
Integration
ofF

orm
alM

athem
aticalT

heories

A
C

hallenge
for

N
A

-M
K

M

M
IC

H
A

E
L

K
O

H
L

H
A

S
E

S
choolofC

om
puter

S
cience

C
arnegie

M
ellon

U
niversity

h
t
t
p
:
/
/
w
w
w
.
c
s
.
c
m
u
.
e
d
u
/
˜
k
o
h
l
h
a
s
e

D
em

o
at
h
t
t
p
:
/
/
m
b
a
s
e
.
m
a
t
h
w
e
b
.
o
r
g
:
8
0
8
0
/
m
b
a
s
e
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M
B

A
S

E,a
K

now
ledge

B
ase

ofM
ath.

T
heories

•
T

his
has

been
attem

pted
before!

(P
rincipia

M
ath.,B

ourbaki,...)

•
T

his
tim

e
stress

the
infrastructure

aspect
(O

pen
S

ource
M

odel)

–
enable

easy
and

pow
erfulbrow

sing
( personalization,

M
A

T
H

M
L)

–
high-level(sem

antic)
search

( com
m

utativity:
X

(Y
,Z

)
=

X
(Z

,Y
))

–
distributed

Internetsupport:
( e.g.

localw
orking

K
B

vs.
archive

K
B

)

–
version

m
anagem

entand
concurrentaccess(like

C
V

S
for

cooperation)

–
offer

added-value
inference

services
( enlist

M
A

T
H

W
E

B)

–
large-scale

structure
for

navigation
&

reuse
( theory

graph,inheritance)

•
M

B
A

S
E

as
a

M
A

T
H

W
E

B
com

ponent.
(notonly

for
hum

an
consum

ption)

–
situated

vs.
stateless

com
m

unication
ofm

athem
aticalservices
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M
B

A
S

E
and

the
S

em
antics

ofcom
m

unicated
O

bjects
•

W
hy

is
this

an
issue?

(preserving
the

m
eaning

across
transport)

–
e.g.

the
R

icci-Tensor
R

i
j

differs
betw

een
schools

ofphysicists
by

a
factor

of2!

–
Is

this
unitin

psior
erg?

(R
em

em
ber

the
M

ars
orbiter

†1999)

•
O

P
E

N
M

A
T

H
/C

-M
A

T
H

M
L

approach:
O

bjects
as

logicalform
ulae

–
sufficient:

sem
antics

ofconstants
(thatofvar,appl,bind

is
w

ell-know
n)

–
specify

sem
antics

by
reference

to
jointontology

(
=
⇒

O
M

D
oc)

•
M

B
A

S
E

as
an

ontology-server
for

M
A

T
H

W
E

B

–
establishes

unique
reference

for
objects

(distinguished
U

R
I)

–
serves

know
ledge

on
dem

and
( just-in-tim

e
m

ath)

–
offers

dynam
ic

com
m

unication
caches

( localcontext)

–
seam

less
integration

oflocaland
globalcontext

–
P

roblem
s:

C
aching,version

m
anagem

ent,distributed
garbage

collection
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T
he

M
B

A
S

E
S

ystem
:

A
rchitecture

•
M

A
T

H
W

E
B

for
distribution

(M
O

Z
A

R
T-internaland

X
M

L-R
P

C
)

•
O

M
D

oc
for

C
om

m
unication

(X
M

L/O
P

E
N

M
A

T
H

/M
athM

L-based)

–
P

recise
docum

entm
odelallow

s
to

decouple
interface

developm
ent

•
R

D
B

M
S

for
persistence

(large
am

ountofdata)

currently:
M

Y
S

Q
L

(archive
server)

JD
O

M
im

pl.
(scratch-pad/cache)

–
encode

m
athem

aticalstructure
in

database
m

odel

–
use

O
Z

pickling
to

store
M

O
Z

A
R

T
data

structures
as

strings
in

D
B

.

