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Abstract. Formal mathematics is mathematics done within the frame-
work of a formal logic. The standard approach to formal mathematics,
in which mathematics is done with a proof assistant and all details are
formally proved and mechanically checked, focuses on certification. In
contrast, the free approach to formal mathematics, an alternative to the
standard approach that is free of the obligation to formally prove and
mechanically check all details using a proof assistant, focuses on com-
munication and accessibility. A formal mathematical library (FML) is a
repository of mathematical knowledge expressed within a formal logic
and organized as a network of interconnected axiomatic theories. This
talk presents the free approach, describes how a communication-oriented
FML can be built using the free approach, and ends by encouraging
the mathematics software community to develop the logics and software
needed to build communication-oriented FMLs.

1 Introduction

If we are willing to oversimplify a bit, we can say that mathematics is performed
by assuming a knowledge base of mathematical concepts and facts and then
adding new concepts and facts to it. The knowledge base is often not explicitly
presented and the new concepts and facts are often not precisely expressed. The
situation is much better in formal mathematics, that is, mathematics done within
the framework of a formal logic.

For this discussion, a formal logic (logic for short) is a family of languages
such that:

1. The languages of the logic have a precise common syntazx.

2. The languages of the logic have a precise common semantics with a notion
of logical consequence.

3. There is a sound formal proof system for the logic in which proofs can be
syntactically constructed.
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Although the languages of the logic share a common syntax, the expressions
of a language can be presented, if desired, using multiple notations including
symbol-oriented notations like those found in logic textbooks and controlled
natural languages like the input language for the Naproche proof assistant [21].

In formal mathematics, the knowledge base is a formal mathematical library
(FML) — a repository of mathematical knowledge expressed within a logic and
organized as a network of interconnected axiomatic theories. The new concepts
and facts are axiomatic theories, definitions, and theorems added to the FML.
An aziomatic theory (theory for short) is a pair T' = (L, I') where L is a language
of the logic and I' is a set of sentences of L called the axioms of T that serve
as the background assumptions about the ideas that can be expressed in L.
Two theories T and 75 in the FML are connected if there is a theory extension
from 17 to T or, more generally, a theory morphism from T} to Tb, which is
a structure-preserving translation from the expressions of 77 to the expressions
of Ty that is also meaning preserving in the sense that each theorem of T is
translated to a theorem of T5.

Formal mathematics offers the following major benefits to mathematics prac-
titioners, i.e., mathematicians, computing professionals, engineers, and scientists
who use mathematics in their work:

1. The mathematical statements needed or created by a mathematics practi-
tioner can be expressed precisely as sentences of a language in the logic since
the languages of the logic have a precise syntax and semantics.

2. Conceptual errors can be systematically discovered during the process of
expressing mathematical ideas in a language of the logic since the logic offers
a precise conceptual framework. This is similar to how type errors are caught
in a modern programming language by type checking.

3. Software can be used to study, discover, communicate, and certify the math-
ematical knowledge produced since the languages of the logic have a precise
common syntax. Moreover, there is a precise basis for verifying the cor-
rectness of this software since the languages also have a precise common
semantics.

4. The correctness of the mathematical knowledge can be verified with a very
high level of assurance by constructing and mechanically checking formal
proofs in the logic’s formal proof system.

5. Mathematical knowledge can be regarded as a formal structure that can be
studied, developed, searched, and presented using software.

(See [10] for a more detailed description of these five benefits of formal mathemat-
ics.) All of these benefits can be realized in an FML. The FML for a mathematics
development effectively serves as a precise form of documentation that grows as
the development progresses.

Several large FMLs has been constructed using proof assistants including
those associated with the proof assistants ACL2 [17], Agda [3], HOL [13], HOL
Light [15], Isabelle/HOL [24], Lean [5], Methmath/ZFC [20], Mizar [22], PVS [23],
and Roq [25]. These libraries serve the user communities of their corresponding



How to Build a Formal Mathematical Library 3

proof assistants as well as the formal mathematics community as a whole. How-
ever, there is a place for smaller specialized FMLs that serve projects involved
with mathematics research, software development, engineering, etc. FMLs, both
large and small, are also very useful in mathematics education for organizing
and presenting mathematical knowledge. In fact, building a small FML is one
of the best ways for students to understand how mathematics is a process of
creating, exploring, and interconnecting mathematical models.

The standard way of building an FML is to employ the standard approach to
formal mathematics in which mathematics is done with a proof assistant and all
details are formally proved and mechanically checked. The primary strength of
the standard approach is certification. By verifying mathematical results using
machine-checked formal proofs, the standard approach produces mathematics
that has a very high level of assurance of being correct. The approach is thus
crucial in situations where correctness is a paramount concern as with mathe-
matics that is highly complex, poorly understood (often due to its novelty), or
underlying a critical real-world application.

