, . .., a,]; and the fifth is by the following argument. If "m;™ is

a quotation, then "m; " is semantically closed, and so V,("m; ™) = Vi ("m; ™).
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If m; is an evaluated component |a;|, then V,("m;") = Vi (a;) = Viy(a;) =
Vi ("m; ) since a; is semantically closed in 7' by hypothesis. If "m;" is
not a quotation and m; is not an evaluated component, then V,("m;") =
Vi ("m; ") by the induction hypothesis. O

6.4 Substitution Lemmas

The next several lemmas show that the operators specified in the previous
subsection have their intended meanings. Let k[e] be type if e is a type, C if
e is a term, and formula if e is a formula.

Lemma 6.4.1 (Eval-Free) Let L be a normal language and a be an eval-

free term, x be a symbol, and e be an eval-free proper expression of L. Let
T = eval-free(TL ).

1. Either T = free-in("z7,"e™) or T |= —free-in("x™,"e™). (That is, ei-
ther x is free in e or x is not free in e.)

2. FEither T = free-for("a™,"z","e™) or T = —free-for("a™,"z7,Te™).

That is, either a is free for x in e or a is not free for x in e.
3. T = free-in("z7,"e) for at most finitely many symbols x.
4. T |=cleanse("e™) = "e™ and thus T |= cleanse("e™) |.

5. T E=sub(Ta™,"x™,"e™) = "€ for some eval-free proper expression €'
and thus T = sub("a™,"z7,"e™) .

6. If T = —free-in("z7,"e?), then T =sub("a™,"27,"e™) ="e™.
Proof
Parts 1-2, 4-5 Follows immediately by induction on the length of e.

Part 3 Follows from the fact that x is free in e iff e contains a subexpression
of the form (z : a).

Part 6 Let S("e’7) mean sub("a™,"2z7,7e'"). Assume
T | —free-in("z7,"e™) [designated H("e™)].
We must show that

TES(Te) =Te? [designated C("e™)].
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Our proof is by induction on the length of e. There are 10 cases correspond-
ing to the 10 formula schemas used to define S("e’) when e is eval-free
proper expression.

Case 1. ¢ = (0 = ki,...,knt1). H("e?) implies H("k;") for all i
with 1 < i < n+ 1 and typey[k;]. From these hypotheses, C("k;™)
follows for all ¢ with 1 <4 <n + 1 and type,[k;] from the induction
hypothesis. C("k;") also holds for all s with 1 < ¢ < n+1 and k; = type
or formula. From these conclusions, C("e™) follows by the definition
of sub.

Cases 2, 4, 6—9. Similar to case 1.
case 3. ¢ = (z : ). The hypothesis H("e™) is false in this case.

case 5. ¢ = (xx:«a . €) where xis A, A\, 3, ¢, or e. H("e”) implies
H("a™). From this hypothesis, C'("a) follows from the induction
hypothesis. Then C("e™) follows from C("a™) by part 4 of this lemma
and the definition of sub.

case 10. e = "¢, C("e7) is always true in this case by the definition
of sub.

|

Remark 6.4.2 Lemma 6.4.1, with Tklér used in place of eval—free(TkLer), does
not hold for all non-eval-free expressions. For instance, the example in
subsection 7.2 exhibits a non-eval free expression for which part 1 of this
lemma does not hold.

A universal closure of a formula A is a formula
Vai,...,2,:C. A

where n > 0 such that x is free in A iff z € {z1,...,2,} and x is not free in
Aiff o & {x1,..., 25}

Lemma 6.4.3 FEvery universal closure is syntactically closed.

Proof By the definitions of free-in, syntactically closed, and universal
closure. O

74



Remark 6.4.4 By virtue of parts 1 and 3 of Lemma 6.4.1, universal closures
always exist for eval-free formulas, and by the example in subsection 7.2, may
not exist for non-eval-free formulas.

Lemma 6.4.5 (Free Variable) Let M = (S,V) be a standard model of a
normal theory T = (L,T"), x be a symbol, and e be a proper expression of L.

L If M = —free-in("z,"e), then Viy(e) = Vipoale) for all ¢ €
assign(S) and d € D.. (That is, if M = —free-in("z™,7e7), e is se-
mantically closed in M with respect to x.)

2. Let X = {x € S| M |= —~free-in("z,"e™)}. Then V,(e) = V(e) for
all p, ¢’ € assign(S) such that o(x) = ¢'(x) whenever x ¢ X.

Proof

Part 1 We will show that, if
M |= —free-in("z7,"e™) [designated H("e™)],
then

Vip(e) = Vg (e) for all ¢ € assign(S) and d € D.  [designated
C("eM).

Our proof is by induction on the complexity of e. There are 11 cases corre-
sponding to the 11 formula schemas used to define free-in("e; 7, "ex™)) when
e1 is a symbol and ey is a proper expression.

case 1: e = (0 = k1,...,kp+1). By the definition of free-in, H("e™)
implies H("k;") for all ¢ with 1 < i < n+ 1 and typey[k;]. By the
induction hypothesis, this implies C("k;") for all i with 1 <i<mn+1
and typey [k;]. Therefore, C("e™) holds since V,,(e) is defined in terms
of V,(k;) for all 4 with 1 <i <n+1 and typey[k;].

case 2: e = O(eq,...,ey,). By the definition of free-in, H("e™) implies
H("O™) and H("e;") for all 4 with 1 < ¢ < n. By the induction
hypothesis, this implies C("O™") and C("e; ") for all ¢ with 1 <i < n.
Therefore, C("e™) holds since V,,(e) is defined in terms of V,,(O) and
Vio(e;) for all 4 with 1 <4 < n.

case 3: ¢ = (x : «). By the definition of free-in, H("e™) is false.
Therefore, the lemma is true for this case.
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case 4: e = (y : a) where x # y. By the definition of free-in, H("e™)
implies H("a"). By the induction hypothesis, this implies C'("a™).
Therefore, C("e™) holds since V,(e) is defined in terms of ¢(y) and
Voo ().

case 5: e = (xz : . €) and x is A, A\, 3, ¢, or e. By the definition
of free-in, H("e7) implies H("a"). By the induction hypothesis, this
implies C("a™). It is obvious that

Vgo[m»—nl’] (e,) = ch[a:»—>d} [z—d'] (6/)

for all ¢ € assign(S) and d,d’ € D.. Therefore, C("e™) holds since
Vi (e) is defined in terms of V() and V(54 (€") where d’ € D..

case 6: e = (xy : a . €), x # y, and x is A, \, 3, ¢, or e. By
the definition of free-in, H("e™) implies H("a) and H("e'"). By the
induction hypothesis, this implies C("a™) and C("e'7). The latter
implies

Volysd)(€) = Vs o (€) = Vopsdy—d) (€)

for all ¢ € assign(S) and d,d € D.. (This is the place in the
proof where the full strength of the induction hypothesis is needed.)
Therefore, C'("e™) holds since V,,(e) is defined in terms of V,,(«) and

Vopya)(€') where d’ € D.

case T: e = a(a). Similar to case 4.
Case 8: e = f(a). Similar to case 4.
Case 9: e = if(A,b,c¢). Similar to case 4.

Case 10: ¢ = "¢/7. C("e") follows immediately since V,,(e) does not
depend on .

Case 11: e = [a]x. By the definition of free-in, H("e™) implies
(1) H("a™), (2) H("k") when typey[k], and (3) H(a). By the
induction hypothesis, (1) and (2) imply C("a") and C("k™) when
typer[k]. Suppose V(gea(a,"k™)) = T for some ¢ € assign(9).
Then V,(a) = V,("¢'7) for some eval-free expression € and (3) im-
plies V,(—free-in("z7,7€¢")) = T. By Lemma 6.4.1, this implies
H("e'™), and so by the induction hypothesis, C("¢’™) holds. There-
fore, C("e™) holds since V,,(e) is defined in terms of V,(a), V,,(k) when
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typey[k], and V,(¢’). Now suppose that V,,(gea(a, k™)) = F for all
¢ € assign(S). Then, by Lemma 6.3.1, V,,(e) is the undefined value for
kind & for all ¢ € assign(S). C("e™) follows immediately since V,(e)
does not depend on ¢.

Part 2 Similar to the proof of part 1. O

Lemma 6.4.6 (Syntactically Closed) Let M be a standard model of
a normal theory T = (L,T') and e be an expression of L. If M =
syn-closed("e™), then e is semantically closed in M.

Proof Let M = (S,V) be a standard model of T. Assume M |
syn-closed("e™). Then, by the definition of syn-closed, e is a proper expression
and M |= —free-in("z™,7e™) for all x € S. Hence, by part 2 of Lemma 6.4.5,
Vio(e) = Vi (e) for all o, ¢’ € assign(S). Therefore, e is semantically closed
in M. O

The next lemma shows that part 1 of Lemma 6.4.5 is not sufficient to
prove the previous lemma.

Lemma 6.4.7 Let M = (S,V) be a standard model of a normal theory
T = (L,T') and e be a proper expression of L. Suppose Vy(e) = V,mq)(e)
for all ¢ € assign(S), x € S, and d € D.. Then it is not necessary that e be
syntactically closed.

Proof See the example in subsection 7.3. O

Lemma 6.4.8 (Cleanse) Let M = (S,V) be a standard model for a nor-
mal theory T = (L,T") and e be an expression of L.

1. If e is an operator, type, term, or formula and V,(cleanse("e™)) # L,
then

H™Y(V,(cleanse("e™)))

is an operator similar to e, type, term, or formula, respectively, that
is eval-free for all ¢ € assign(S).

2. cleanse("e) is semantically closed in M.
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3. If e is an operator, type, term, or formula that contains an evaluation
[e'lx mot in a quotation and M |= free-in("x7,7e'7) for some x € S,
then

M = cleanse("e™) 1.
4. If e is a type, term, or formula and M |= cleanse("e™) ], then
M = [cleanse("e )i = e-
Proof Let A("e™) mean cleanse("e™).
Part 1 Follows straightforwardly by induction on the complexity of e.

Part 2 Our proof is by induction on the complexity of e. We must show
that A("e™) is semantically closed in M. There are 12 cases corresponding to
the 12 formula schemas used to defined cleanse("e™) when e is an expression.

Case 1: eis improper. By the definition of cleanse, A("e™) = "e™. The
last expression is a quotation and is thus semantically closed in M by
Proposition 6.2.1 and Lemma 6.4.6. Therefore, A("e™) is semantically
closed in M.

Cases 2—8: A("e™) is semantically closed in M by the induction hy-
pothesis, the definition of cleanse, and Lemma 6.3.3.

Case 9: e = "¢/". By the definition of cleanse,
A(re—l) — A(rrel—l‘l) — /7

in M. The last expression is a quotation and is thus semantically
closed in M by Proposition 6.2.1 and Lemma 6.4.6. Therefore, A("e™)
is semantically closed in M.

Case 10: e = [aty. By the definition of cleanse,
A("e™) = if(syn-closed(a), w, L¢)

in M where a = A("a"), @ = coerce-to-type([a]te), and w =
Cif(gea(a, "type™), |a’'],C)". If M = A("e™) 7, then A("e™) is semanti-
cally closed in M. Therefore, it suffices to show that w is semantically
closed in M under the assumption M = syn-closed(a). Then @’ is se-
mantically closed in M by Lemma 6.4.6. This implies w is semantically
closed in M by Lemma 6.3.3.

78



Case 11: e = [a],. Similar to case 10.

Case 12: e = [a]f,. Similar to case 10.
Part 3 Follows immediately from the definition of cleanse.

Part 4 Let e be a type, term, or formula. Assume
M = A(Te™)] [designated H("e)].

We must show that
M = [A("e )]k = e [designated C("e™)].

Our proof is by induction on the complexity of e. There are 10 cases corre-
sponding to the 10 formula schemas used to defined cleanse("e™) when e is
a type, term, or formula.

Case 1: e = O(e1,...,e,) and O = (0 == ki,...,knt1). By the
definition of cleanse, H("e™) implies (1) H("k;") for all ¢ with 1 <
i < n+1 and typey[k;] and (2) H("e; ") for all ¢ with 1 < ¢ < n.
By the induction hypothesis, this implies (1) C("k;") for all ¢ with
1 <i<n+1 and typey[k;] and (2) C("¢;") for all i with 1 < i <n.
Let ¢ € assign(S). Then

"O(ets .-y en) Dke)
"LACCON(LACer ) s [A(Ten D)) ki)
ACCON(TA("er Dkfer)s - - - [A("en Dkfen))
= V,(O(e1,...,en))

and

[A(ki )]sy if typer[ki]
; if k; = type or formula.
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The third line is by the definition of cleanse; the fourth is by
Lemma 6.3.2 and part 1 of this lemma; and the fifth holds since (1) O
and A("O7) are similar by part 1 of this lemma, (2) C("k;") holds for
all i with 1 <i <n+1 and typey[k;], and (3) C("e; ") holds for all
with 1 <4 < n. Therefore, C("e”) holds.

Cases 2, 4—6: Similar to case 1.
Case 3: e = (xz : . €') where x is A, A, 3, ¢, or €. By the definition

of cleanse, H("e™) implies H("a) and H("e¢'"). By the induction
hypothesis, this implies C("a™) and C("¢/™). Then

A("eN)ke)

A(T(xz: . e')j)]]k[e])

Txkz: [A(Ta)] . LA(relj)J)—l]]k[E})
*xa: [A(Ta )]ty - [A(Te )] kjer))

*xx:a.e))

Il
AR AEAEAER

The third line is by the definition of cleanse; the fourth is by
Lemma 6.3.2 and parts 1 and 2 of this lemma; and the fifth is by
C("a™) and C("€¢'T). Therefore, C("e™) holds.

Case 7: e ="¢/. Let ¢ € assign(S). Then

Vo([A("e N kje)
= Vo([A(T " M)]e)

(
(
Ve[ e Me)
(f_
(

V,("e')
= 7,

A

e
e).
The third line is by the definition of cleanse and the fourth is by
Lemma 6.3.1. Therefore, C("e™) holds.

Case 8 e = [a]i. Let ¢ € assign(S). Suppose

Vio(gea(a,"type™)) = T. By the definition of cleanse, H("e™) im-
plies H("a). By the induction hypothesis, this implies C("a™). Let
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u = coerce-to-type([A("a™)]te). Then

Vo (TA("eN]kie)

= Vo([A("[aley D]ey)

=V, ([if(syn-closed(A("a™)),
Cif(gea(a, "type™), [u], C)7,
—]-C)]]ty)

= Vy(["if(geala, "type™), [u), C)iy)

= Vj(if(gea(a, "type™), [uiy, C))

= Vi ([coerce-to-type([A("a™)]te)]ty)

=V, ([coerce-to-type(a)]y)

= Vi(laly)

(e).

The third line is by the definition of cleanse; the fourth is by H("e™);
the fifth is by Lemma 6.3.2 and part 1 of this lemma; the sixth by
the hypothesis that V,(gea(a, type™)) = T and the definition of wu;
the seventh is by C'("a™); and the eighth is by V, (gea(a, "type”)) = T.
Therefore, C("e) holds.

Now suppose V,,(gea(a, type)) = F. By a similar derivation to the
one above, C'("e™) holds.

= V

A

Case 9: e = [a]o. Let ¢ € assign(S). Suppose V,(gea(a,"a”) =T
and V,([a]te 4 ) = T. By the definition of cleanse, H("e”) implies
H("a") and H("a™). By the induction hypothesis, this implies C("a")
and C("a™). Let u = coerce-to-term([A("a")]te). Then

Vo ([A("eN)]kfe)
= Vo([A("[a]aM]te)
= V,([if(syn-closed(A("a™)),
Mif(gea(a,"a ) A [u] L [A(Ta)], [u], Lo)T
Lo)]ke)
= Ve([Mif(gea(a,"a) A [u] L [A("a )], [u], Lc) Tte)
Vip(if(gea(a, "a) A [ulte | [A("a )]y, [ulte; Lc))
=V, (if([coerce-to-term([A("a")Jte)Jte 4 [A(" )]ty
[coerce-to-term([A("a)]te)]tes
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a

Lo))
=V, (if([coerce-to-term(a)]e 4 v,
[coerce-to-term(a)]te,
L))
= Vo(if([alie I o, [a]te, Lc))
Veo([ala)
= V(e).

The third line is by the definition of cleanse; the fourth is by H("e™);
the fifth is by Lemma 6.3.2 and part 1 of this lemma; the sixth by
the hypothesis that V,,(gea(a, "type™)) = T and the definition of u; the
seventh is by C("a) and C'("a"); the eighth is by V,,(gea(a, "type™)) =
T; and the ninth is by V,,([a]t | o) = T. Therefore, C("e™) holds.

Now suppose V,,(gea(a, "type™)) = F or V,,([a]te 4 &) = F. By a similar
derivation to the one above, C'("e™) holds.

Case 10: ¢ = [[a]s. Similar to case 8.

Lemma 6.4.9 (Substitution A) Let M = (S,V) be a standard model for
a normal theory T'= (L,T') and a be a term, x be a symbol, and e be an
expression of L.

1.

If e is an operator, type, term, or formula and Vy(sub(Ta™,"27,e™)) #
L1, then

HY(V,(sub("a’, 727, 7€)

is an operator similar to e, type, term, or formula, respectively, that
is eval-free for all p € assign(S).

2. sub("a,"x,"e™) is semantically closed in M.

3.

If e is an operator, type, term, or formula that contains an evaluation
[€']x not in a quotation and M = free-in("y 7, sub(Ta™,"2z7,"e'M)) for
somey € S, then

M = sub("a™, Tz, Te™) 1.
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4. If e is a type, term, or formula, M |= sub("a™, "2

—free-in("z™,"e™), then
M E [sub("a™, '_a:—',’_e—')}]k[e] =
Proof Let S("
Sub(,_a/—l, I_$7’ l_e—l)
and E("
H=H (Vi (S(TeT)).

e) mean

e) mean

TeM |, and M =

Part 1a Fix ¢ € assign(S). Assume e is an operator, type, term, or formula

and V,(S("e™

)) # L. We must show E("e™) is an operator similar to e, type,

term, or formula, respectively. Our proof is by induction on the complexity
of e. There are 13 cases corresponding to the 13 formula schemas used to

define sub("e; ", Tex ", Te
proper expression.