–
use

concurrentconstraints
in

M
O

Z
A

R
T

to
m

anipulate
logic

term
s.

•
IN

K
A

for
m

anagem
entoftheory

change

–
m

anagem
entofinheritance

structure,proofobligations

–
(concurrentaccess

and
update)

( like
C

V
S

,butobject-leveldiff/patch)
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A
n

E
xperim

entin
D

ata/K
now

ledge
Integration

•
G

oal:
connectvarious

theorem
proving

system
s

to
M

B
A

S
E

•
S

ystem
s:

Ω
M

E
G

A
,

IN
K

A
,

P
V

S,
λ

C
lam

,
T

P
S,

IM
P

S
and

C
O

Q

•
S

im
ilarities:

(alldescendents
of

A
U

T
O

M
A

T
H

)

–
T

P
S,

P
V

S,
Ω

M
E

G
A

,
λ

C
lam

,and
IM

P
S

based
on

sim
ply

typed
λ

-calculus.

–
Ω

M
E

G
A

,
IN

K
A

,
IM

P
S

and
P

V
S

have
higher

sortconcepts.

–
P

V
S

and
C

O
Q

allow
dependent-

and
record

types

•
D

ifferences:
(serving

differentpurposes)

–
IN

K
A

,
P

V
S,and

C
O

Q
supportinductive

definitions,
( butby

very
differentm

echanism
s

and
on

differing
levels)

–
IM

P
S

supports
partialfunctions,theory

interpretations

–
C

O
Q

is
constructive,restclassical.
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T
he

E
xperim

ent(continued)
•

F
orm

ula
level

(system
-specific

representation
languages)

–
U

se
<
O
M
S
c
d
=
"
s
y
s
"

n
a
m
e
=
"
o
p
"
>

for
logicaloperators

–
specify

the
representation

language
of
s
y
s

by
<
t
h
e
o
r
y

i
d
=
"
s
y
s
"
>

–
use

sim
ilarity

am
ong

system
s

to
define

com
m

on
language

cores

–
com

m
unication

im
m

ediate
in

com
m

on
fragm

ents!

•
S

tatem
entlevel

(D
ef,T

hm
,P

roof,...)

–
O

M
D

oc1.1
sufficientfor

Ω
M

E
G

A
,

IN
K

A
,

P
V

S,
λ

C
lam

,
T

P
S,

IM
P

S

–
<
d
e
f
i
n
i
t
i
o
n
>

too
w

eak
for

C
O

Q
(m

utuality)
(O

M
D

oc2.0)

•
T

heory
level

(D
evelopm

entG
raph)

–
O

M
D

oc1.1
sufficientfor

Ω
M

E
G

A
,

IN
K

A
,

C
O

Q
,
λ

C
lam

,
T

P
S,

IM
P

S

–
P

V
S

has
param

.
theories,quantification

over
param

eters
(breaks

O
P

E
N

M
A

T
H

)
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A
standardized

H
ierarchy

oflogicallanguages
•

Idea:
P

rovide
a

standardized,w
ell-docum

ented
setof“nam

es”
for

logical
languages

t
r
u
t
h
v
a
l

p
l
0

s
k
l
0

i
n
d

p
l
1

u
n
d
e
f

s
k
l
1

p
a
r
t
i
a
l
1

s
u
b
s
t

l
a
m
b
d
a
-
c
a
l
c

s
i
m
p
l
e
-
t
y
p
e
s

d
e
p
-
t
y
p
e
s

s
t
l
c

s
t
h
o
l

r
e
c
o
r
d
s

I
M
P
S

P
V
S

O
M
E
G
A

•
T

his
hierarchy

is
based

on
literalinclusion

(can
w

e
w

o
better?)