On the other hand, the primary weakness of the standard approach is com-
munication. Generally speaking, proof assistants sacrifice communication for the
sake of certification. Formal proofs are great for certifying that something is true
but often do a poor job of communicating why something is true. Most mathe-
matics practitioners — including mathematicians — are much more interested in
communicating mathematical ideas than in formally certifying their correctness.
This is particularly true in mathematics education or in applications of well-
understood mathematics. Another weakness of the standard approach is that
proof assistants are, as a rule, difficult to implement and to learn how to use.

The purpose of this talk is to describe how to build an FML in which commu-
nication is prioritized over certification using the free approach to formal math-
ematics [10], an alternative to the standard approach to formal mathematics
that is free of the obligation to formally prove and mechanically check all details
using a proof assistant. The talk presents the free approach, describes how an
communication-oriented FML can be built using the free approach, and ends by
encouraging the mathematics software community to develop the logics and soft-
ware needed to build communication-oriented FMLs for applications in which
the high assurance of correctness achieved by fully certified formal mathematics
is unnecessary.

2 The Free Approach to Formal Mathematics

The free approach to formal mathematics focuses on two goals: communication
and accessibility. To achieve these goals, an implementation of the free approach
needs to satisfy four requirements which are stated and explained below. These
four requirements characterize the free approach.

The first requirement (R1) is that the underlying logic is fully formal and sup-
ports standard mathematical practice. Supporting mathematical practice makes
the logic easier to learn and use and makes formalization a more natural process.
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It also makes formal mathematical statements easier to read, write, and reason
about — which helps the developer to identify mistakes and see connections.

The second requirement (R2) is that proofs can be traditional, formal, or a
combination of the two. This flexibility in how proofs are written enables proofs
to be a vehicle for communication as well as certification. Traditional proofs are
usually easier to read and write and better suited for communicating the ideas
behind proofs than pure formal proofs.

The third requirement (R3) is that there is support for organizing mathe-
matical knowledge using the little theories method [11]. This method organizes
mathematical knowledge as a network of interconnected theories called a theory
graph [19]. The nodes of the graph are theories of a logic and the directed edges
are theory morphisms between the theories. To maximize clarity, each mathe-
matical topic is developed in the “little theory” in the theory graph that has the
most convenient vocabulary and level of abstraction. To minimize redundancy,
the definitions and theorems produced in this little theory are transported, as
needed, to other theories via the theory morphisms in the theory graph instead
of directly producing them in the theories where they are needed.

And, finally, the fourth requirement (R4) is that there are several levels of
supporting software. The levels can range from just LaTeX support to a full proof
assistant. An important intermediate example is a software system that is the
same as a proof assistant except it only supports the development of traditional
proofs. A system of this kind, a traditional-proof proof assistant, would be much
simpler and thus easier to both implement and learn how to use than a typical
proof assistant. Having several levels of software support enables the user to
choose the level of support they want to have and the level of investment in
learning the software they want to make.

An implementation of the free approach is likely to serve the needs of the
typical mathematics practitioner — who is likely more interested in communi-
cating mathematical ideas than in formally certifying their correctness — much
better than an implementation of the standard approach. This is especially true
when the mathematical knowledge involved is well understood and certification
via traditional proof is adequate for the purpose at hand. In summary, the free
approach is not a replacement for the standard approach, but we believe it would
be more useful, accessible, and natural than the standard approach for the great
majority of mathematics practitioners.

Three other alternatives to the standard approach to formal mathematics
have been proposed. The first is Tom Hales’ formal abstracts in mathemat-
ics project [14] in which proof assistants are used to create formal abstracts,
which are formal presentations of mathematical theorems without formal proofs.
The second is Michael Kohlhase’s fleziformal mathematics [16, 18] initiative in
which mathematics is a mixture of traditional mathematics with traditional
proofs and formal mathematics with formal proofs. The third is the natural
language approach in which mathematics is performed using a proof assistant
like Naproche [21] or Natty [6] that accepts a controlled form of mathematical
English (or another natural language) as input.
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The free approach differs from each of these approaches in fundamental ways.
The formal abstracts approach seeks to formalize collections of theorems with-
out proofs using proof assistants and hold open the possibility of adding formal
proofs later. The free approach is not committed to using proof assistants and is
not required to facilitate the addition of formal proofs. The flexiformal approach
gives the user the flexibility to produce mathematics that is partly formal with
formal proofs and partly nonformal with traditional proofs. The free approach
in contrast produces mathematics that is fully formal except that proofs may be
traditional. The natural language approach produces fully certified formal math-
ematics written in natural language. The use of natural language can improve
communication, but the natural language approach is really just an instance of
the standard approach in which natural language notation is used to present
formal expressions.