Case 1: e = (0 :: kyy..., kny1).

3) when e is a term, e is a symbol, and e3 is a

By the first formula schema of the

definition of sub, V,,(S("type")) = V,,("type™) and V,,(S("formula™)) =

Vo ("formula™), and so E("type”) =

type and E("formula™)

= formula.

By the second formula schema of the definition of sub,

E("e?)

= H '(Vo(S("e))

= H ' (V("(o: LS(% Mo ST
= H '(Vo("(0: B(Tk17),.

= (0 E(Tky" ) (rknﬂ )).

knt1 1))
E("kn1))7)

By the induction hypothesis, for all i with 1 <14 < n+1 and typey [ki],
E("k;7) is a type. Therefore, if e is an operator, then E("e™) is an

operator similar to e.

Case 2: e = O(ey,...,
formula schema of the definition of sub,

(rej)
= (Vw(S( )
= H'(Vo("LSCON](S(Ter )],
= H'(Vo("E(CON)(E(Ter), ...

= (rOj)(E(r i E(en )
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By the induction hypothesis, (1) E("O7) is an operator similar to O
and (2) for all ¢ with 1 < ¢ < n, if ¢; is a type, term, or formula,
then E("e;7) is a type, term, or formula, respectively. Therefore, if e
is a type, term, or formula, then E("e™) is a type, term, or a formula,
respectively.

Cases 3—-13. Similar to case 2. cases 3 and 5 use part 1 of
Lemma 6.4.8.

Part 1b Fix ¢ € assign(S). Assume e is an operator, type, term, or
formula and Vi, (sub("a™,"27,"e™)) # L. We must show E("e”) is eval-free.
Our proof is by induction on the complexity of e. There are 13 cases as for
part la.

Cases 1-2, 4, 6—9. Each eval symbol occurring in e that is not in a
quotation is removed by the definition of sub. Hence any eval symbol
occurring in E("e™) that is not in a quotation must have been intro-
duced explicitly in S("e™) or implicitly in S("e™) via a subcomponent
S("e’M) of S("e™) where €’ is a component of e. In these cases, no
eval symbols are explicitly introduced in S("e™) by the definition of
sub, and no eval symbols are implicitly introduced in S("e™) by the
induction hypothesis. Therefore, E("e™) is eval-free.

Case 3. ¢ = (z: ). E("e”) is either H (V,,(cleanse("a™))) or Lc.
Therefore, E("e™) is eval-free since H ! (V,,(cleanse("a™))) is eval-free
by part 1 of Lemma 6.4.8 and L¢ is obviously eval-free.

Case 5. ¢ = (xx:a . ¢) where xis A, A\, 3, ¢, or e. E("a”) is
eval-free by the induction hypothesis, and H~!(V,,(cleanse("¢'7))) is
eval-free by part 1 of Lemma 6.4.8. Therefore, E("e™) is eval-free by
the definition of sub.

Case 10. e ="¢7. E("e™) = e. Therefore, E("e) is eval-free since e
is a quotation and hence eval-free.

Cases 11-13. e = [b]x. By the induction hypothesis, E(S("07)) is

eval-free, E(S([S("0M)]te)) is eval-free, and E(S("k™)) is eval-free if

type; [k]. Therefore, E(Te™) is eval-free by the definition of sub.
Part 2 Similar to the proof of part 2 of Lemma 6.4.8.

Part 3 Follows immediately from the definition of sub.
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Part 4 Let e is a type, term, or formula. Assume
M = S("e™)] [designated Hq("e™)]
and
M = —free-in("z7,Te™) [designated Ha("e™)].
We must show that
M = [S("eN)]ke = e [designated C("e™)].

Our proof is by induction on the complexity of e. There are 12 cases cor-
responding to the 12 formula schemas used to define sub("e; ™, Tea™, Tes™)
when e is a term, es is a symbol, and e3 is a type, term, or formula.

Case 1: e=O(ey,...,e,) and O = (0 :: ky,...,kyy1). By the defini-
tions of sub and free-in, Hy("e™) and Ha("e”) imply (1) Hi("k; ") and
Hy("k;7) for all ¢ with 1 < i <n+1 and typey[k;] and (2) Hi("e; ")
and Hy("e; ") for all 4 with 1 < i < n. By the induction hypothesis,
this implies (1) C("k;™) for all ¢ with 1 < i <n+1 and type,[k;] and
(2) C("e; ") for all @ with 1 < i < n. Let ¢ € assign(S). Then

(
([S("O(ex, - - -, en) k)
(["LSoJ(LsTen s, [STen ™) Mrie)
(SCONIS("er Dkfer]s - - -+ [S(Ten Nkfen)))
(O(e1,...,en))

(

SCON =(0:S0k ... 8 kns1 ")

and

STk ) = [[S(I—ki—l)]]ty if typey [ki]
! k; if k; = type or formula.

The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and part 1 of this lemma; and the fifth holds since (1) O and S("O™)
are similar by part 1 of this lemma, (2) C("k;") holds for all ¢ with
1 <i < n+1 and typey[ki], and (3) C("e;") holds for all ¢ with
1 < i < n. Therefore, C("e™) holds.
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Case 2: ¢ = (z : ). The hypothesis Ha("e™) is false in this case.

Case 3: ¢ = (y : a) where x # y. By the definitions of sub and free-in,
Hy("e™) and Hy("e™) imply Hi("a) and He("a™). By the induction
hypothesis, this implies C("a ™). Let ¢ € assign(.S). Then

Vo ([S("eM)kge))
= Vo([S("(y : @) M]e)
= Vo' (y: [S(@)]) te)
= Volly:[S("aM]y))
= Volly:a))
= Vo(e).

The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and part 1 of this lemma; and the fifth is by C("a). Therefore, C'("e™)
holds.

Case 4: e = (xx:« . €) where x is A, A\, 3, ¢, or e. By the defini-
tions of sub and free-in, H1("e™) and Hy("e™) imply Hi("a), Ho("a™),
and M = cleanse("e’7) |. By the induction hypothesis, Hq("a) and
H>("a) implies C("a™). Let ¢ € assign(.S). Then

Ve (IS("eN]k(e))

= Vo([SC(xz:a. ) N]ke)

Vo([F(xz 2 [S("a™)] . [cleanse("e H)J)—I]]k[e])
((
((
(

Vo ((xx: [[S( Nty - [cleanse(™e" ) [ke))
Vo((xa e'))

€)
The third line is by the definition of sub; the fourth is by Lemma 6.3.2,

parts 1 and 2 of this lemma, and parts 1 and 2 of Lemma 6.4.8; and the
fifth is by C'("a™), M = cleanse("¢’7) |, and part 4 of Lemma 6.4.8.

-V,

Case 5-8: Similar to case 3.
Case 9. e ="¢/7. C(Te™) is always true by the definition of sub.

Case 10: e = [b]¢y. Let ¢ € assign(S). Suppose V,,(gea(b, "type™)) =
T. Then there is an eval-free expression e’ such that V,,(b) = V,,("e'7).
By the definitions of sub and free-in, Hi("e™) and Hy("e™) imply
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(1) Hi("b") and Ho("") and (2) Hy("€'™) and H2("€¢'7). By the
induction hypothesis, this implies (1) C("b7) and (2) C("€¢7). Let
u = coerce-to-type(S([S("07)]te)). Then

Ve (IS("e D] ki)
= Vo([S("[b]ey Dlty)
=V ([if(syn-closed(S("b7)),
Mif(gea([S("07)], "type ), [u], C)7,
—]-C)]]ty)
= Vo(["if(gea([S("07)], "type™), [u], C) iy)
Vo (if(gea([S("0)]te, "type ™), [ulty, C))
Vo (if(gea(b, "type™), [uliy, C))
Vip([coerce-to-type(S([S("6 ) ]te))lty)
Vo ([coerce-to-type(S(b))]ty)
Vo ([S(0)]ty)
(I
(e
(
(
(e

S
S

Vo (IS(Te M)
Ve(€')

ch H'— /—l]]t )
ch [[b]]ty)

)-

The third line is by the definition of sub; the fourth is by Hp("e™);
the fifth is by Lemma 6.3.2 and part 1 of this lemma; the sixth is by
C("b"); the seventh is by the hypothesis that V,(gea(b, "type™)) =T
and the definition of w; the eight is by C’('—b—'), the ninth is by
Vi (gea(b,"type”)) = T and part 1 of this lemma; the tenth is by sub-
stitution of Te¢'7 for b; the eleventh is by C("¢'7); the twelveth is by
the semantics of evaluation; and the thirteenth is by substitution of b
for "e’7. Therefore, C'("e™) holds.

Now suppose V,(gea(b, type')) = F. By a similar derivation to the
one above, C'("e™) holds.

I
S

-V

A

Case 11: e = [b],. Let ¢ € assign(S). Suppose V,,(gea(b, "type) =T
and V,([b]te 4 @) = T. Then there is an eval-free expression e’
such that V,(b) = V,("€'"). By the definitions of sub and free-in,
Hy("e™) and Ho("e) imply (1) H1("0") and Ho("b7"), (2) Hi("a™)
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and Ha("a™), and (3) H1("e¢'™) and H2("€¢’7). By the induction hy-
pothesis, this implies (1) C(7b7), (2) C("a™), and (3) C("€'7). Let
u = coerce-to-term(S([S("0™)]te)). Then

Ve (IS("e ki)
= Vo([S("[b]a M)
=V ([if(syn-closed(S("b7)),
Tif(gea([S("6 )], "a ) A lu] L [S(Ta)], [ul), Le) T
J-C)]]te)
= Vo(["if(gea(LS("6 )], "a ) A lu] L [S("a )], [u], Lc) Tee)
Vo (if(gea([S ("0 ]te, ") A [ufe L [S("a )]ty [ute; L))
Vo (if(gea(b,"a™) A [u]te 4 @, [u]te, Lc))
=V, (if([coerce-to-term(S([S("0™)]te))]te 4 v,
[coerce-to-term(S([S("0)]te))]tes
L))
=V, (if([coerce-to-term(S(b))]te 4 v,
[coerce-to-term(S(b))]+e,
Lc))

= Vo(f([SD)]te 4 o, [SD)]te, Lc))

= Vu(f([S("eM]e 4 . [S("€M]e, Lc))
= V,(if(e' L ay €', Lc))

= Vo(if(["e e d o, [7€ e, L))

= Vo (if([b]te J c, [b]te, Lc))

= Ve([0la)

= Vo(e).

The third line is by the definition of sub; the fourth is by H;("e);
the fifth is by Lemma 6.3.2 and part 1 of this lemma; the sixth
is by C("07) and C("a); the seventh is by the hypothesis that
Vi (gea(b,"type”)) = T and the definition of u; the eight is by C("b7);
the ninth is by V,,(gea(b,"type™)) = T and part 1 of this lemma; the
tenth is by substitution of "e¢/7 for b; the eleventh is by C'("e/™); the
twelveth is by the semantics of evaluation; the thirteenth is by sub-
stitution of b for "e’7; and the fourteenth in by V,([b]e | o) = T.
Therefore, C("e™) holds.
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Now suppose V,(gea(b, "type™)) = F or V,([b]te &) = F By a similar
derivation to the one above, C'("e™) holds.

Case 12: e = [b]t,. Similar to case 10.
a

Lemma 6.4.10 (Substitution B) Let M = (S,V) be a standard model
for a normal theory T = (L,I") and a be a term, x be a symbol, and e
be a type, term, or formula of L. If M = sub("a™,"27,"e™) | and M =
free-for("a™, "z, "e™), then
Vo([sub("a™, ™2™, "e k) = Vlem v, (a)) (€)
for all ¢ € assign(S) such that V,(a) # L.
Proof Let S("e™) mean sub("a™,"z7,"e™). Assume
M E S("e™)] [designated Hi("e™)],
and
M = free-for("a™,"x7,"e™) [designated Ha("e™)].
We must show that
Vo([S(TeNke) = Vi (a)(e) for all ¢ € assign(S) such that
Vio(a) # L [designated C("e™)].

Our proof is by induction on the complexity of e. There are 12 cases cor-

responding to the 12 formula schemas used to define sub("e; 7, Tea™, Tes™))

when e; is a term, es is a symbol, es is a type, term, or formula.
Case 1: e = O(e1,...,e,) and O = (0 == ki,...,knt1). By the
definitions of sub and free-for, H1("e™) and Ha("e™) imply (1) H1("k; )
and Hy("k;7) for all ¢ with 1 < ¢ < n+ 1 and typey[k;] and (2)
Hy("e;7) and Hy("e;") for all i with 1 < ¢ < n. By the induction
hypothesis, this implies (1) C("k;") for all ¢ with 1 <i < n+ 1 and
type; [ki] and (2) C(Te; ) for all @ with 1 <1 <n. Let ¢ € assign(.5)
such that V,(a) # L. Then

Vo([S(TeN]ke)
= Vu([S("O(er, - en) Dlke)
Ve([TLSTON(LS(Ter s+ [S(Ten ™) Maie)
= Vo(SCON[S(Ter Nkgers - - -+ [S(Ten N rfen))
= Vefov,(a))(O(e1, - .- en))
= Vepvp@)(e)
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where

SO =(0:S("k1™),....,8(Tkn+1"))

and

SThET) = { [S(TkiMiy  if typey[ki]
! k; if k; = type or formula.
The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and part 1 of Lemma 6.4.9; and the fifth holds since (1) O and S("O™)
are similar by part 1 of Lemma 6.4.9, (2) C("k;™) holds for all i with
1 < i< n+1 and typey[k;], and (3) C("e;7) holds for all ¢ with
1 < i < n. Therefore, C("e™) holds.

Case 2: e = (z : ). By the definitions of free-for and free-for, Hi("e™)
and Hs("e™) imply Hi("a™), Ho("a), and M |= cleanse("e’™) |. By
the induction hypothesis, this implies C("a). Let ¢ € assign(.S) such
that V,(a) # L. Then

Vo([S("eMNkie)

= Vo([S("(z : @) D]e)
Vool
Vool

[if(a 4 [S(a)]ty, cleanse("a™)," Lc ™) ]te)
if(a | [S()]ty, [cleanse("a™)]te, Lc))
Vo(if(a L [S(a)]ty, a, Lc))
Vol (@) (if((z : O) Lo, (2 : €), L))
Velos v, (a)] (7 @)

= Volosv,(a)(€):

The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and part 1 of Lemma 6.4.8; the fifth is by M |= cleanse("¢/™) | and part
4 of Lemma 6.4.8; the sixth is by C("a"); and the seventh is by the
definition of the standard valuation on variables. Therefore, C("e™)
holds.

Case 3: ¢ = (y : a) where x # y. By the definitions of sub and
free-for, Hi("e7) and Hy("e?) imply Hi("a™) and Hy("a). By the
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induction hypothesis, this implies C'("a™). Let ¢ € assign(S) such
that V,(a) # L. Then

= @[m»—>V¢(a)]((y Q@ )
) (

€).

The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and part 1 of Lemma 6.4.9; and the fifth is by C("a™). Therefore,
C("e™) holds.

= <p[:c»—>Vg, (a)]

Case 4: e = (xz: . ¢€) and x is A, \, 3, ¢, or €. By the definitions
of sub and free-for, Hi("e™) and Ha("e") imply Hi("a™), Ha("a™),
and M = cleanse("e’™) |. By the induction hypothesis, this implies
C("a™). Let ¢ € assign(S) such that V,(a) # L. Then

I
IS

T(xx: LS(’_a—')J . {cleanse(’_e”)J)_']]k[e])
[S(Ta )]sy - [cleanse("e" ™) [ken))
ey - €)

xz:a.e€))

1l
“G<: “6<:
=

o
8 8
— =
n

— =~

1
Q

|

[z»—)VAP (a)]

) (
= <p[z»—>V4P(a (6)

The third line is by the definition of sub; the fourth is by Lemma 6.3.2,
part 1 of Lemma 6.4.9, and parts 1 and 2 of Lemma 6.4.8; the fifth is
by M |= cleanse("¢/™) | and part 4 of Lemma 6.4.8; and the sixth is by
C("a™) and the fact that

Violomsd) (€) = VoV, (a)] [z (€)
for all d € D.. Therefore, C("e™) holds.
Case 5: e = (xy : . €), x # gy, and % is A, \, 3, ¢, or e. By the
definitions of sub and free-for, H1("e™) and Hy("e™) imply (1) H1("a™)
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and Hy("a’), (2) either (x) M | —free-in("z7,7€¢'7) or (xx) M [
—free-in("y ™, "a™), and (3) Hi("e¢/7) and Hz("€¢'7). By the induction
hypothesis, this implies C("a™) and C("e'™). Let ¢ € assign(S) such
that V,(a) # L. Then

[S("eM]ke)
[S(T(xy:a.e))ke)

[Ty ST - [S(Te )] ki)
Vo((xy : [S(Ta )]y - [S(TD]kien))
Volas (@) (ky 1 o €))

= <p[x»—>V¢(a (e)

Vel
= Vi
Vool

The third line is by the definition of sub; the fourth is by Lemma 6.3.2
and parts 1 and 2 of Lemma 6.4.9; and the fifth is by C("a™) and
separate arguments for the two cases (x) and (*x). In case (x),

Voly—d) ([[S(rel—')ﬂk[e])
= Voo (')
Vso[de] [x—V,(a)] (e’)

= Vol V(@) lyma (€)

for all d € D.. The second line is by (x), Hi("e'"), and part 4 of
Lemma 6.4.9, and the third is by (*) and part 1 of Lemma 6.4.5. In
case (xx),

go[y»—)d]([[s /—I)Ilk[e]

= Volysdiloms Vi (@) (€)

(
= VolyodjjeV, (@) (€)
/

)

= Volosv, (@)liy—d (€

for all d € D.. The second line is by C("¢/™), and the third is by (*x)
and part 1 of Lemma 6.4.5. Therefore, C'("e™) holds.