•
M

B
A

S
E:

C
onservative

E
xtension

P
rinciple

w
ith

Logic
M

orphism
s

(E
xtend

the
H

ierarchy
w

ith
a

levelofproofs.)
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Logic
M

orphism
s

•
D

efinition:
LogicalS

ystem
S

=
(
L

,
C
),

–
L

language
(setofw

ell-form
ed

form
ulae)

–
C

calculus
(setofinference

rules)

–
D

:
H
`
C

A
is

a
C

-derivation
of

A
from

H

•
D

efinition:
Logic

M
orphism

F
:
S
−
→
S
′,

–
Language

M
orphism

F
L
:
L
−
→
L
′

–
C

alculus
M

orphism
F
D

from
C

-derivations
to

C
′-derivations,

such
that

for
any

C
-derivation

D
:
H
`
C

A
,w

e
have

F
D

(
D

):
F
L
(
H

)
`
C

′
F
L
(
A

).

•
Logic

m
orphism

s
transportproofs!

Z
F

S
Z

F

T
S

etR
Z

F

λ
−
→

[K
oh94]

[O
ho95]

B
M
V

M
V

iZ
F

iT
S

et
iR

Z
F
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R
elativization

=
M

orphism
from

S
F

O
L

to
F

O
L

•
S

ignature:
R

([+
::N

→
N
→

N
])

=
∀
X

,Y
N

(X
)
∧

N
(Y

)
⇒

N
(X

+
Y

).

•
F

orm
ulae:

R
(
∀
X

B
A

)
=
∀
X

B
(X

)
⇒
R

(
A

)

•
S

orts:
R

(

A
::B
→

C
B

:: B

A
B

::C

)

=

∀
X

B
(X

)
⇒

C
(
A

X
)

B
(
B

)
⇒

C
(
A

B
)

B
(
B

)

C
(
A

B
)

•
P

roofs:
R

(

∀
X

B
A

B
:
B

[B
/X

]A

)

=

∀
X

B
(X

)
⇒
R

(
A

)

B
(
R

(
B

))
⇒
R

([B
/X

]A
)

B
(
B

)

R
([B

/X
]A

)
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Integrating
T

heories:
e.g.

sets
in

P
V

S
vs

Ω
M

E
G

A

•
W

hich
sym

bols
are

defined?
H

ow
do

w
e

m
ap

them
?

P
V
S

Ω
M

E
G

A
P
V
S

Ω
M

E
G

A

s
e
t

s
u
b
s
e
t
?

s
u
b
s
e
t

m
e
m
b
e
r

i
n

s
u
b
s
e
t
2

e
m
p
t
y
?

e
m
p
t
y

s
t
r
i
c
t
s
u
b
s
e
t
?

p
r
o
p
e
r
-
s
u
b
s
e
t

e
m
p
t
y
s
e
t

e
m
p
t
y
s
e
t

s
u
p
e
r
s
e
t

n
o
n
e
m
p
t
y
?

n
o
t
-
e
m
p
t
y

u
n
i
o
n

u
n
i
o
n

f
u
l
l
?

u
n
i
o
n
2

f
u
l
l
s
e
t

u
n
i
o
n
-
o
v
e
r
-
c
o
l
l
e
c
t
i
o
n

s
i
n
g
l
e
t
o
n
?

s
i
n
g
l
e
t
o
n

i
n
t
e
r
s
e
c
t
i
o
n

i
n
t
e
r
s
e
c
t
i
o
n

s
i
n
g
l
e
t
o
n

i
n
t
e
r
s
e
c
t
i
o
n
-
o
v
e
r
-
c
o
l
l
.

c
o
m
p
l
e
m
e
n
t

s
e
t
-
c
o
m
p
l
e
m
e
n
t

d
i
s
j
o
i
n
t
?