Finally, the reader may be wondering whether generative Al will make the
free approach obsolete. Autoformalization using an LLM can replace a traditional
proof in a body of mathematics with a formal proof when the mathematics is
built on a solid logical foundation. Translating a formal certification-oriented
proof to a traditional communication-oriented proof using an LLM is likely to
be a much bigger challenge, requiring a deep understanding of the mathematical
context in which the proof resides and the target audience for the proof. We
thus expect that autoformalization will be much more successful at certifying
a traditional proof than “autoexplanation” will be at communicating the key
ideas embodied in a formal proof. For the foreseeable future, effective commu-
nication of mathematical ideas will need human intelligence more than artificial
intelligence.

3 How to Build a Communication-Oriented FML

Suppose that a group of mathematics practitioners want to build a
communication-oriented FML using the free approach to formal mathematics.
This can be done as follows.

First, the group chooses a logic that is appropriate for developing the FML.
The logic should be close to mathematical practice. It should include a module
system that supports the little theories method. It should provide appropriate
levels of both theoretical and practical expressibility. ( Theoretical expressivity is
the measure of what ideas can be expressed in the logic without regard to how
the ideas are expressed, and practical expressivity is the measure of how readily
ideas can be expressed in the logic.) And it should be equipped with the level of
software support desired by the group.

Second, the group constructs the FML using the little theories method, the
logic’s module system, and the logic’s software support. The construction in-
volves the following four activities:

1. Adding theories to the FML.
2. Developing the theories in the FML by producing definitions and theorems
in them.
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3. Constructing theory morphisms between the theories in the FML.
4. Transporting definitions and theorems from one theory to another via the
theory morphisms in the FML.

Third, the group writes proofs in a flexible manner to maximize communi-
cation. The proofs are needed to validate the definitions, theorems, and theory
morphisms in the FML. The proofs can be traditional proofs, formal proofs in
the logic’s proof system, or semiformal proofs that demonstrate the existence of
a formal proof.

We have illustrated in [12] how a modest-size FML associated with monoid
theory can be constructed using the free approach. The FML includes 12 theories,
18 theory morphisms, 15 definitions, and 36 theorems.

The underlying logic of the FML is Alonzo [9], a practice-oriented version
of Church’s type theory [2,4], Alonzo Church’s formulation of simple type the-
ory [8]. Named in honor of Church, Alonzo is a classical higher-order predicate
logic that has a very simple type system and is tailored for reasoning about
mathematical structures. Its formal proof system is derived from Peter An-
drews’ elegant proof system for Qp [1]. Unlike traditional predicate logics, it
admits partial functions and undefined expressions in accordance with the ap-
proach employed in mathematical practice that we call the traditional approach
to undefinedness [7,9]. It has a formal notation for machines and a compact no-
tation for humans, based on a rich set of notational definitions and conventions,
that closely resembles the notation found in mathematical practice. And it has
two semantics, one for mathematics based on standard models and one for logic
based on Henkin-style general models. Taken as a whole, Alonzo offers a very
good balance between theoretical and practical expressivity.

The FML for monoid theory is constructed using Alonzo’s module system [9]
that is designed specifically to support the little theories method. It includes
modules for constructing theories and theory morphisms, developing theories
by defining new concepts and posing and proving conjectures, and transporting
definitions and theorems from one theory to another. The FML is constructed
with just the simplest level of software support: LaTeX macros for presenting
Alonzo types and expressions and LaTeX environments for presenting Alonzo
modules. All the proofs are written in a traditional style, but several of them
make use of the axioms, rules of inference, and metatheorems of Alonzo’s for-
mal proof system. Thus [12] demonstrates how a communication-oriented FML
can be constructed using a practice-oriented logic like Alonzo, minimal software
support, and entirely traditional proofs.

4 Conclusion

A formal mathematical library (FML) offers a mathematics practitioner a precise
way of organizing and documenting mathematical knowledge. It is a mathemati-
cal structure that can be studied, developed, searched, and presented using soft-
ware. FMLs are usually constructed today using the standard approach to formal
mathematics in which mathematics is done with a proof assistant and all details
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are formally proved and mechanically checked. As a result, most FMLs prioritize
certification over communication — which does not serve the mathematics prac-
titioner for whom communication is more important than formal certification.

Using the free approach to formal mathematics, FMLs can be developed that
prioritize communication over certification. Building FMLs in this way is likely
to be attractive to mathematics practitioners who are foremost interested in
communicating mathematical ideas and who do not want to pay the high cost of
using the standard approach to build an FML. It is also likely to be attractive to
mathematics educators and their students who want to explore the mathematical
structure of bodies of mathematical knowledge.

The mathematics community would greatly benefit from having more math-
ematics practitioners construct and employ FMLs. To achieve this goal, we need
more work by logic engineers to design practice-oriented logics and more work
by mathematical software developers to build easy-to-use software tools for con-
structing communication-oriented FMLs.
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