Case 6: e = a(a). Similar to case 3.
Case 7: e = f(a). Similar to case 3.

Case 8: e = if(A,b,c). Similar to case 3.
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Case 9: ¢ ="¢'". Let ¢ € assign(S) such that V,(a) # L. Then

Vo (IS(eNke)
= Vo([S(Te " M]ke)
Vw([[rrel—‘—‘]]t )

th(rel—l)
VeloVa(a)(

e
= Volsvi(a)(€)

r /—l)

The third line is by the definition of sub; the fourth is by Lemma 6.3.1;
and the fifth is by the fact that V,,(e) does not depend on ¢. Therefore,
C("e™) holds.

Case 10: e = [b]yy. Let ¢ € assign(S) such that V,(a) # L.
Suppose Vi, (gea("H " (Vysv, (o)) (b)), type ™)) = T. By the defini-
tions of sub and free-for, Hi("e™) and Hy("e™) imply (1) H1("6") and
Hy("b™") and (2) Hi([S("0N)]te) and Hao([S("0)]te). By the induc-
tion hypothesis, this implies (1) C("67) and (2) C([S("07)]te). Let
u = coerce-to-type(S([S("67)]te)). Then

Vo (IS(TeDkie))
= Vo([S("[oley Mly)
=V, ([if(syn-closed(S("b™)),
Mif(gea([S("07)], "type ), [u], C),
L)]ky)
= Vo([Mif(gea([S("0M)], "type™), [u], C) Tiy)
= Vw('f(gea([[s(rbj)]]teartypeﬂ) [ulty, ©))
= Ve(if(gea("H " (Viplusv, () (0)) 7, Ttype ), [uliy, C))
= Vi ([coerce-to-type(S([S("6)]te))]ty)
=V ([coerce- to—type(S(rH*I(VﬂxHVw(a)}(b))—'))]]ty)
= Vo(IS(TH (Va2 (0)) Dty

= Voposvi @) (H ™ Vo, a) (b))

= Vi (@] [TH ™ (Voo @) (0) iy)
= Vol v () ([Pley)

= Velamv, ) (@)
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The third line is by the definition of sub; the fourth is by
Hy("em); the fifth is by Lemma 6.3.2 and part 1 of this
lemma; the sixth is by C(7b7); the seventh is by the hy-
pothesis that ch(gea('—H_l(V@[rHVv(a)](b))j,’_type—')) = T and
the definition of w; the eight is by C("b"); the ninth is by
V¢(gea('—H_1(V¢[xHVw(a)](b))j, Ttype™)) = T and part 1 of this lemma;
the tenth is by C([S("07)]te) since

Vo(IS(T0)]te) = Vil v (@)} () = Vo (TH ™ (Viglas v, () (0)) )

by C("b7); the eleventh is by the semantics of evaluation; and the
twelveth is by

V@[wHVW(a)] ([[FH—l (ch[mb—ﬂ/w (a)] (b))—l]]ty) = ch[xHVv (a)] (b)

Therefore, C("e) holds.
Now suppose V¢(gea(’_H_1(V¢[mHV¢(a 1(b))","type)) = F. By a simi-
lar derivation to the one above, C("e™) holds.

Case 11: e = [b],. Let ¢ € assign(S) such that V,,(a) # L. Suppose
Vo(gea(" H (Vyguov, () (5) . "type ) = T and Vp([bhe | @) = .
By the definitions of sub and free-for, H;("e™) and Ha("e™) imply (1)
Hi("b") and H2("b7), (2) Hi("a) and Ha("a™), and (3) Hi("e')
and Hy("e'™). By the induction hypothesis, this implies (1) C("b7), (2)
C("am),and (3) C([S("0")]te). Let u = coerce-to-term(S([S("07)]te))-
Then

Vo (IS(Te k)
= Vo([S("[b]a M]e)
= Vo ([if(syn-closed(S("b7")),
Fif(gea([S("0N) ], "a) A lu) L [S(Ta)], [u), Lo)
Lo)le)
= Vo([Mif(gea(LS("6 )], "a) A lu) L [S(Ta)], [u], Lc) Tre)
= Vi(if(gea([S("0 ) ]te, ") A [ulte L [S(Ta )]ty [ulte, Lc))
= V(if(gea("H ' (Vpjarsv, () (0) . TaT) A
[ulte 4 [S("a )]sy,
[[u]]tea
1))
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=V, (if([coerce-to-term(S([S("0")]te))lte + [S("a )]y,
[coerce-to-term(S([S(T0)]te))]te,
L))

= VSD(if([[coerce—to—term(S(FH_l(Vw[ggﬁw(a)}(b))j))]]te 1
[S("a )]y,
[[coerce—to—term(S(rH_l(Vw[x,_)vw(a)} () ) ]te,
1Lc))

= Vo(f([S(TH ™ (Ve (@) (0) Ve 4 IS iy,
[S(TH ™ (Viglas v, (a)) () Ve
Le))

= Voo V(@) (FH " (Vo v, ()] (0)) 4 @,

H ™ (Voo v, () (D),
L))

= Vit (@) (T H ™ (Voo v, ()] (0) Tee 4 @,

["H ™ (Voo v, (@) (0) e

L))

= Voo vy (o)) (if([0]te 4 @, [Bllte; L))

Voo (a)) ([0]a)

= Volesve(a)(©):

The third line is by the definition of sub; the fourth is by
Hi("e); the fifth is by Lemma 6.3.2 and part 1 of this
lemma; the sixth is by C("67"); the seventh is by the hy-
pothesis that Vj(gea("H (Vo (@) (0))7,"type™)) = T and
the definition of w; the eight is by C("6"); the ninth is by
Vw(gea(rH_l(Vw[zHVW(a)](b))j, Ttype™)) = T and part 1 of this lemma;
the tenth is by C'("a™) and C([S("07)]e) since

Vo(IS(T0]te) = Vil v (@) () = Vo (TH ™ (Viglas v, (a) (0)) )

by C("b"); the eleventh is by the semantics of evaluation; and the
twelveth is by
VooV (@] [TH ™ (Voo v, @] (0)) Tte) = Vplwsvi, (a)) (B)-

Therefore, C("e™) holds.
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Now suppose Vi, (gea("H ™ (Vzsv, () (0) 7, Ttype™)) = F or Vo ([b] e |
a) = F. By a similar derivation to the one above, C'("e™) holds.

Case 12: e = [b]t,. Similar to case 10.

a

6.5 More Notational Definitions

Using some of the operators defined in this section and the previous section,
we give some notational definitions for additional variable binders. Let L
be a normal language.

1. Class Abstraction

(Cu:a.A) means
(v : power-type(ar) . (Vu:a.u € x=A))
where x is some member of § such that
TE b= —free-in("z7, ")
and
TL = —free-in(Tz7," A7),
Compact notation:

{a1,...,ap} means (Cu:V.u=a1V---Vu=a,) forn>0.

2. Dependent Type Product

(®x: a. ) means
type((Cp:VxV.Jz:a.Jy:p.p=(z,y)))
where p is some member of S such that
TL. = —free-in("p7,"a7)
and

TkLer = —free-in("p 7,7 57).

96



3. Unique Existential Quantification

(3'z: . A) means

Gz:a. (ANNVy:a.[sub("(y:a)","2,"AN)]H Dy =12)))
where y is some member of S such that

TL . = —free-in(Ty 7, T A7),

Tier = sub("(y = ), "2, TAT) |,
and

TE 1= free-for(T(y : )7, Tz, T A7),

7 Examples
7.1 Law of Excluded Middle

In many traditional logics, e.g., first-order logic, the law of excluded middle
(LEM) is expressed as a formula schema

AV -A
where A can be any formula. In Chiron LEM can be expressed as a single
formula:

Ve:Egy . [e] V—le].
Using quasiquotation, LEM can alternately be expressed as the following

formula:

Ve : Ey, . is-eval-free(e) D [ e] V —le] to-

7.2 Infinite Dependency 1

The value of a proper expression may depend on the values that are assigned
to infinitely many symbols. For example, let A is the formula

Vz:Egy . [T(L(2: Esy)] : Esy) ey, =27
Let M = (S,V) be a standard model of T" and ¢ € assign(.S). Then V,,(A4) =
T iff p(z) = H(z) for all 2 € S with z # 2. Moreover, neither T}Z |
free-in("27," A7) nor TiL = —free-in("27," A7) when z # z. Hence A is not
syntactically closed.
A more inclusive definition of free-in could be defined by adding an argu-
ment to free-in that represents the local context [17] of its second argument.
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7.3 Infinite Dependency 2

Here is another example of a proper expression that depends on the values
that are assigned to infinitely many symbols. Let A is the formula

infinite(Ce : Egy . ["(le] : C) e = 0).

Let M = (S,V) be a standard model of T" and ¢ € assign(.S). Then V,,(A4) =
T iff ¢(z) is the empty set for infinitely many « € S. This implies V,(A4) =
Voo (A) for all ¢ € assign(S), © € S, and d € D.. Neither T}% |-
free-in("27," A7) nor TiL = —free-in("27," A7) when x € S. Hence A is not
syntactically closed.

7.4 Conjunction

In subsection 5.1 we defined the operator and for conjunction using an infi-
nite set of syntactically closed eval-free formulas. We can alternately define
conjunction as a single formula A:

Vp: Eg X Eg . (and :: formula, formula, formula) ([hd(p)] o, [t!(P)]t0) =
~(=[hd(p)]to V ~[tI(P)]to)-

A is obviously not eval-free, and neither T}% = free-in("z"," A7) nor T}t
—free-in("z7," A7) when = # p. Hence A is not syntactically closed.

The following is an alternative form for this formula with two universally
quantified variables instead of one:

Vey, ez : Eg . (and :: formula, formula, formula)([e1], [e2]) =
~(=lea] v =feal)-

This latter form is more natural, but it cannot be instantiated using
Lemma 6.4.10 like the former form.

7.5 Modus Ponens

Like the law of excluded middle, other laws of logic are usually expressed
as formula schemas. In Chiron these laws can be expressed as single formu-
las. For example, the following Chiron formula expresses the law of modus
ponens:

Vp : Efo X Efo .
([hd(p)]to A [t1(P)] o A is-impl(tl(p)) A hd(p) = 1st-arg(tl(p))) D
[2nd-arg(tl(p))]to-
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Deduction and computation rules are naturally represented as transform-
ers [10], algorithms that map expressions to expressions. Transformers can
be directly formalized in Chiron. For example, the following function ab-
straction, which maps a pair of formulas to a formula, formalizes the modus
ponens rule of inference:

)\p : Efo X Efo .
if(is-impl(tl(p)) A hd(p) = 1st-arg(tl(p)), 2nd-arg(tl(p)), Lc).

Let (modus-ponens :: (Ef, X Eg,) — Eg,)() be a constant that is defined to
be this function abstraction, and let mp(a) mean

(modus-ponens :: (Eg, X Eg) — Eg)()(a).

Then the following formula is an alternate expression of the law of modus
ponens:

Vp: Egp X Efo . ([hd(p)]to A [tI(P)]fo A mp(p)4) D [mp(P)]to-

7.6 Beta Reduction

There are two laws of beta reduction in Chiron, one for the application of a
dependent function type and one for the application of a function abstrac-
tion. Without quotation and evaluation, the latter beta reduction law would
be informally expressed as the formula schema

Az :a.b)(a) ~ bz a]
provided:
1. al(anV).
2. bz a] | V.

3. ais free for (z : @) in b.

Notice that this schema includes four schema variables (z,«,b,a), a sub-
stitution instruction, two semantic side conditions (conditions (1) and (2)),
and a syntactic side condition (condition (3)). Moreover, if either of the two
semantic side conditions is false, (Az : a . b)(a) is undefined.

Using constructions, quotation, and evaluation, both laws of beta reduc-
tion can be formalized in Chiron as rules of inference in which the substitu-
tion instructions and syntactic side conditions are expressed in Chiron. For
example, the law of beta reduction for function abstractions would be:

99



From
1. is-fun-redex(a),
2. sub(redex-arg(a), 1st-comp(redex-var(a)), redex-body(a)) |,
3. free-for(redex-arg(a), lst-comp(redex-var(a)), redex-body(a)))
infer
if([redex-arg(a)[te 4 ([2nd-comp(redex-var(a))]ty NV) A
[sub(redex-arg(a), 1st-comp(redex-var(a)), redex-body(a))[te | V,
[a]te ~ [sub(redex-arg(a), 1st-comp(redex-var(a)), redex-body(a))]+e,
[[a]]te T)

The beta reduction law for function abstractions is applied to an application
b of a function abstraction by letting a be the quotation "b™.

7.7 Liar Paradox

We will formalize in Chiron the liar paradox mentioned in subsection 4.1.
Assume that nat is a type and 0, 1,2, ... denote terms such that nat denotes
an infinite set {0,1,2,...}. Assume also that num is a type that denotes the
set {"07,717,727 ...}, And finally assume that enum is a term that denotes
a function which is a bijection from {"07,717,727, ...} to the set F of all
terms of type (A e : E. E)—which is the same as (E — E)—that are definable
by a syntactically closed function abstraction of the form (Ae: E . b).
The following function abstraction denotes some f € F:

Ae:E.
["op-app,
[Fop™, Tnot™, "formula™, "formula™],
[Ceval™,
[“fun-app™, [ fun-app™,"enum™, ¢], €],
Tformula™]].

Using quasiquotation, f can be expressed much more succinctly as

Ae:E."=fenum(|e])(le])]to -

For some i of type nat, enum(":") = f. Then
enum(TiT)(7iT) = f(°0)

= T=fenum (i) (T )]0
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Therefore, if LIAR is the term enum(™:7)(":™), then

LIAR = "=[LIAR] ™.

8 A Proof System

We present in this section a proof system for Chiron called Cy, (parameter-
ized by a normal language L). We will state and prove a soundness theorem
and a completeness theorem for Cy. Cp is intended to be neither a prac-
tical nor implemented proof system for Chiron. Its purpose is to serve as
(1) a system test of Chiron’s definition and (2) a reference system for other,
possibly implemented, proof systems for Chiron.

8.1 Definitions

Fix a normal language L of Chiron for the rest of this section. Cy, is a
Hilbert-style proof system for Chiron consisting of 10 rules of inference and
an infinite set of axioms. The rules of inference are given below in subsec-
tion 8.2. The azioms are the instances of the 68 axiom schemas given below
in subsection 8.3. The set of axioms depends on the language L.

Let T = (L,T") be a theory of Chiron and A be a formula. A proof of
A from T in Cy, is a finite sequence of formulas of L such that A is the last
member of the sequence and every member of the sequence is an axiom of
Cr, a member of I', or is inferred from previous members of the sequence
by one of the rules of inference of Cy. Let T'F A mean there is a proof of
A from T in Cy. T is consistent if there is some formula A of L such that
T F A does not hold.

Let 7 be a set of theories over L and F be a set of formulas of L. Cy, is
sound with respect to T and F if, for every T € T and formula A € F,

THA implies T = A.

Cy is complete with respect to T and F if, for every T € T and formula
AeF,

T E A implies TH A.

After presenting the rules of inference and axioms of Cj,, we will prove
that Cy, is sound with respect to the set of all normal theories over L and the
set of all formulas of L and complete with respect to the set of all eval-free
normal theories over L and the set of all eval-free formulas of L.
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8.2 Rules of Inference

C has the 10 rules of inference stated below. The first two rules of inference
are often employed in Hilbert-style proof systems for first-order logic. The
last eight would normally be expressed as axiom schemas in a Hilbert-style
proof systems for a traditional logic. They are expressed as rules of inference
in Cy, because the syntactic side conditions, which are expressed directly in
Chiron, must be hypotheses in order for the rules to a preserve validity in a
standard model of a normal theory.

Rule 1 (Modus Ponens)
From

1. A,
2. ADB
infer

B.

Rule 2 (Universal Generalization)
From

A
infer
Vr:a. A

Rule 3 (Universal Quantifier Shifting)
From

—free-in("z7,T A7)
infer

Vz:a.(AVB))D(AV (Vz:a.B)).

Rule 4 (Universal Instantiation)
From

1. sub("a™, "z ,TAT) ],

2. free-for("a™,"z," A7)
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infer
(Vz:a.A) ANala)D[sub(Ta™,"z,"AM]o.

Rule 5 (Definite Description)
From

1. sub("(ex: v . A), T AT,
2. free-for("(vx:a. A)7,T2x,TAY)
infer
(Flz:a.A) D[sub("(tz:a. A), Tz ," AN ]0.

Rule 6 (Indefinite Description)
From

1. sub("(ex:a. A),Tz,TAT) ],
2. free-for("(ex:a. A)", Tz ,TAT)
infer

Fx:a.A) Dsub(T(ex:a.A),"z™,"AN)].

The function machinery of Chiron—type application, dependent function
types, function application, and function abstraction—is specified by the
following four rules of inference.

Rule 7 (Type Application)
From

1. —free-in("y ™, Ta™),

("y
2. —free-in("y ", "a),
3. —free-in("f71,"a™),
4. —free-in("f7,7a™)
infer

if(al, Vy:C.ylaa)=3f:a.fun(f) Aa,y) € f), ala) =¢ C).
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Rule 8 (Dependent Function Types)
From

1. —free-in("f,"a

)

3. —free-in(Tz7, "™

)

( )
2. —free-in(" 7,787,
( )
4. —free-in("z7,757)

infer

Vi:C.fl(Az:a.pB)=
(Fan(£) A (Y2 V. ()15 (@ Lah F(@) L)),

Rule 9 (Function Application)
From

1. —free-in("y™,"a’),
2. —free-in("y7,"a"),
3. —free-in("y ", " f7)
infer
fla) = (ty : ala) - fun(f) A (a,y) € ).
where f is of type .

Rule 10 (Function Abstraction)
From

1. —free-in("f7,"a7),
—free-in("f7,757),

—free-in("f7,7b7),

—free-in("z7,7b7),

—free-in("y 7,787,

(

(

(
~free-in("z7,"a7),

("o

(

("y

S N R C R

—free-in("y,7b™)
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infer

Az :a.b)~
f:(Ax:a.p).
Vz:a,y: 8. f(zx)=y=(xlVAbDLVAYy=D))).

where b is of type 5.

8.3 Axiom Schemas

The axioms of Cy, are presented by 68 axiom schemas, organized into 13
groups. Each axiom schema is specified by a formula schema. An instance
of an axiom schema of Cy, is any formula of L that is obtained by replacing
the schema variables in the schema with appropriate expressions.

The first group of axiom schemas define conjunction and implication in
terms of negation and disjunction in the usual way and give a complete set
of axioms for propositional logic in terms of disjunction and implication.

Axiom Schemas 1 (Propositional Logic)

~

. (AANB)=-(-AV -B).
2. (A>B)=(-AV B).

3. (AVA) DA

4. AD(BVA).

5. (ADB)D((CVA)D(BVQ))).

The next group of axiom schemas specify that the three equalities
type-equal, quasi-equal, and formula-equal are equivalence relations as well
as congruences with respect to formulas.

Axiom Schemas 2 (Equality)
1. « =ty Q.
2. a=( BCC=D

where D 1is the result of replacing one occurrence of a in C by an
occurrence of B, provided that the occurrence of a in C' is not within
a quotation.

3. a~a.
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4.a~bCC=D

where D is the result of replacing one occurrence of a in C by an
occurrence of b, provided that the occurrence of a in C is not within a
quotation and is not a variable (x : o) immediately preceded by A, A,
3, ¢, ore.

5. A= A.
6. A=BCC=D

where D is the result of replacing one occurrence of A in C by an
occurrence of B, provided that the occurrence of A in C is not within
a quotation.

The following axiom schemas specify the general definedness laws for
operators. For a kind k, let

k if k = type
k=< C if type,[k]
k if k = formula.

Axiom Schemas 3 (General Operator Properties)

1. e \Lkh N Neg, J,kim D
(o @,...,@,type)(el,...,en) =ty
(0::kyy... kn,type)(er, ... en)
wheren > 1 and k;,, ...,k
ki,...,kn of kinds.

1s the subsequence of types in the sequence

2. €i1\Lki1/\"'/\€im~l/kim D
(0::@,...,@,B}(el,...,en):
(0 ki, .. kn,B)e1,...,€n)

wheren > 1 and ks, ..., k;
ki,...,kn of kinds.

1s the subsequence of types in the sequence

m

3. €i1\Lki1/\"'/\€im~l/kimD

(0::ky,... ky, formula)(er,... e,) =
(0::ky,... ky, formula)(e, ..., e,)
wheren > 1 and k;,, ..., k;,, is the subsequence of types in the sequence

ki,...,kn of kinds.

106



4. (0 k1, kn,B)(e1, ... en)d D
(0 ki, .. kn,B)e1,...,6n) =
(0 kiy. . kn,C)(er,... en)

where n > 0.

5. (alNata)D
(0 e kl: .. '7ki—17a7ki+17 .. '7knatype)
(617 ce e €i-1,0A,6441, .. ‘7677,) =ty C

where n > 1.

6. (alNa?ta)D
(0 = k17"‘7ki—17a7ki+17" '7kn7ﬂ)
(617"'767;717011 €i+17'-'>en)T

where n > 1.

7. (alNata)D
(O o ]{31, .. .,]{71‘,1,04, k‘i+1, ey k‘n,formula)
(61,...,ei_1,a,ei+1,...,en) =F

where n > 1.

8 (0 ki, ... kn,B)(e1,...,en)d D
(0 kiy. . kn,B)(e1,...,en) ) B

where n > 0.

The following axiom schemas specify specific definedness laws for the
built-in operators.

Axiom Schemas 4 (Built-In Operator Definedness)
1.4},

Eona #ty C D al.

E, #y CDal.

Eopa #ty C D al.

Ety.a #ty C D al.

Ete,a #ty C D al.

Ebe.o #ty CD (al ADL).

NS &t e
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8. Efo’a 7éty Cc> ai.
9. a€bD (alNbY).
10. a=4bD (alandbla).

The general definedness law for variables is specified by the following
axiom schema.

Axiom Schemas 5 (Variable Definedness)
1. (z:a)lD(x:a)la

The following axiom schemas specify the extensionality of types and
universal quantification over the canonical empty type.

Axiom Schemas 6 (Types)

lL.a=wf=We:C.zla=x]p).
2.Vx:V .A.

The following 18 axiom schemas correspond to the 18 axiom schemas
that constitute the axiomatization of NBG set theory given by K. Goédel
in [12].

Axiom Schemas 7 (NBG Set Theory)

1. (z: Q).
Ve:C.z[V=(3y:C.xey).
Ve,y:C.Vu:V.uex=uecy) dDx=y.
Vu,v: V. {u,v}].
Jdz:C.Yu,v:V.{(uv) €Ex=uc€n.
Vz,y:C.(xNy)l.
Ve:C.x.

ST S S S R

Va:C.dom(z)l .

9.Vx:C.Jy:C.Yu,v:V.(uv) Ey=uc€ .
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10.
11.
12.
13.
14.
15.

16.

17.

Va:
Va:
Va:
Ju:
Vu:
Vu:
Va:

< < < 0O 00

C

Jy:C.Vu,v: V. (u,v) €y=(v,u) €.

Ly C.Vu,v,w: V. (u,v,w) €y = (v,w,u) € .
Ly C Vu,v,w: V. (u,v,w) € y = (u,w,v) € .
wFEDANVv:V.veuDd (Fw:V.weuAvCw)).
.sum(u) | V.

. power(u) J V.

univocal(z) D

Vu:V.Jv:V.Vt:V.tecv=(3s:V.s€uN (s t) €x)).

Ve:C.z#0D>Fu:V.ueczAVov:V.a(veuAv € x)).

18. 3f:C.fun(fHH)ANVu:V.u#0D f(u) € u).

Conditional terms are specified by two axiom schemas.

Axiom Schemas 8 (Conditional Terms)

1. ADif(A,b,c) ~b.

2. "ADIif(A,b,c) ~c.

Definite description is specified by the Definite Description rule of in-
ference given above and the following two axiom schemas, one for proper

definite descriptions and one for improper.

Axiom Schemas 9 (Definite Description)

1. 3lz:a. A)D(te:a.A)la).

2. -3'z:a.A)D(r:a. A)T.

Indefinite description is specified by the Indefinite Description rule of
inference given above and the following three axiom schemas, one for proper
indefinite descriptions, one for improper indefinite descriptions, and one for

formulas that are satisfied by the same classes.
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Axiom Schemas 10 (Indefinite Description)
1. 3z:a. A)D(cx:a.A)la).
2. -(Fz:a.A)D(cx:a.A)T.
3. Vx:C.A=B)D (ex:C.A) = (ex:C.B).

Quotation is specified by the following three axiom schemas. Note that
the quotation of a symbol and the quotation of an operator name are not
fully specified.

Axiom Schemas 11 (Quotation)
1. 757 Egy
where s € S.
2. "o | Eon
where o € O.
3. Ty 7& Mgy
where 1,59 € SU QO with s1 # so.
4. T(e1,...,en) =g [fe1 ..., Ten ]

where e1,...,e, € Er andn > 0.

Evaluation is specified by the following six axiom schemas. This set of
axiom schemas expresses the same information as parts 1-6 of Lemma 6.3.1.

Axiom Schemas 12 (Evaluation)

~

is-eval-free("a™) D [Ta iy =ty a.
—gea(b,"type™) D [b]ty =4y C.
is-eval-free("a™) D [Fa o = if(a | a,a, Lc).
—gea(b,"a) D [b]a ~ Lc.

is-eval-free("A7) D [FA s = A.

S & L e

—gea(b, "formula™) D [b]s = F.
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The following eight axiom schemas specify the eight kinds of construction
types. The type operators named expr-sym and expr-op-name are specified
by their properties. expr is specified from expr-sym and expr-op-name by
induction. And those named expr-op, expr-type, expr-term-type, expr-term,
and expr-formula are defined by mutual recursion.

Axiom Schemas 13 (Construction Types)

1. £ =term(Egy).

2. Esy UEon < V.

3. Esy NEon =ty V.
countably-infinite(term(Esy)).
Ju : V. countably-infinite(u) A term(Eon) C w.
Va:Esy UEon . x # 0 A —is-ord-pair(z).

Vu:L,u=term(Eony).

SN S

VYu:Lv:V.
((Vuo : Esy UEona - up € v) A
Devn
(Vur,ug : V. (u1 €vAug €vAug T Esy UEony) D (ur, ug) € v))
O term(E,) C v.

9. Vu:Lix:C.2 | Epy =
(Je:Eonu - ="([e] :: type)™
(€ :Eyu.xz="(le] 2 [€])T)V
x ="(|e] :: formula)
(Fe:Eopu -z =€ ["typeT| Vv
(Fe : By .z =e€"[€])
x = e~ [formula™]).

10. Vu:Lix:C.x | By, =
(Je: Eonu - = ["op-app ', [Top T, e, "typeT]]) V
(3 €1 . Eon’u,€2,€3 : Eu .
[Top-app™, [Top™, e1] ez [type ]| e3 € Egyu A
((Fe:Eyu -
x = [Top-app™, [Top ™, e1]"ex"["type ™, "type || "es"[e]) V
(Fe: Eyur € : Eie -
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z = ["op-app™, [Top™, e1]"e27[e, "type ] "e5”[e'])
(Je: Efou -
x = [Top-app™, [Top™, e1]"ex"[formula™, "typeT||"es[e])
)V
(Jer: Etyusea i Brew -z ="[e1](le2])”) V
(E] €1 : Eon,m62u63 : Ety7 - L= ,_( LelJ : LBQJ . £€3J)j) v
(Fe:Eew -z ="[le]]ty )-

11. Vu:L,é:Eyu,z:C.x ] Eteu =
(Eie Eonu - @ = [Top-app ™, [TopT,e,€]]) V
(Je1 : Eonu,€2,e3 : Ey .
["op-app™, [Top™, e1] "2~ [é]] 3 € Ef, ,, A
((Fe:Etyu -
x = ["op-app ', [Top, e1] "e2"["type™, €]] "e3”[e]) V
(e : Etyu, € : Eten -
x = [Top-app™,[Top™, e1]"e2"[e, €]]e3"[€])
(Je: Egopu -
x = [Top-app™, [Top ™, e1]"ex"[formula™, é]]~e3~[e]))) V
(Fe:Egyu.z="(le]: [€]))V
(Jer : Eqyusea: Efé’u,eg : Ete,u -
z="ez](les])"Aé="|er(les])) V
(3 €1 : Esy wy €2, €3 ° Ety uy €4 - Efgu .
x="Ale1]:|ez] . lea] TAE=TA|er] : |e2] . [e3] )V
(3 €1 : Efo uy €2, €3 : Ety wy €4 - Ete wr € Efgu .
Cif, le1], |eal, |es] TAE = |f(€2 = 63,62,‘—(:—')) Vv
(EI e1: Syu,eg tEfou -z ="(]er] 1 [€] . le2])T) V
(3 €1: sy u; €2 Efo,u L= ’_(6 I.elJ : \_éj : L€2J)—I) v
(Je:Ey.z="|le|"Aé="E,)V
(Fe: Btew -z = r[HeJ]]LeJ )-

12.Vu:Lixz:C.x | By =(3€:Eyu - xiEteu)

13. Vu:Lx:C.x | By =
(Je:Esyu .z =["op-app™,[Top, e, formulaT]) v
(3 €1: Esy,U762763 =
[Fop-app ™, [Top™, e1] ex"["formula™]]"e3 € Egou A
((3 €. Ety,u .
x = [Top-app™, [Top ™, e1]"ex"["type™,"formula™||"e3"[e]) V
(36 . Ety,u; e' : Ete,u .
x = [Top-app™, [Top ™, e1]"ex"[e, "formula™]]~e3~[¢])
(Fe: Egou -
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x = [Top-app™, [Top™, e1]"ex [ formula™, "formula™]
“e3”[e]))) V
(3 €1 Esy,me2 : Ety,ua€3 : Efo,u - L= r(a |_61J : {eQJ . £€3J)—I) \%
(Je: Eten -z ="[le]]t ).

8.4 Soundness

Fix a normal theory T' = (L, T") for the rest of this subsection. We will prove
that Cp, is sound (with respect to the set of all normal theories over L and
the set of all formulas of L) by showing that its rules of inference preserve
validity in every standard model of T" and its axioms are valid in 7.

Proposition 8.4.1 (Propositional Connectives) The built-in operators
and defined operators that represent propositional connectives in Chiron—
the formula operators mamed formula-equal, not, or, true, false, and, and
implies—have their usual meanings in every standard model of T .

Proof Let M be a standard model of T. The built-in operator names
formula-equal, not, and or are assigned their usual meanings in M by the
definition of a standard model. The defined operators true, false, and, and
implies are given their usual meanings in M by their definitions. O

Proposition 8.4.2 (Quantification over Empty Types) Let M =
(S,V) be a standard model of T and ¢ € assign(S). If V,(«) is empty,
then:

1. Vo(3z:a. A) =F.
2. Vo(Va:a. A) =T.

Proof V,(3dz:«.A)=F by the definition of V' on existential quantifica-
tions. This implies V,(V2 : o . A) = T by the notational definition of V and
Proposition 8.4.1. O

Lemma 8.4.3 (Modus Ponens) The rule Modus Ponens preserves valid-
ity in every standard model of T'.

Proof Let M = (S,V) be a standard model of T. Suppose M = A and
M = A D B. It follows immediately by Proposition 8.4.1 that M = B.
Therefore, Modus Ponens preserves validity in every standard model of T
|
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Lemma 8.4.4 (Universal Generalization) The rule Universal General-
1zation preserves validity in every standard model of T'.

Proof Let M = (S,V) be a standard model of T. Suppose M = A.
Then (i) V,(A) = T for all ¢ € assign(S). We need to show that M =
Va : o . A. That is, we need to show (ii) V,(Va : a . A) = T for all
@ € assign(S). Let ¢ € assign(S). If V,(a) is empty, then V,(V2z:a. A) =T
by Proposition 8.4.2. So we may assume that V,,(c) is nonempty. Let d be
in Vy(a). Then ¢z — d|(x) is in Vy(a), and so by (i), Vjjpoaq(4) = T.
This implies V,(Vx : o . A) = T by the notational definition of V and the
definition of V' on existential quantifications. Therefore, (ii) holds and thus
Universal Generalization preserves validity in every standard model of 7. O

Lemma 8.4.5 (Universal Quantifier Shifting) The rule Universal
Quantifier Shifting preserves validity in every standard model of T'.

Proof Let M = (S,V) be a standard model of T'. Suppose (i) M =
—free-in("2™," A7) and (ii) V,(Vz : a. (AV B)) = T for ¢ € assign(S5). We
must show V,(AV (Vz : . B)) = T. Our argument is by cases:

Case 1: V,(A) = T. Hence, by Proposition 8.4.1, V,(AV Vz : a .
B)) =T.

Case 2: V,(A) = F. It suffices to show (iii) V,(Vx : a. B) = T since
this implies V,(AV (V2 : a . B)) = T by Proposition 8.4.1. If V() is
empty, then (iii) holds by Proposition 8.4.2. So let d be in V,(a). By
the notational definition of V, the definition of V' on existential quan-
tifications, and (ii), Vg (A V B) = T. This implies V5, .q(A) =T
or Vypsa(B) = T by Proposition 8.4.1. By the hypothesis, (i), and
Lemma 6.4.5, V 4/ (A) = F. This implies V[, ,q(B) = T, and hence
(iii) holds by the notational definition of ¥V and the definition of V' on
existential quantifications.

|

Lemma 8.4.6 (Universal Instantiation) The rule Universal Instantia-
tion preserves validity in every standard model of T.

Proof Let M = (S,V) be a standard model of T. Suppose (i) M E
sub("a™,"x,TA) |, (ii) M k= free-for("a™,"x," A7), and (iii) Vo ((Va : .
A)Nal a) =T for ¢ € assign(S). We must show

Vo([sub("a™, "2, " AM)]t) = T.
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By Proposition 8.4.1, (iii) implies (iv) V,(Vz : o . A) = T and (v) Vi (a |
a) = T. (v) implies (vi) Vi (a) # L and (vii) V,(a) is in V(o). (iv) and
(vil) imply (vili) Vy[zsv,(a))(A4) = T by the notational definition of V and
the definition of V' on existential quantifications. (i), (ii), (vi), and (viii)

imply
Vi ([sub("a™,"z . "AN ) = Viplsv, () (A) = T
by Lemma 6.4.10. O

Lemma 8.4.7 (Definite Description) The rule Definite Description
preserves validity in every standard model of T'.

Proof Let M = (S,V) be a standard model of T. Suppose (i) M
sub("(tx : . A), T2, TAT) |, (i) M [ freefor("(tx : oo A)T, T2 TAT)
and (iii) V,(3!z : ao. A) = T for ¢ € assign(S). We need to show

Vo([sub("(caz : oo A)7, "2, " AN]g) = T.

By the notational definition of unique existential quantification and the defi-
nition of V' on existential quantifications, (iii) implies (iv) there is a unique d
in V() such that V4 (A) = T, and by the definition of V on definite de-
scriptions, (iv) implies (v) there is a d in V,,(«) such that V,(vz : . A) = d.
(v) implies (vi) Vo(vx : oo . A) # L. (i), (ii), (iv), (v), and (vi) imply

Vso([[SUb(’_(L!T Lo A)_‘a RN ,_A—l)]]fo) = Vap[z»—)VW(Lx:a.A)}(A)

Vap[ac»—)d} (A)

= T
by Lemma 6.4.10. O

Lemma 8.4.8 (Indefinite Description) The rule Indefinite Description
preserves validity in every standard model of T.

Proof Similar to the proof of Lemma 8.4.7. O

Lemma 8.4.9 (Functions) The four rules of inference for functions pre-
serve validity in every standard model of T.

Proof The rule Type Application specifies the value of a type applica-
tion a(a) by Proposition 8.4.1, the definitions of free-in, fun, and ord-pair,
and the definition of V' on type applications. The rule Dependent Func-
tion Type specifies the value of a dependent function type (Az : a . 8) by
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Proposition 8.4.1, the definition of free-in and fun, and the definition of V'
on dependent function types. The rule Function Application specifies the
value of a function application f(a) by Proposition 8.4.1, the definitions of
free-in, and fun, and ord-pair, and the definition of V' on type and function
applications. And, finally, the rule Function Abstraction specifies the value
of a function abstraction (Ax : a . b) of a function abstraction by Propo-
sition 8.4.1, the definition of free-in, and the definition of V' on dependent
function types, function applications, and function abstractions. Therefore,
each of the four rules of inference for functions preserves validity in every
standard model of T'. O

Lemma 8.4.10 (Axiom Schemas 1) FEach instance of the azxiom
schemas in Aziom Schemas 1 is valid in T.

Proof The instances of these five axiom schemas are tautologies under
the usual interpretations of the propositional connectives. Therefore, by
Proposition 8.4.1, each such instance is valid in T". O

Lemma 8.4.11 (Axiom Schemas 2) FEach instance of the aziom
schemas in Aziom Schemas 2 is valid in T'.

Proof The instances of these six axiom schemas are valid in T by clauses n,
0, and p of the definition of I in a structure for L, the notational definition
of ~, and the compositionality of the definition of the standard valuation.
O

Lemma 8.4.12 (Axiom Schemas 3) FEach instance of the azxiom
schemas in Aziom Schemas 3 is valid in T.

Proof The instances of the eight axiom schemas are valid in T by Propo-
sition 8.4.1, the definition of I in a structure for L, and the definition of the
standard valuation on operator applications. O

Lemma 8.4.13 (Axiom Schemas 4) FEach instance of the azxiom
schemas in Aziom Schemas 4 is valid in T.

Proof The instances of these ten axiom schemas are valid in T' by Propo-
sition 8.4.1 and clauses c¢c—d and f-m, respectively, of the definition of I in a
structure for L. O

Lemma 8.4.14 (Axiom Schemas 5) FEach instance of the azxiom
schemas in Axiom Schemas 5 is valid in T.
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Proof The instances of this axiom schema are valid in T" by Proposi-
tion 8.4.1 and the definition of the standard valuation on variables. O

Lemma 8.4.15 (Axiom Schemas 6) Fach instance of the azxiom
schemas in Aziom Schemas 6 is valid in T'.

Proof The instances of the first axiom schema are valid in T by the
definition of Dy and clause n of the definition of I in a structure for L. The
instances of the second axiom schema are valid in T by the definition of V
and Proposition 8.4.2. O

Lemma 8.4.16 (Axiom Schemas 7) Fach instance of the azxiom
schemas in Aziom Schemas 7 is valid in T.

Proof Let M = (S,V) be a standard model of T. The set-theoretic built-
in operator names class, set, and in are given their usual meanings in M
by the definition of a standard model. The defined set-theoretic operators
empty-set, pair, ord-pair, subclass, intersection, complement, fun, dom, sum,
and power are given their usual meanings in M by their definitions. S is
constructed from a prestructure (D, €) that satisfies the axioms of NBG set
theory. The instances of the axiom schemas in Axiom Schema 7 are exactly
these axioms expressed in the language of Chiron. Therefore, the instances
are valid in M and thus valid in 7. O

Lemma 8.4.17 (Axiom Schemas 8) FEach instance of the azxiom
schemas in Axiom Schemas 8 is valid in T.

Proof The instances of these two axiom schemas are valid in T by Propo-
sition 8.4.1, the definition of the standard valuation on conditional terms,
and the notational definition of ~. O

Lemma 8.4.18 (Axiom Schemas 9) Fach instance of the azxiom
schemas in Aziom Schemas 9 is valid in T.

Proof Let M = (S,V) be a standard model of T" and ¢ € assign(.5).
Schema 1 Follows from the proof of Lemma 8.4.7.

Schema 2 Assume (i) V,(=(3!'2z : « . A)) = T. By Proposition 8.4.1,
we must show (i) V,((txz : @ . A) 1) = T. By the notational definition
of unique existential quantification and the definition of V on existential
quantifications, (i) implies (iii) there is no unique d in V,(a) such that
Volzsd)(A) = T, and by the definition of V' on definite descriptions, (iii)
implies (ii). O
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Lemma 8.4.19 (Axiom Schemas 10) Each instance of the axiom
schemas in Aziom Schemas 10 is valid in T.

Proof The proof for the first two axiom schema is similar to the proof of
Lemma 8.4.18. The proof for the third axiom schema follows immediately
from the definition of the standard valuation on indefinite descriptions. O

Lemma 8.4.20 (Axiom Schemas 11) Fach instance of the axiom
schemas in Aziom Schemas 11 is valid in T.

Proof The instances of these three axiom schemas are valid in T by the
definition of H in a structure for L, the definition of the defined operator
named ord-pair, and the definition of the standard valuation on quotations.
O

Lemma 8.4.21 (Axiom Schemas 12) Fach instance of the axiom
schemas in Aziom Schemas 12 is valid in T.

Proof The instances of these six axiom schemas are valid in T" by Propo-
sition 8.4.1, Lemma 6.3.1, and the definition of the defined operator named
gea. O

Lemma 8.4.22 (Axiom Schemas 13) Fach instance of the azxiom
schemas in Aziom Schemas 13 is valid in T

Proof Let M = (S,V) be a standard model of T and I be the last
component of S. The first schema specifies op-names to be I(op-names).
The second to ninth schemas specify expr-sym and expr-op-name to be
I(expr-sym) and I(expr-op-name), respectively. Using induction, the first
tenth schema specifies expr to be I(expr). Using mutual recursion, the re-
maining schemas define expr-op, expr-type, expr-term-type, expr-term, and
expr-formula to be I(expr-op), I(expr-type), I(expr-term-type), I(expr-term),
and I (expr-formula), respectively. Therefore, each instance of these schemas
is valid in T". O

Theorem 8.4.23 (Soundness) Cy, is sound with respect to the set of all
normal theories over L and the set of all formulas of L.

Proof Let T = (L,T") be a normal theory of Chiron and A be a formula
of L. By Lemma 8.4.3-8.4.9, the rules of inference of Cp, preserve validity
in every standard model of 7. By Lemmas 8.4.10-8.4.22, each axiom of Cyp,
is valid in T'. Therefore, if T+ A, then T = A, and hence Cy, is sound with
respect to all formulas of L. O
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8.5 Some Metatheorems

Fix an eval-free normal theory T'= (L,T") for the rest of this subsection.

Let C} be Cp, where the schema variables in Rules 3-10 are restricted
to eval-free expressions. Let T'F* A mean there is a proof of A from T in
C;. T is consistent® if there is some formula A of L such that T'F* A does
not hold. Obviously T F* A implies T + A.

Theorem 8.5.1 (Tautology) If T F* Ay, ..., T F* A, and (AL A--- A
Ap) D B is a tautology for n > 1, then T H* B. Also, if B is tautology, then
T+ B.

Proof Follows from Axiom Schemas 1 and the Modus Ponens rule of
inference by a standard argument. O

Lemma 8.5.2 Let a be an eval-free term, x be a symbol, and e, e’ be eval-
free proper expressions of L.

1. If x is free in e, then T F* free-in("z™,"e™).

If © is not free in e, T H* —free-in("z7,"e™).

If a is free for x in e, then T * free-for("a™, "z, e™).

If a is not free for x in e, then T F* —free-for("a™,"z7,"e™).
If e is syntactically closed, then T +* syn-closed("e™).

If Tk = cleanse("e™) = "e7, then T * cleanse("e) = Te™.

A N I

If TE b= sub(Ta™,"z7,"e™) = "€, then T +* sub(Ta™,"z7,Te™) =
|—€ 1

Proof By induction on the length of e using the Tautology theorem, Axiom
Schemas 2, and the definitions of free-in, free-for, syn-closed, cleanse, and sub.
The Universal Generalization rule of inference is also needed for part 5. O

Theorem 8.5.3 (Deduction) Let A be a syntactically closed, eval-free
formula of L and T' = (L,T U{A}). If T"+* B, then T +* A D B.

Proof Follows from Lemmas 6.4.1 and 8.5.2; Axiom Schemas 1; and the
Modus Ponens, Universal Generalization, and Universal Quantifier Shifting
rules of inference by a standard argument. (A standard argument fails if
Cy, is used in place of C}.) O
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Lemma 8.5.4 Let A be a syntactically closed, eval-free formula of L and
T = (L, TU{A}). If T' is not consistent*, then T F* = A.

Proof It follows from the hypotheses of the lemma and the Tautology and
Deduction theorems by a standard argument that T +* = A. O

Lemma 8.5.5 If A is an eval-free formula of L, then

TH (Vz:C.A) DA

Proof By the Deduction theorem, the Universal Instantiation rule of
inference, the first axiom schema of Axiom Schemas 7, Lemmas 6.4.1 and
8.5.2, the definition of sub, and the fifth axiom schema of Axiom Schemas 12.
O

8.6 Completeness

Let 7 be the set of all eval-free normal theories over L and F be the set of
all eval-free formulas of L. We will prove that C7 is complete with respect
to T and F. This will then immediately imply that Cy is complete with
respect to 7 and F as well. The key component of the proof is the following
lemma that says a standard model can be constructed for any consistent®
eval-free normal theory. The proof of this lemma is long and tedious.

Lemma 8.6.1 (Model Construction) Let T = (L,T') be a consistent®
eval-free normal theory. Then T has a standard model M = (S,V') such
that, for every class x in M, there is a syntactically closed, eval-free term a
of L whose value in M (with respect to any @) is .

Proof Let 7’ = (L,T”) be an extension of T' that is maximal consistent™.
We will tacitly use the Tautology theorem, Lemma 8.5.2, and the fact that
T is maximal consistent™ throughout this proof.

Step 1 Let C be the set of syntactically closed terms ¢ of L such that ¢ = ¢/
is in I” for some syntactically closed, eval-free term ¢’ of L. Let C’' be the
set of syntactically closed terms ¢ of L such that ¢ € C or ¢1 is in IV. And
let T be the set of types a such that (1) a =Cor (2) forall c¢C, ¢ T o is
in I'V. For ¢,d € C, define ¢ ~ d iff c = d is in I". By Axiom Schemas 2, ~
is an equivalence relation on C. For each ¢ € C, let

c={deC|c~d)
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be the equivalence class of ¢. Note that each ¢ contains an eval-free term.

Define D, = {¢| ¢ € C}. For ¢,d € C, define é € d iff ¢c € d is in T". By
Axiom Schemas 2, the definition of € is well defined. Define D, Dy, Dy,
Dy, De, T, F, and L as in the definition of a structure for L. Let £ be any
choice function on Dg. H and I will be defined later.

Step 2 For a syntactically closed type « of L, define
Ul)={¢e€D.|ceCandclaisinl'}

if a € T and U(a) = Cif o & T. For a syntactically closed term a of L,
define U(a) = aif a € C and U(a) = L if a ¢ C. For a syntactically closed
formula A of L, define U(A) =T if Ain IV and U(A) =F if =4 is in .

Claim 1

1. For all syntactically closed types o and g of L with a, 8 € T, U(a) =
U(p) iff @ =¢ B is in I".

2. For all syntactically closed terms a and b of L with a,b € C', U(a) =
U() iff a~bisin I".

3. For all syntactically closed formula A and B of L, U(A) = U(B) iff
A=BisinI".

Proof

1. U(a) = Up) it {¢€eD.|ceCandclaisinI’} =
{¢eD.|ceCandc|fisinI'} iff for all ¢ € D, (¢ | @ in T
iff ¢ | BinT")iff forall ¢ € D., ¢ ] o = ¢ | B isin IV by the
Tautology theorem iff Vo : C. x| a =2 | B is in I by the Universal
Instantiation rule of inference iff o =y § is in I” by the first axiom
schema of Axiom Schemas 6. Therefore, U(a) = U(f) iff o =¢y S is
in I

2. Ula) =U(b) # Lifa=0biffa~biff (1) a=>bisinI". Ua) =
U(b) = L iff (2) at and b1 are in I, (1) and (2) hold iff a ~ b is in T
by the definition of quasi-equal. Therefore, U(a) = U(b) iff a ~ b is in
I

3. UA) =UB)=T1iff (1) Aand B are in I", and U(A) = U(B) = F
iff (2) A and =B are in I'. (1) and (2) hold iff A = B is in I".
Therefore, U(A) =U(B) if A=BisinI".
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This completes the proof of Claim 1.

Step 3 Recall that each quotation is syntactically closed and eval-free.
Let G be the mapping from S U O to D. such that, for all s € SU O,
G(s) = U("s™). By the first axiom schema of Axiom Schemas 11 and the
fourth axiom schema of Axiom Schemas 13, the range of GG is a subset of Dj,.
By part 2 of Claim 1 and the third axiom schema of Axiom Schemas 11, G
is injective. Define H from G as in the definition of a structure for L.

Step 4 Let o be an operator name of L with the signature form si,..., sp41
where n > 0. Then let kq,..., k41 be the signature where k; = s; if s; is
type or formula and k; = C if s; is term for all 4 with 1 < i <n 4+ 1, and let
D; = Dy if s; is type, D; = D, U {L} if s; is term, and D; = {T,F} if s; is
formula for all ¢ with 1 <4 < n+1. Define U(0) to be any operation o from
Dy x -+ x Dy, into Dy 41 such that, for all syntactically closed expressions
e1,...,e, where e; is a type in T if s; = type, a term in C’ if s; = term, and
a formula if s; = formula for all 7 with 1 <17 < n,

o(U(er),...,U(en)) =U((0:: k1,... . kny1)(er, ... en)).

By Claim 1 and Axiom Schemas 2, o(U(e1),...,U(ey,)) is well defined by
this equation.

Claim 2 U on operator names satisfies the specification for [ in the definition
of a structure for L.

Proof Let o be an operator name of L with the signature form si,..., sp41
where n > 0. We must show that U(o) satisfies the specification for I(o) in
the definition of a structure for L. First, we have to show that U(o) is an
operation from Di X --- x D,, into D, 41 where the D; are defined as above.
This is true immediately by the definition of U(0). Second, if o is a built-in
operator name of Chiron, we have to verify that the clause of part 5 of the
definition of I corresponding to o is satisfied.

Clause a: set.

Ulset)() = U(V)
= {¢€D.|clVisinI'}
= {é€eD.|Jy:C.ceyisinI'}
= {¢e D, |for some d € De,c e disinI"}
= {EGDC\forsomeJEDC,EGCZ}
= D;.
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The second line is by the definition of U on syntactically closed types;
the third line is by the second axiom schema of Axiom Schemas 7
and the Universal Instantiation rule of inference; fourth line is by the
Indefinite Description rule of inference; the fifth line is by the definition
of € on D¢; and sixth line is by the definition of D;,. Therefore, U (set)
satisfies clause a.

Clause b: class.

Ul(class)() = U(Q)
{¢€D.|clCisinI'}
{¢€D.|cl isinT'}
= D..

The second line is by the definition of U on syntactically closed types;
the third line is by the definition of the notation c¢|; and the fourth
line is by the definition of D.. Therefore, U(class) satisfies clause b.

Clauses c—1: op-names, lang, expr-sym, expr-op-name, expr, expr-op,
expr-type, expr-term-type, expr-formula. Follows from Axiom
Schemas 4 and 13.

Clause m: in. Let x and y be in D, U {L}. Then z = U(c) and
y = U(d) for some syntactically closed terms ¢ and d. Ul(in)(x,y) =
U(in)(U(c),U(d)) = U(c € d). U(c e d) =T1iff c € disin I" iff
U(c),U(d) € D. and U(c) € U(d) by the definition of € on C. U(c €
d)=riff cZ disin I iff either (1) U(c),U(d) € D, and U(c) & U(d)
by the definition of € on C or (2) U(c) = L or U(d) = L by the second
axiom schema of Axiom Schema 4. Therefore, U (in) satisfies clause m.

Clauses n—p: type-equal, term-equal, formula-equal. Follow from Axiom
Schemas 2. The third axiom schema of Axiom Schema 4 is needed for
term-equal.

Clauses g-1: not, or. Follow from Axiom Schemas 1.

This completes the proof of Claim 2.

If we define I(0) = U(o) for all o € O, then

S = (DV7DCastDf’D07DB7€7T7F7J—’£’H7I)
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is a structure for L provided (D¢, €) is a prestructure. We will show that
(De, €) is a prestructure in Step 6 of the proof.

Step 5 Let e be an eval-free type, term, or formula, and let ¢ € assign(S).
Assume that the members of SUQ are linearly ordered by <syp. Forn > 0,
let

guian, _ ) € o itn=20
T1Tn [sub("a1 ™, "1, "Sas i€ ) ke if >0

where
{z1,...,2n} ={z € SUO | T F" free-in("z7,"e ™)},

r1 <suo -+ <SuO Tn, and a; is the first eval-free member (in some fixed
enumeration) of C such that ¢(x;) = U(a;) for all ¢ with 1 <4 < n. Then
define

Y _ Qai-an
e? = Sylre

and

O—m; _ QO1G2°Gi—1Git10n
€ = Sg1z5-my 1744107 €

where 1 < <mn.
Claim 8 S3i(ef™") = e?.

Proof Follows from e being eval-free and ay,...,a, being syntactically
closed and eval-free. This completes the proof of Claim 3.

Let V' be defined by (1) V,,(e) is undefined when e is improper, (2) V,(e)
is I(o) when e = (0 :: ky,...,knq1) is proper, (3) Vi, (e) = U(e?) when e is
an eval-free type, term, or formula, and (4) V,,(e) is the standard valuation
for S (provided (D, €) is a prestructure) applied to e and ¢ when e is a
non-eval-free type, term, or formula. When e is an eval-free type, term, or
formula, e¥ is clearly a syntactically closed, eval-free type, term, or formula,
and so V is a valuation for S (provided (D, €) is a prestructure).

Claim 4 V is the standard valuation for S (provided (D, €) is a prestruc-
ture).

Proof We must show that, for all e € £ and ¢ € assign(5), V is the
standard evaluation applied to e and . This is true by the definition of V'
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when e is improper, an operator, or a non-eval-free type, term, or formula.
So let e be an eval-free type, term, or formula and ¢ € assign(S). Our proof
will be by induction on the length of e. There are 14 cases corresponding to
the 14 clauses of the definition of a standard valuation. The proofs for cases
1, 2, and 14 are trivial. The proofs for cases 4 and 10 are given in detail.
And the proofs for the remaining cases are briefly sketched.

Case 1: e is improper. This case does not occur because e is proper.

Case 2: e = (0 :: k1,...,knt1). This case does not occur because e is
not an operator.

Case 3: e = O(eq,...,e,) and O = (0 :: ky,...,kyy1). Follows from
Axiom Schemas 3.

Case 4: e = (z : ). Let a be some eval-free member of C such that
¢(x) = U(a). By the induction hypothesis, V,(a) = U(a?) is the
standard valuation applied to o and .

If (z) € Vy(a), then U(a) € U(a¥) and

Vol(z:a)) = U((z:a)?)
= U([sub("a™,"z","(z : a)? " N]e)
= U(["if(a | |sub(Ta™, "7, [a¥~2]) ],
|cleanse(Ta™) ],
L) Me)
= U(if(a | [sub("a™, "z, [a? "] ]y,
[cleanse("a™)]te,
Lo))
= U(if(a | a®,["ate, Lc)
U(if(a | a¥,a, 1¢))
(@)
(x)

The first line is by the definition of V'; the second line is by Claim 3; the
third line is by the definition of sub; the fourth line is by Lemmas 6.3.1
and 6.3.2; the fifth is by Claim 3 and part 6 of Lemma 8.5.2; the sixth
is by the first schema of Axiom Schemas 7, by Axiom Schemas 8, and
by the third schema of Axiom Schemas 12; and the seventh line is

Il
£ g
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by Axiom Schemas 8 and the fact that U(a) € U(a¥). Therefore, if
o(x) € Vy(a), then V,((x : a)) = ¢(x), and so in this case V,(z : )
is the standard valuation applied to (z : @) and .

Similarly, if p(x) & V,(a), then V,(e) = L.
Case 5: e = a(a). Follows from the Type Application rule of inference.

Case 6: e = (Az : « . B). Follows from the Dependent Function Types
rule of inference.

Case 7: e = f(a). Follows from the Function Application rule of
inference.

Case 8: e = (Az : . b). Follows from the Function Abstraction rule
of inference.

Case 9: e = if(A, b, ¢). Follows from Axiom Schemas 8.

Case 10: e = (32 : o . B). By the induction hypothesis, V,(a) =
U(a¥) is the standard valuation applied to o and ¢ and Vy(B) =
U(BY) is the standard valuation applied to B and ¢ for all ¢ €
assign(S). Then

Vo(Bz:a.B))=T
if U(3zx:a.B)?)=T
if U@z:a”.B¥")=T
ifft U([sub("c™, T2, "B¥ ™ N]p) =Tand U(c L a¥) =T
iff U(B=VEN = 1 and U(e) € U(a?®)
it Vosv, () (B) = T and Vi (c) € Vy(a)

where ¢ is (exz : a® . B#~7). The second line is by the definition of V;
the third line is by the definitions of e¥ and sub; the fourth line is by
Lemma 8.5.2, the Indefinite Description rule of inference and the first
schema of Axiom Schemas 10 since c¢ is both syntactically closed and
eval-free; the fifth line is by Claim 3 and the definition of defined-in;
and the sixth line is by the induction hypothesis. Therefore, V,((3z :
« . B)) = T iff there is some d in V,,(a) such that V[, q(B) = T, and
so in this case V,((32 : a . B)) is the standard valuation applied to
(Jz:a. B) and .

Similarly, V(32 : « . B)) = F iff there is no d in V,(a) such that
ch[:c»—)d](B) =T
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Case 11: e = (v : a . B). Follows from the Definite Description rule
of inference and Axiom Schemas 9.

Case 12: e = (ex : o . B). Follows from the Indefinite Description
rule of inference and Axiom Schemas 10.

Case 13: e = "¢/7. Follows from Axiom Schemas 11.
Case 14: e = [a]lx. This case does not occur because e is eval-free.

This completes the proof of Claim 4.

Step 6 We have only now to show that (D¢, €) is a prestructure and
that M is a standard model for T. Let A be an eval-free formula in I".
Then U(A) = T, and so by Claim 4, V,(A) = U(A?) = U(A) = 7 for
all ¢ € assign(S). Each instance of Axiom Schemas 7 is eval-closed and a
member of I". Thus, by Axiom Schemas 7, (D, €) satisfies the axioms of
NBG set theory and hence M is a model for L. And so M = A for each
eval-free formula A in I. Since I' C IV and each member of T is eval-free,
M = A for each A in I'. Therefore, M is a standard model for T". O

Theorem 8.6.2 (Consistency and Satisfiability) Let T'= (L,I") be an
eval-free normal theory of Chiron. Then T is consistent™ iff T is satisfiable.

Proof Let T be consistent®. Then there is a standard model M of T' by
the Model Construction lemma. Therefore, T' is satisfiable.

Now let T be satisfiable. Then there is a standard model M of T.
Assume T is not consistent®. Then T F* F. By the Soundness theorem,
T = F, which contradicts the definition of a standard model. Therefore, T
is consistent™. O

Theorem 8.6.3 (Completeness) Cp, is complete with respect to the set
of all eval-free normal theories over L and the set of all eval-free formulas
of L.

Proof Let T = (L,I') be an eval-free normal theory and A be an eval-
free formula of L such that 7' = A. We need to show 7'+ A. Obviously
it suffices to show T'F* A. Let A’ be a universal closure of A. (A’ exists
by Lemma 6.4.1.) A’ is obviously eval-free and is syntactically closed by
Lemma 6.4.3. The hypothesis implies 7' = A’ and this implies that there
is no standard model of 7" = (L,I' U {-A’}). Hence T” is not consistent™
by the Consistency and Satisfiability theorem. Therefore, T' F* —=—A’ by
Lemma 8.5.4 and hence T +* A’ by the Tautology theorem. Finally, T H* A
by Lemma 8.5.5. O
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9 Interpretations

A theory interpretation [3, 4, 23] is a meaning-preserving mapping from
the expressions of one theory to the expressions of another theory. An
interpretation serves as a conduit for passing information (in the form of
formulas) from an abstract theory to a more concrete theory, or an equally
abstract theory. Interpretations are the basis for the little theories method [9]
for organizing mathematics where mathematical knowledge and reasoning
is distributed across a network of theories.

9.1 Translations

Let L; = (O;,0;) be a language of Chiron for i = 1,2. A translation from
L1 to Lo is an injective, total mapping ® : O; — O such that, for each
0 € 01, 01(0) = 02(P(0)). P is extended to an injective, total mapping

D &, = €1,
by the following rules:
1. Let ¢ € S. Then ®(e) = e.
2. Let e € Op. Then ®(e) = ®(e).
3. Let e = (e1,...,en) € E1,. Then B(e) = (B(er), ..., Blep)).

Hence, for every e € &1, zI\>(e) is exactly the same as e except that each
operator name o in e has been replaced by the operator name ®(0).

Proposition 9.1.1 Let ® be a translation from Ly to Lo. If e is a symbol,
an operator name, an operator, a type, a term, a term of type a, or a formula
of L1, then ®(e) is a symbol, an operator name, an operator, a type, a term,
a term of type EI\>(oz), or a formula of Lo, respectively.

9.2 Interpretations

Let T; = (L;,T;) be a normal theory of Chiron for ¢ = 1,2 and ® be a
translation from L; to La. ® fizes a language L = (0,60) < L; if ®(0) = o
for all o € O\ {op-names, lang}.

Proposition 9.2.1 Suppose ¢ fizres L < Ly. Then &S(e) = e for all expres-
sions e of L that do not contain the operator names op-names or lang.
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Recall from subsection 5.4 that (eval,a,k,b) is the relativization of
(eval,a, k) to the language denoted by b and that (eval,a,k,?) is logically
equivalent to (eval,a,k). The relativization of an expression e, written €,
is the expression obtained from e by repeatedly replacing each occurrence
in e of an expression of the form (eval,a, k) that is not within a quotation
with the expression (eval, a, k, £) until every original occurrence of this kind
has been replaced. Clearly, € = e if e is eval-free. The next proposition
follows immediately from the fact that (eval, a, k, £) is logically equivalent to
(eval,a, k).

Proposition 9.2.2 For alle € £, e and € are logically equivalent.

Let ® be normal for Ts if:

1. O, is finite, i.e., O1 = {o01,...,0,} for some n > 1.
2. P fixes Lyer.

3. Ty EB() = {"®(01)7, ..., ®(0,) 7}

4. Ty = O(L) =ty type(power({"®(01)7,...,"®(0n)})).

Lemma 9.2.3 Let ® be normal for Ty. Then Ty = &)(Z) for each A € Fﬁelr.

Proof Let A € I‘ﬁelr. By Proposition 9.2.2 and the fact that 75 is normal,
(a) Ty = A. Since ® is normal for Ty, (b) ® fixes Ly, (c) To = ®(¢) C ¢,

and (d) Ty k= term(®(L)) C term(L). (a), (b), (c), and (d) imply T» = ®(A).
O

Suppose My = (So, V2) is a standard model of Ty where
Sy = (Dy, D¢, Dg, Dt, Do, De 2, €, T,F, L, &, Ha, I).
Let
S1 = (Dy, D¢, Dg, Dy, Do, De 1, €, T, F, L&, Hy, It)
where:

1. De71 = {Hl(e) | ec SLl}-

2. Hi(e) = Ha(®(e)) for each e € £,

3. I1(0) = I1(®(0)) for each o € O;.
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Lemma 9.2.4 Suppose ® is normal for T5.
1. Sy is a structure for L.

2. My = (51, V1), where Vi is the standard valuation for Si, is a standard
model for L.

3. For all proper expressions e of L1 and ¢ € assign(S1),
Vipl€) = Voo (8()).
4. For all formulas of L1,
My A iff My = O(A).
Proof

Part 1 Since Ms is a standard model for Lo, we need to only show that
Dg 1, Hy, and I; are defined correctly.

1. D is defined correctly provided H; is defined correctly.

2. Let e € £1,. We will show that Hi(e) is a correct value by induction
on the length of e. If e € S, then Hj(e) = Ha(®P(e)) = Ha(e), which is
a member of Dy that is neither the empty set nor an ordered pair. If
e € Oy, then ®(e) € Oz and Hi(e) = Ha(P(e)) = Ha(P(e)), which is
a member of D, that is neither the empty set nor an ordered pair. If
e = (), then Hy(e) = Hy(®(e)) = Ha(e), which is §. Thus, in each of
these three cases, Hj(e) is a correct value. Now if e = (e1,...,e,) €

Er, with n > 1, then

Hl(e) =

I
FFE

which is a correct value by the induction hypothesis.

130



3. We will show that I satisfies the fifth condition of the definition of

a structure for L;. Let o € O;. Notice that I3(®(0)) is an operation
of the signature form 03(®(0)) since S is a structure for La. 01(0) =
02(P(0)) since @ is a translation. Hence I3(®(0)) is an operation of
the signature form 6;(0). It remains only to show that clauses a—q
of this condition (for built-in operator names) are satisfied. Assume
Ol = {01, ceey On}. Let Don,l = {Hl(ol), NN ,Hl(on)} and Don?g =
{H>(0) | 0 € O3}, the sets of representations of operator names in D
and D, respectively. Don1 € Dgn2 since Hi(o;) = Hg(:f)(oi)) =
Hy(®(0;)) and ®(0;) € Oy for each i with 1 <i <mn.

Clause a: o = set. Hence

Ii(set)() = I(®(set))()
= I(set)()
= D.
The first line is by the definition of I;. The second line is by

the fact ® fixes L. And the third line is by the fact Sy is a
structure for Ls.

Clauses b, e, m—r: Similar to clause a.

Clause c: o = op-names. Hence

I(op-names)() = Ig(@(op names))( )
= ‘/2@( ((op-names :: term)))( )
= Vou(®(0)
= Vap({"®(o1)"-..,"®(0n)})
= {H2<<f><01>>  Ha(®(0n))}
= {Hi(o1),.. ( n)}
= Don.

The first line is by the definition of I;. The second and third lines
are by the definitions of ® and the standard valuation function
on operator and operator applications, respectively. The fourth
line is by the facts Ms is a standard model of T5 and @ is normal
for T5. The fifth line is by the definition of the standard valuation
function on quotations and the definition of ®. The sixth is by
the definition of H;. And the seventh is by the definition of Doy 1.

Clauses d: Similar to clause c.
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Clause f: o = expr-op-name. Let x € D, U {L}.
I, (expr-op-name)(x)
= Iy(P(expr-op-name))(z)
= Iy(expr-op-name)(x)
T if £ C Dgnpo
= D. ifx=1
not D. otherwise.

X if x Q D0n71
not D. otherwise.

The second line is by the definition of I;. The third line is by the
fact @ fixes L. The fourth line is by the fact Ss is a structure
for Ly. The fifth line is by Don1 C Don 2.

Clauses g—1: Similar to clause f.

Therefore, S is a structure for Lq.

Part 2 This part follows immediately from part 1 of this lemma.

Part 3 Our proof is by induction on the length of e. There are 13 cases
corresponding to the 13 clauses of the definition of V on proper expressions.

Case 1: O = (op,0,k1,...,knt1) is proper where o € O;. Then

Vi,,(0)

= Vie((op,0,k1,. .. kny1))

= “Ii(o) restricted by Vi ,(k1), ..., Vi,o(knt1)”

= “Iy(®(0)) restricted by Vi ,(k1), ..., Vie(knt1)”
“Iy(®(0)) restricted by Va,(®(k 1)) o Voo (B(Fns1))”

Vao((0p, @(0), @ (1), - .., ®(knt1)))
‘%@((op,o ki, kng1)))
Voo (B((0p, 0,1, - - Fing1)))
= V2,(2(0)).

The third and sixth lines are by the definition of the standard valuation
function on operators. The fourth line is by the definitions of I; and
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®. The fifth line is by the induction hypothesis. The seventh line is
by the definition of ®. And the eighth line is by the definition of a
relativization.

Case 2: e = (op-app, O, eq,...,¢ey,) is proper. Then

Q]
~—

(

= Vie((op-app,0,eq,...,en))

= Vio(0)(Vig(er), ..., Vip(en))
(@(0)) (Vo (@(@1)), - .., Voo (®(0)))

m@p app, ®(0), <1><*> . D(En))
o
o
(

op-app, 0, €1,...,&,)))
Op'appvovela"'ven) )

)
)

—~
| —~

The third and fifth lines are by the definition of the standard valuation
function on operator applications. The fourth line is by the induction
hypothesis. The sixth line is by the definition of d. And the seventh
line is by the definition of a relativization.

Cases 3—12. Similar to case 2.

Case 13a: e = (eval,a, type). Assume (a) Vi ,(a) is a member of D,
that represents a type and H; *(V1,,(a)) is eval-free. Let

a = (Ety,e UEge UEg ).

Then

ol
I,
s 6
=
s}
<_
L
ISl
)
[=—}
ot
<
=]
}_
(@]
|—}
-t
<
N—
S—

= if Vl#,(ai a) =T
then Vi, (H; ' (Vig(a)))
else C

= if Vg,w(:f)(ai a)=T
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then V27¢((/IS(H1_1<‘/27¢(§)(6)))))
else C

= if Vou(@(ala) =1
then V27¢((/ﬁ($71(HQ_I(VQ,QD(&\)(E))))))
else C

= if Vou(@(ala) =1
then V27¢(H2_1(V2,¢(‘$(5))))

else C
= Vau(if(@(al a), [®@)]y. [Lcly))
= Vao(®(if(al a, [aly. [Lclky))
Voo (D(if(@l o, [aly, [Lcliy))
Va,o(@((eval, @, type, £)))
Va,0(®((eval, a, type)))
= Vou(®(e))

The third line is by Proposition 9.2.2. The fourth and twelveth lines
are by the definition of relativized evaluation. The fifth and ninth lines
are by assumption (a) and the definition of the standard evaluation
function on conditional terms and evaluations. The sixth line is by
assumption (a) and the inductive hypothesis. The seventh line is by
the definition of H; and the condition Vz,q,((/ﬁ(m) = T. The eighth
line is a simple simplification. The tenth line is by the definition of P.
The eleventh is by the fact that « is eval-free. And the thirteenth line
is by the definition of a relativization.

A similar argument works when assumption (a) is false.
Case 13b: e = (eval,a, «). Similar to case 13a.

Case 13c: e = (eval, a,formula). Similar to case 13a.
Part 4 This part follows immediately from part 3 of this lemma. O

Lemma 9.2.5 Suppose @ is normal for To, My is a standard model of T,
and Ty = @( ) for each A € T'1. Then M is a standard model of T;.

Proof By part 2 of Lemma 9.2.4, M; is a standard model for Lq. Let
A € Ty. Then, by the hypothesis, Ty = ®(A4), and thus M, = ®(A). By

134



part 4 of Lemma 9.2.4, this implies M; = A. Therefore, M; is a standard
model of T7. O

® is a (semantic) interpretation of Ty in Ty if:

1. ® is normal for T5.

2. T1 = A implies Ty |= @(Z) for all formulas A of L.

Proposition 9.2.6 Suppose ® is an interpretation of Ty in To. Then Ty |
A implies Ty = ®(A) for all eval-free formulas A of Ly.

Theorem 9.2.7 (Relative Satisfiability) Suppose ® is an interpretation
of T1 in Ts. If there is a standard model of Ts, then there is a standard model
Of T1 .

Proof Let My be a standard model of T5 and M; be defined as al)ove.
Suppose A € T';. Then 77 = A and so by the hypothesis To = ®(A).
Therefore, M; is a standard model of T7 by Lemma 9.2.5. O

Theorem 9.2.8 (Interpretation) Suppose ® is normal for Ty and Ty =
®(A) for each A € T'1. Then ® is an interpretation of Ty in Ts.

Proof Let A be a formula of L; and suppose T1 = A. We need to only
show Ty |= ®(A) since ® is normal for Ty by hypothesis. This holds if T is
unsatisfiable, so without loss of generality we may assume My is a standard
model of T5. We are done if we show My = @(Z) Let M be defined as
above. By the hypothesis and Lemma 9.2.5, M; is a standard model Qf T;.
Hence M; = A. By the hypothesis and part 4 of Lemma 9.2.4, M, = ®(A).
O

d is a faithful interpretation of Th in T if:

1. ® is an interpretation of 17 in 1.

2. Ty = ®(A) implies T, = A for all formulas A of L.

T5 is conservative over T if there is a faithful interpretation of 717 in T5.
The following lemma shows that there are theories in Chiron that cannot
be extended “conservatively”.
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Lemma 9.2.9 Let L; = (0, 0;) be a language of Chiron and T; = (L;,T;) be
a normal theory of Chiron fori =1,2. Suppose Ty < Ty, O1 ={o1,...,0n},
01 C Oz, and I'y contains the following formula A:

= {rolj, ey rOnj}.
Then T5 is unsatisfiable, i.e., To does not have a standard model.

Proof Since T} <T», A € I'y and so T» = A. Since O; = {01, ...,0,} and
01 C Og, Ty = —A. Therefore, T, is unsatisfiable. O

9.3 Pseudotranslations

We will define an alternate notion of a translation in which constants may be
translated to expressions other than constants. Translations of this kind are
often more convenient than regular translations, but they are not applicable
to all expressions.

Let L; = (O, 6;) be a language of Chiron for ¢ = 1,2 and

07 = 01\ {op-names, lang}.

A pseudotranslation from Ly to Lo is a total mapping
U:0] =€,

such that:

1. For each 0-ary o € O7, either ¥(0) € Oy and 6;(0) = 62(¥(0)) or ¥(o)
is a semantically closed type, term, or formula of Lq if 61(0) is type,
term, or formula, respectively.

2. For each n-ary o € O with n > 0, ¥(0) € O3 and 61(0) = 62(¥(0)).
3. U is injective on the {0 € O] | ¥(0) € Oa}.

Let A(V) = {o€ O] | ¥(0) & Oz2}. (Note that A(¥) is a set of O-ary op-
erator names that does not contain op-names or lang.) VU is extended to a
partial mapping

(I\/ : & L — & Lo
by the following rules:

1. Let e € S. Then W(e) = e.
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2. Let e € O] \ A(¥). Then U(e) = ¥(e).
3. Let e € A(¥) U {op-names, lang}. Then ¥(e) is undefined.

4. Let e € £, be a constant of the form (o :: type)(), (o = C)(), or
(o :: formula)() where o € A(¥). Then ¥(e) = ¥(o).

5. Let e be a quotation that contains an operator name in A(¥) U
{op-names, lang}. Then ¥(e) is undefined.

6. Let e = (e1,...,en) € &, such that e is neither a constant of the
form (o :: type)(), (o :: C)(), or (o :: formula)() where o € A(¥) nor a
quotation that contains an operator name in A(W¥) U {op-names, lang}.
If U(ey),...,U(ey,) are defined, then

Ue) = (U(er),.., Ulen)).
Otherwise U(e) is undefined.

Proposition 9.3.1 Let ¥ be a pseudotranslation from Ly to Lo.

1. If e is a symbol, anAopemtor name, an operator, a type, a term, or a
formula of Ly, then W(e) is a symbol, an operator name, an operator, a
type, a term, or a formula of Lo, respectively, provided V(e) is defined.

2. If e is an expression of L1 such that \Ti(e) 1s defined, then the operator
names op-names and lang do not occur in e and an operator name in
A(V) occurs in e, if at all, only as the name of a constant of the form
(o :: type)(), (o :: C)(), or (o :: formula)() that is in not within a
quotation.

9.4 Pseudointerpretations

Let T; = (L;,T';) be a normal theory of Chiron for i = 1,2 and ¥ be a
pseudotranslation from L; to Lg. ¥ fizes a language L = (0,0) < L; if
V(o) = o for all 0 € O\ {op-names, lang}. ¥ is normal if O is finite and ¥
fixes Lyer. Assume W is normal with O1 = {o1,...,0,}.

An associate of W is a pair (T, ®) where T' = (L, T") is a theory of Chiron,
L =(0,0), and ® is a (regular) translation from L; to L such that:

1. ®(0) = ¥(o) for all o € O7 \ A(V).

2. 03N {®(0) | 0 € A(¥) U {op-names, lang}} = 0.
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3. O=02U{P(0) | 0 € A(V) U {op-names, lang}}.
4. 0 =6, U{(9(0),6(0)) | 0 € A(¥) U {op-names, lang}}.
5. Ty = {®((0:: type)()) =ty ¥(0) | 0 € A(V) and 6(0) = type}.
6. Do = {®((0:: C)()) ~ V(o) | 0 € A(¥) and (o) = term}.
7. Ty = {®((0 :: formula)()) = ¥(0) | 0 € A(¥) and (o) = formula}.
8. Ay is ®(0) = {T®(01)7,..., ®(0,)7}.
9. Ay is D(L) =y type(power({"®(01)7,..., ®(0,)7}))
10. D =Ty UTL Ul Ul Uy, U {4, Ao}

Remark 9.4.1 If T; = (L;,I';) is a normal theory of Chiron for i = 1,2 and
¥ is a normal pseudotranslation from Li to Lo, an associate of ¥ can be
easily constructed after an appropriate set of “new” 0-ary operator names
are added to Lo to obtain L. Moreover, two associates (T, ®) and (77, ®’)
of U are identical except that ® and ® may map A(¥) U {op-names, lang}
to different sets of new 0-ary operator names.

Let L be a language of Chiron and T'= (L,I") be a theory of Chiron. A
formula A of L is independent of L in T if (L',T") = A for some language L’
with L < L' implies (L', T") = A for all languages L’ with L < L'.

Lemma 9.4.2 Let T; = (L;,T';) be a normal theory of Chiron for i =1,2;
U be a normal pseudotranslation from Ly to Lo; and (T, ®) where T = (L,T")
be an associate of V.

1. TH <T.
2. T is normal.

3. For all formulas A of L1 such that \T/(A) is defined,
T = U(A) = d(A).

4. For all formulas A of L1 such that (I\’(A) 1s defined and independent
of Lo in T5,

Ty = W(A) implies T |= ®(A).
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Proof

Part 1 Obvious.

Part 2 Follows immediately from part 1 and the fact that 75 is normal.
Part 3 By the definition of ¥ and the construction of T'.

Part 4 Let A be a formula of Ly such that \T/(A) is defined and independent
of Ly in Ty and T = U(A). We must show T = ®(A). Let T, = (L,T9).
T = \Il( ) since \II(A) is independent of Ly in T5. By part 1, Ty < T2 <T,
and so, by Lemma 4.6.1, T T(A ). By part 3, T U(4) = CI)(A).
Therefore, T = ®(A). O

A pseudotranslation ¥ from Lq to Ly is a (semantic) pseudointerpreta-
tion of Th in T if:

1. W is normal.

2. For each A €T’y \FLelr, A is eval-free, \TI(A) is defined and independent
of L2 in TQ, and T2 ): \I’(A)

Theorem 9.4.3 Let T; = (L;,T';) be a normal theory of Chiron fori =1,2;
U be a pseudointerpretation of Ty in Ta; and (T, ®) be an associate of V.

1. ® is an interpretation of Ty in T.

2. For all formulas A of Ly such that (I\I(A) 1s defined and independent
Of L2 m TQ,

T, = A implies Ty = U(A).
Proof

Part 1 First, we must show that 71" is a normal theory. T is normal since
Flfer < T by the construction of T

Second, we must show that ® is normal for 7. Since ¥ is a pseudoint-
erpretation, ¥ is normal and hence O is finite and ¥ fixes Li... The latter
implies ® fixes L. The last conditions required for ® to be normal for
T are met since the axioms of T include the formulas A; and Ay from the
definition of an associate of a pseudotranslation.
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By Theorem 9.2.8, it remains for us to show that 7' = ®(A) for each
AeTly. Let Ae Dy \TE. Then T | ®(A) by Lemma 9.2.3 and the
fact that ® is normal for 7. Now let A € I'; \ Flfelr. Then, since ¥ is a
pseudointerpretation, (a) A is eval-free, (b) W(A) is defined and independent
of Ly in Ty, and (c) Tp = W(A). (a) implies (d) A = A. By part 4 of
Lemma 9.4.2, (b) and (c) imply (¢) T |= ®(4). And (d) and (e) implies
T = ®(4).

Part 2 Let A be a formula of Ly such that (a) W(A) is defined, (b) U(A) is
independent of Ly in Ty, and (c) Ty = A. We must show T = W(A). (c) im-
plies (d) T = ®(A) since ® is an interpretation. By part 3 of Lemma 9.4.2,
(d) implies T |= W(A). (a) and (d) imply (e) T} = ¥(A) where T} = (L, T).

~

Finally, (b) and (e) imply T» | ¥(A4). O

Remark 9.4.4 By virtue of Theorem 9.4.3 a pseudointerpretation can be
viewed as a regular interpretation in a more convenient form.

10 Conclusion

In this paper we have presented the syntax and semantics of a set theory
named Chiron that is intended to be a practical, general-purpose logic for
mechanizing mathematics. Several operator definitions and simple examples
are given that illustrate Chiron’s practical expressivity, especially its facility
for reasoning about the syntax of expressions. A proof system for Chiron is
presented that is intended to be a system test of Chiron’s definition and a
reference system for other, more practical, proof systems for Chiron. The
proof system is proved to be sound and also complete in a restricted sense.
And a notion of an interpretation of one theory in another is defined.

This paper is a first step in a long-range research program to design,
analyze, and implement Chiron. In the future we plan to:

1. Design a practical proof system for Chiron.
2. Implement Chiron and its proof system.

3. Develop a series of applications to demonstrate Chiron’s reach and
level of effectiveness. As a first step, we have shown how biform the-
ories can be formalized in Chiron [7]. A biform theory is a theory in
which both formulas and algorithms can serve as axioms [7, 10].

140



Acknowledgments

The author is grateful to Marc Bender and Jacques Carette for many valu-
able discussions on the design and use of Chiron. Over the course of these
discussions, Dr. Carette convinced the author that Chiron needs to include
a powerful facility for reasoning about the syntax of expressions. The author
is also grateful to Russell O’Connor for reading over the paper carefully and
pointing out several mistakes.

A Appendix: Alternate Semantics

This appendix presents two alternate semantics for Chiron based on
S. Kripke’s framework for defining semantics with truth-value gaps which
is described in his famous paper Qutline of a Theory of Truth [14]. Both
semantics use value gaps for types and terms as well as for formulas. The
first defines the value gaps according to weak Kleene logic [13], while the
second defines the values gaps according to a valuation scheme based on
B. van Fraassen’s notion of a supervaluation [28] that Kripke describes in [14,
p. 7T11].

A.1 Valuations

The notion of a valuation for a structure was defined in subsection 4.4. Fix
a structure S for L. Let val(S) be the collection of valuations for S. Given
U,V e val(9), U is a subvaluation of V, written U C V|, if, for all e € &,
and ¢ € assign(S), Uy(e) is defined implies Uy(e) = Vi (e). A wvaluation
functional for S is a mapping from val(.S) into val(S). Let ¥ be a valuation
functional for S. A fized point of ¥ is a V' € val(S) such that (V) =V. ¥
is monotone if U C V implies ¥(U) C ¥ (V) for all U,V € val(S).

Theorem A.1.1 Let ¥ be a monotone valuation functional for S. Then ¥
has a fized point.

Proof The construction of a fixed point of ¥ is similar to the construction
of the fixed point Kripke gives in [14, pp. 703-705]. O

\I/f is the valuation functional for S defined by the following rules where
V € val(S) and V' = ¥{ (V). There is a rule for the category of improper
expressions and a rule for each of the 13 categories of proper expressions.
Note that only part (a) of the rule 14 (the rule for evaluation) makes use
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of V. \I/ig defines value gaps according to the weak Kleene logic valuation
scheme in which a proper expression is denoting only if all of its proper
subexpressions are also denoting.

1. Let e € £y, be improper. Then V/(e) is undefined.
2. Let O = (op, $,k1,...,kn, knt1) be proper.

a. Let Vé(ki) be defined for all ¢ with 1 <i <n+ 1 and typey[ki].

Then I(0) is an n-ary operation in D, from Dy X --- X D, into
Dy VJ)(O) is the n-ary operation in D, from Dy X --- X D,

into Dy,4+1 defined as follows. Let (dy,...,d,) € Dy X --- X D,
and d = I(0)(d1,...,dpn). If d; is in V(k;) or d; = L for all i
such that 1 <4 < n and type,[k;] and d is in V(ky41) or d =
L when typep[kni1], then V(O)(dy,...,dn) = d. Otherwise,
Vi(O)(da, ... dy) is De if kpi1 = type, L if typey [kn41], and F
if k41 = formula.

b. Let V(k;) be undefined for some 4 such that 1 <i <n+ 1 and
typey [ki]. Then V(e) is undefined.

3. Let e = (op-app, O, eq,...,e,) be proper.

a. Let V(0),V/(e1),...,V/(en) be defined. Then

Vi(e) =V (0)(V (er),- .-, Vi(en))-
b. Let one of V'(0),V(e1), ...,V (en) be undefined. Then V(e) is

undefined.
4. Let a = (var,z,a) be proper.

a. Let V() be defined. If ¢(z) is in V/(a), then V (a) = ¢(z).
Otherwise V(a) = L.

b. Let V() be undefined. Then V/(a) is undefined.
5. Let 8 = (type-app, o, a) be proper.

a. Let V() and V/(a) be defined. If V/(a) # L, then V(B) =
Vi(a )[V (a)]. Otherwise V(8) = D..
oo

b. Let V(a) or V(a) be undefined. Then V() is undefined.

6. Let v = (dep-fun-type, (var, z, «), ) be proper.
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a. Let V() be defined, and let Vé[de] (B) be defined for all sets d

in V(). Then V(v) is the superclass of all g in D¢ such that,
for all d in Dy, if g(d) is defined, then d is in V/(a) and g(d) is
in V(;[x,_)d](ﬁ).

b. Let V() be undefined, or let Vs; ] (8) be undefined for some
set d in V(). Then V/(v) is undefined.

7. Let b = (fun-app, f,a) be proper.

a. Let V(f) and V(a) be defined. If V/(f) # L and V/(a) # L,
then V(b) = V(f)(V;(a)). Otherwise V(b) = L.
b. Let V;(f) or V(a) be undefined. Then V(b) is undefined.

8. Let f = (fun-abs, (var,z, a), b) be proper.

a. Let V() be defined, and let V(;[x'_)d] (b) be defined for all sets d
in V(). If
g = {{d,d)|disasetinV(a)and
d = Vé[IHd} (b) is a set}
is in Dy, then V/(f) = g. Otherwise V/(f) = L.

b. Let V() be undefined, or let Vs; . d](b) be undefined for some
set d in V(). Then V(f) is undefined.

9. Let a = (if, A, b, ¢) be proper.

a. Let V(A), V[(b),V,(c) be defined. If V/(A) = T, then V(a) =
V,(b). Otherwise V/(a) = V(c).

b. Let one of V/(A), V/(b), V(c) be undefined. Then V;(a) is unde-
fined.

10. Let A = (exists, (var, x,«), B) be proper.

a. Let V() be defined, and let Vg;
V(). If there is some d in V(a) such that V;[sz]
then V/(A) = 1. Otherwise, V/(A) = F.

b. Let V/(a) be undefined, or let V), ., (B) be undefined for some
d in V(). Then V(A) is undefined.

[de](B) be defined for all d in
(B) =,
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11. Let a = (def-des, (var, z, ), B) be proper.

a. Let V/(a) be defined, and let Vg’?[xﬁd](B) be defined for all d in
V,(a). If there is a unique d in V() such that Vé[x,_)d}(B) =T,
then V(a) = d. Otherwise, V(a) = L.

b. Let V() be undefined, or let V(;[x'_)d] (B) be undefined for some
d in V(). Then V(a) is undefined.

12. Let a = (indef-des, (var, z, a), B) be proper.

a. Let V/(a) be defined, and let V;[xﬁd](B) be defined for all d in
V(a). If there is some d in V/(«) such that Vg’)[mﬁd](B) =T,
then V/(a) = £(X) where ¥ is the superclass of all d in Vj(a)

such that V;[IHd](B) = T. Otherwise, V(a) = L.

b. Let V() be undefined, or let V(; (] (B) be undefined for some
d in V(). Then V/(a) is undefined.

13. Let a = (quote, e) be proper. Then V/(a) = H(e).

14. Let b = (eval, a, k) be proper.

a. Let V(a) be defined and V (k) be defined if type, [k].
i. Let V(a) be in Dy and k = type, V/(a) be in Di and
type[k], or V(a) be in Dy, and k = formula.

A. Let V,(H~(V/(a))) be defined. If k € {type, formula} or
typey [k] and V,,(H~(V/(a))) is in V) (k), then V/(b) =
Vo(H=Y(V/(a))). Otherwise V/(b) is L.

B. Let V,(H *(V/(a))) be undefined. Then V/(b) is unde-
fined.

ii. Let V;;(a) not be in Dyy or k # type, V)(a) not be in Dy or
not typey[k], and V(a) not be in Dy, or k # formula. Then

V,(b) is D if k = type, L if type,[k], and F if k& = formula.

b. Let V;(a) be undefined or V;(k) be undefined if type[k]. Then
V(b) is undefined.

Lemma A.1.2 ¥Y is monotone.
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Proof Let U,V € val(S) such that U C V. Assume U, and V, mean
(U7 (U)), and (¥F(V)),, respectively. We must show that, for all e € £,
and ¢ € assign(S), if U, (e) is defined, then U, (e) = V/(e). Our proof will
be by induction on the number of symbols in e.

There are three cases:

L. e is improper. Then U/(e) is undefined by the definition of VS

2. e = (eval,a, k) is proper. If either Uj(a) or U, (k) is undefined, then
U, (e) is undefined. So assume U/,(a) and U, (k) are defined. By the
induction hypothesis, Uj(a) = Vj(a) and U, (k) = V (k). Assume
U, (e) is defined. By the definition of U7, there are two subcases:

a. For some ey, ex € €, U, (e) = Uy(e1) and Vy(e) = V,(e2). Since
Uy(a) = Vj(a), e1 = ez, and since U C V, Uy(e1) = Vy(ea).
Hence, Uj,(e) = V(e).

b. Uj(e) and Vj(e) both equal D. if k = type, L if type[k], and
F if k = formula. Hence, U, (e) = V/(e).

3. e is proper but not an evaluation. Assume U(e) is defined. Then
Uj(e') is defined for each subexpression ¢’ of e. By the induction
hypothesis, Uy, (e’) = V,(¢’) for each such subexpression ¢’ of e. Hence,

Us(e) = Vj(e).
Od

Corollary A.1.3 \Iff has a fized point.

Proof By Lemma A.1.2, \I/f is monotone. Therefore, by Theorem A.1.1,
Y has a fixed point. O

\Ilg is the valuation functional for S defined by the following three rules
where V € val(S) and V' = U5 (V). U5 defines value gaps according to the
supervaluation scheme.

L. Let e € £ be improper. Then V/(e) is undefined.

2. Let e € £, be proper but not an evaluation. If there is a value d such
that, for all total valuations V* with V C V*, (I§(V*)),(e) = d, then
V,(e) = d. Otherwise V/(e) is undefined.

3. Let e € &1 be proper with e = (eval,a, k). This rule is exactly the
same as the ¥{ rule for evaluations.
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Lemma A.1.4 \Ilg 18 momnotone.

Proof The proof is exactly the same as the proof of Lemma A.1.2 except
for the argument for the third case:

3. e is proper but not an evaluation. Assume US'D(e) is defined. Then
there is a value d such that, for all total valuations U* with U C U*,
Uz(e) = d. Since U C V, it follows that, for all total valuations V*
with V' C V*, VJ(e) = d. Hence, Uj(e) = V(e).

|
Corollary A.1.5 U5 has a fized point.

Proof By Lemma A.1.4, \IIQS is monotone. Therefore, by Theorem A.1.1,
TS has a fixed point. O

A.2 Models

The valuation functionals ¥§ and U5 define two semantics, which we will
refer to as the weak Kleene semantics and the supervaluation semantics,
respectively. Clearly, the supervaluation semantics allows more expressions
to be denoting than the weak Kleene semantics.

A weak Kleene model for L is a model M = (S, V') where S is a structure
for L and V is a valuation for S that is a fixed point of \I/f . A supervaluation
model for L is a model M = (S, V) where S is a structure for L and V is a
valuation for S that is a fixed point of 5.

Theorem A.2.1 Let L be a language of Chiron. For each structure S for
L there exists a weak Kleene model and a supervaluation model for L.

Proof Let L be a language of Chiron and S be a structure for L. By
Corollary A.1.3, \Ilf has a fixed point Vi. Similarly, by Corollary A.1.5, \Iléq
has a fixed point V. Therefore, M = (5, V}) is a weak Kleene model for L,
and M = (S, V3) is a supervaluation model for L. O

The weak Kleene semantics defined by U7 is “strict” in the sense that,
if any proper subexpression e of a proper expression €' is nondenoting, then
e’ itself is nondenoting. The supervaluation semantics defined by \11‘29 is not
strict in this sense. For example, the value of an application of the operator

(op, or, formula, forumla, formula)

to a pair of formulas (A, B) is T if the value of A is T and B is nondenoting
or vice versa.
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A.3 Discussion

There are various Kripke-style value-gap semantics for Chiron; the weak
Kleene and supervaluation semantics are just two examples. The weak
Kleene semantics is a conservative example: every expression that could
be nondenoting is nondenoting. On the other hand, the supervaluation se-
mantics is much more liberal: many expressions that are nondenoting in the
weak Kleene semantics are denoting in the supervaluation semantics.

It is not possible to define a denoting formula checker in any Kripke-
style value-gap semantics. If the operator O = (o :: formula, formula) were a
denoting formula checker, then O(e) would be true whenever e is denoting
and false whenever e is nondenoting. However, such an operator breaks
the monotonicity lemmas proved above because, if U (e) is undefined but
Vi (e) is defined, then U, (O(e)) = F # T = V(O(e)). Similarly, it is not
possible to define denoting type and term checkers in a Kripke-style value-
gap semantics.

The lack of available checkers for denoting types, terms, and formulas
makes reasoning in Kripke-style value-gap semantics very difficult. For ex-
ample, consider the formalization of the law of excluded middle given in
subsection 7.1:

Ve:Egy . [e] V—[e].

This formula is nondenoting in the weak Kleene semantics because, if e
represents a nondenoting formula, then [e] V —[e] is nondenoting. Since this
formula is nondenoting, we cannot use it as a basis for proof by cases.

This formula is true in the supervaluations semantics because, if e rep-
resents a nondenoting formula, then [e] V —[e] is true because [e] vV —[e] is
true no matter what value is assigned to [e]. Even though this formula is
true, we cannot use it as a basis for proof by cases because, if e is the liar
paradox, we can derive a contradiction from either [e] or —[e].

We expect that reasoning in the official semantics for Chiron will be
much easier than in any Kripke-style value-gap semantics for Chiron.

B Appendix: An Expanded Definition of a Proper
Expression

We give in this appendix an expanded definition of a proper expression
with 25 proper expression categories. There are modified categories for
operator applications, conditional terms, and quotations and new categories
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for constants (applications of 0-ary operators), four variable binders given
above as notational definitions, finite sets of sets, finite lists of sets, and
dependent ordered pairs

The following symbols are added to the the set K of key words:
con, uni-exists, forall, set-cons, list-cons, class-abs, dep-type-prod, left-type,
right-type, dep-ord-pair, dep-head, and dep-tail. The following formation rules
define the expanded set of proper expression categories:

P-Expr-1 (Operator)

o€ O,kind[k1],..., kind[kp41]
operator [(op, o0, k1, ..., knt1)]

where n > 0; 0(0) = s1,...,Sp+1; and k; = s; = type, type [ki] and
s; = term, or k; = s; = formula for all i with 1 <7 <n+ 1.

P-Expr-2 (Operator application)

operator; [(op,0, ki, ..., kyt1)], exprylel],...,expr;y[en]
p—exprL[(op—app, (Op7 0, kla LR knJrl)a €1, .- 7671) : knJrl]

where n > 1 and (k; = type and type;[e]), (typer[ki] and
termyp[e;]), or (k; = formula and formulay[e;]) for all ¢ with 1 <
1< n.

P-Expr-3 (Constant)

operatory [(op, 0, k)]

p-expry[(con,o, k) : k]

P-Expr-4 (Variable)

T € Sa typeL [Oé]
termyp[(var,z, ) : af

P-Expr-5 (Type application)
type; [a], termy [a]
typey[(type-app, @, a)]

P-Expr-6 (Dependent function type)

termy [(var, z, )], typey 5]
typeL[(dep—fun—type, (var, x, Oé), B)]
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P-Expr-7 (Function application)
termy[f : ], termy [a]
termp [(fun-app, f,a) : (type-app, o, a)]

P-Expr-8 (Function abstraction)

termy [(var, z,a)], termy[b : (]

termy [(fun-abs, (var, z, ), b) : (dep-fun-type, (var, z, a), 5)]

P-Expr-9 (Conditional term)

formulay [A],term[b: 3], termp[c: 7]
termp [(if, 4,b,¢) : fUA]

P-Expr-10 (Existential quantification)

termp [(var, z, a)], formulay, [B]

formulay [(exists, (var, z, a), B)]

P-Expr-11 (Unique existential quantification)

termy [(var, z, «)], formulay [B]

formulay [(uni-exists, (var, z, @), B)]

P-Expr-12 (Universal quantification)

termp[(var, z, )], formulay [ B]

formulay [(forall, (var, z, «), B)]

P-Expr-13 (Definite description)

termyp [(var, z, )], formulay [ B]

termy [(def-des, (var, z,a), B) : o]

P-Expr-14 (Indefinite description)

termp[(var, z, )], formula [ B]

termyp [(indef-des, (var, z,a), B) : a]

P-Expr-15 (Set construction)

termy[a; : a1],...,termy[a; : aq]

termy [(set-cons,ay,...,an) : (]

C ifn=0

h > dg= i
where n > 0 and 8 {qu---UOén otherwise.
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P-Expr-16 (List construction)
termyfa; : a1],...,termyz[a; : o]
termp[(list-cons,aq, ..., ay,) : list-type(3)]

C ifn=0

h >0and g = i
where n > 0 and 8 {a1U~--UC¥n otherwise.

P-Expr-17 (Class abstraction)

termp[(var, z, )], formula [ B]

termyp [(class-abs, (var, z, a), B) : power-type(«)]

P-Expr-18 (Left type)

type[c]
type[(left-type, a)]

P-Expr-19 (Right type)

type;[a], termp [a]
type,[(right-type, o, a)]

P-Expr-20 (Dependent type product)

termy [(var, z,a)], typey 5]
type [(dep-type-prod, (var, z, @), )]

P-Expr-21 (Dependent ordered pair)

termy[a : o], termy[b: 3]

termy [(dep-ord-pair, a, b) : (dep-type-prod, (var, z, a), )]

P-Expr-22 (Dependent head)
termy[a: o]
termy [(dep-head, a) : (left-type, )]

P-Expr-23 (Dependent tail)
termp[a: o]
termy [(dep-tail, a) : (right-type, a, (dep-head, a))]

P-Expr-24 (Quotation)

expry €]
termp [(quote, e) : ]

where « is:
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Esy ifee S.

EonifeeO.

Eop if € is an operator.

Eiy if e is a type.

Egeﬁj if e is a term of type .

E;, if e is a formula.

A

E if none of the above.

P-Expr-25 (Evaluation)

termy [a], kind [ [k]
p-expr;[(eval,a, k) : k]

Table 6 defines the compact notation for each of the 25 proper expression

categories. Note: The definitions for the compact notations {ai,...,a,},

[al,..

., ay)], {a,b), hd(a), and tl(a) supersede the definitions for these nota-

tions given in subsection 5.1.

The semantics for the new definition of a proper expression is the same

as before except for the definition of the valuation function, which is left to
the reader as an exercise.

References

1]

A. Bawden. Quasiquotation in Lisp. In O. Danvy, editor, Proceedings
of the 1999 ACM SIGPLAN Symposium on Partial Evaluation and
Semantics-Based Program Manipulation, pages 4-12, 1999. Technical
report BRICS-NS-99-1, University of Aarhus, 1999.

N. G. de Bruijn. Lambda-calculus notation with nameless dummies,
a tool for automatic formula manipulation, with application to the
Church-Rosser theorem. Indagationes Mathematicae, 34:381-392, 1972.

H. B. Enderton. A Mathematical Introduction to Logic. Academic Press,
1972.

W. M. Farmer. Theory interpretation in simple type theory. In J. Heer-
ing et al., editor, Higher-Order Algebra, Logic, and Term Rewriting, vol-
ume 816 of Lecture Notes in Computer Science, pages 96—123. Springer-
Verlag, 1994.

151



Compact Notation
(0 kyy... kny1)
( o kl, ce

S an}
[al, . Q)
(Cx:a.B)
left(c)
right(c, a)
(@z:a.p)
(a,b)

hd(a)

tl(a)

[a]x

[a]ty

[a]te

[a]to

,kn+1)<61, e

Official Notation
) kn+1)
op- app (Op7 o, k17 v
con, o, k)

type appva a)
dep-fun-type, (var, z, @), 3)
fun-app, f, a)

fun-abs, (var, z, ), b)

if, A, b, c)

exists, (var, z, ), B)
uni-exists, (var, z, «), B)
forall, (var, z, a), B)
def-des, (var, z, «), B)
indef-des, (var, z, ), B)
set-cons, ay, ..., ay)
list-cons, ay, ..., ay)
class-abs, (var, z, «), B)

nght type o, a)
dep-type-prod, (var, z, o), /3)
dep-ord-pair, a, b)

dep-head, a)

dep-tail, a)

eval a type)
eval, a, (con, class, type))
eval, a, formula)

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

,kn+1),61, e

,€n)

Table 6: Expanded Compact Notation

152




[5]

[6]

[10]

[11]

W. M. Farmer. STMM: A Set Theory for Mechanized Mathematics.
Journal of Automated Reasoning, 26:269-289, 2001.

W. M. Farmer. Formalizing undefinedness arising in calculus. In
D. Basin and M. Rusinowitch, editors, Automated Reasoning—IJCAR
2004, volume 3097 of Lecture Notes in Computer Science, pages 475—
489. Springer-Verlag, 2004.

W. M. Farmer. Biform theories in Chiron. In M. Kauers, M. Kerber,
R. R. Miner, and W. Windsteiger, editors, Towards Mechanized Mathe-
matical Assistants, volume 4573 of Lecture Notes in Computer Science,
pages 66—79. Springer-Verlag, 2007.

W. M. Farmer. Chiron: A multi-paradigm logic. In R. Matuszewski
and A. Zalewska, editors, From Insight to Proof: Festschrift in Honour
of Andrzej Trybulec, volume 10(23) of Studies in Logic, Grammar and
Rhetoric, pages 1-19. University of Biatystok, 2007.

W. M. Farmer, J. D. Guttman, and F. J. Thayer. Little theories.
In D. Kapur, editor, Automated Deduction—CADE-11, volume 607 of

Lecture Notes in Computer Science, pages 567-581. Springer-Verlag,
1992.

W. M. Farmer and M. von Mohrenschildt. An overview of a Formal
Framework for Managing Mathematics. Annals of Mathematics and
Artificial Intelligence, 38:165-191, 2003.

K. Gédel. Uber formal unentscheidbare Sitze der Principia Mathemat-
ica und verwandter Systeme I. Monatshefte fiir Mathematik und Physik,
38:173-198, 1931.

K. Gédel. The Consistency of the Aziom of Choice and the Generalized
Continuum Hypothesis with the Axioms of Set Theory, volume 3 of
Annals of Mathematical Studies. Princeton University Press, 1940.

S. Kleene. Introduction to Metamathematics. Van Nostrand, 1952.

S. Kripke. Outline of a theory of truth. Journal of Philosophy, 72:690—
716, 1975.

H. Leitgeb. What theories of truth should be like (but cannot be).
Philosophy Compass, 2:276-290, 2007.

153



[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

E. Mendelson. Introduction to Mathematical Logic. Chapman &
Hall/CRC, fourth edition, 1997.

L. G. Monk. Inference rules using local contexts. Journal of Automated
Reasoning, 4:445-462, 1988.

I. L. Novak. A construction for models of consistent systems. Funda-
menta Mathematicae, 37:87-110, 1950.

A. M. Pitts. Nominal Logic, a first order theory of names and binding.
Information and Computation, 186:165-193, 2003.

W. V. O. Quine. Mathematical Logic: Revised Edition. Harvard Uni-
versity Press, 2003.

J. B. Rosser and H. Wang. Non-standard models for formal logics.
Journal of Symbolic Logic, 15:113-129, 1950.

J. Shoenfield. A relative consistency proof. Journal of Symbolic Logic,
19:21-28, 1954.

J. R. Shoenfield. Mathematical Logic. Addison-Wesley, 1967.

A. Tarski. Pojecie prawdy w jezykach nauk dedukcyjnych (The concept
of truth in the languages of the deductive sciences). Prace Towarzystwa
Naukowego Warszawskiego, 3(34), 1933.

A. Tarski. Der Wahrheitsbegriff in den formalisierten Sprachen. Studia
Philosophica, 1:261-405, 1935.

A. Tarski. The concept of truth in formalized languages. In J. Corcoran,
editor, Logic, Semantics, Meta-Mathematics. Hackett, second edition,
1983.

C. Urban and C. Tasson. Nominal techniques in Isabelle/HOL. In
R. Niewenhuis, editor, Automated Deduction—CADE-20, volume 3632

of Lecture Notes in Computer Science, pages 38-53. Springer-Verlag,
2005.

B. C. van Fraassen. Singular terms, truth-value gaps, and free logic.
Journal of Philosophy, 63:481-495, 1966.

154