m
i
s
s
e
s

d
i
f
f
e
r
e
n
c
e

s
e
t
m
i
n
u
s

m
e
e
t
s

s
y
m
m
e
t
r
i
c
d
i
f
f
e
r
e
n
c
e

a
d
d

a
d
d
-
o
n
e

e
x
c
l
u
n
i
o
n

r
e
m
o
v
e
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Integrating
T

heories:
P

V
S

vs
Ω

M
E

G
A

•
F

urther
P

V
S

sym
bols:

e
v
e
r
y

,
s
o
m
e

,
t
h
e

,
c
h
o
o
s
e

,
r
e
s
t

( defined
in
b
a
s
e
.
t
h
y

in
Ω

M
E

G
A

)

•
F

urther
O

M
E

G
A

sym
bols:

p
o
w
e
r
s
e
t

,
s
e
t
=

,
s
t
r
a
n
g
e
-
h
o
-
a
b
b
r

,
p
a
i
r

,
c
a
r
t
e
s
i
a
n
-
p
r
o
d
u
c
t

,
f
i
r
s
t
-
o
f
-
p
a
i
r

,
s
e
c
o
n
d
-
o
f
-
p
a
i
r

,
p
a
i
r
-
o
p
e
r
a
t
i
o
n

,
( in

type
system

)

h
a
s
-
f
i
x
p
o
i
n
t

,
i
s
-
c
o
n
s
t
a
n
t
-
m
a
p

,
i
s
-
i
d
e
n
t
i
t
y

,
(w

ith
functions?)

f
i
n
i
t
e
-
s
e
t

(f
i
n
i
t
e
s
e
t
.
p
v
s

)

•
P

roblem
s:

(allofthe
system

s
have

grow
n

organically)

–
differing

nam
es,definitions,theory

boundaries
( differing

intuitions?)

–
artefacts

ofconstraints
im

posed
by

the
system

( file
lengths,etc.)

–
partofthe

theories
hard-coded

into
the

system
( base

logic,notations)

–
no

theory
organization

atall
( e.g.

T
P

S
has

flatlibrary
w

ith
abbrevs.)
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S
trategies

for
T

heory
Integration

•
Idea:

U
se

theory
interpretations

to
establish

inclusion
into

union
theory

p
v
s
:
s
e
t
s

o
m
e
g
a
:
t
y
p
e
d
-
s
e
t

t
p
s
:
G
W
F
F
3
1
7
.
A
B
B
R
V

i
m
p
s
:
s
e
t

...

m
base:sets

ρ
p

ρ
o

ρ
t

ρ
i

p
v
s
:
f
u
n
c
s

o
m
e
g
a
:
f
u
n
c
t
i
o
n
s

t
p
s
:
G
W
F
F
3
3
4
.
A
B
B
R
V

i
m
p
s
:
f
u
n

...

ρ
−

1

p

ρ
−

1

o
ρ
−

1

t

ρ
−

1

i

•
m

ove
allthe

results
to

the
union

theory
via

theory-interpretations
ρ
∗ ,

collectthe
results

there.
( m

ay
need

to
sim

plify)

•
repeatrecursively,untildone

•
P

roblem
s:

needs
a

lotofm
anuallabor,users

m
ustrel-learn?

(expensive)

•
B

enefits:
true

interoperability
ofm

ath
softw

are
system

s
re-use

the
w

ork
ofothers

( let’s
stand

on
the

shoulders
ofgiants)
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C
hallenge:

Itis
tim

e
for

another
stab

atQ
E

D
•

A
m

athem
aticalInfrastructure

based
on

C
om

m
unication

and
K

now
ledge

–
M

A
T

H
W

E
B

as
a

fram
ew

ork
for

distributed
w

eb-based
m

ath.
services

–
M

B
A

S
E

as
a

know
ledge

base
w

ith
added-value

services

–
M

any
other

system
s

Ihave
notm

entioned
(butnotforgotten)

–
S

tandardized
com

m
unication

languages
( based

on
X

M
L)

gives
us

the
beginning

ofan
integrated

fram
ew

ork
for

M
K

M
.

•
C

hallenge:
A

void
fragm

entation!

–
C

oncentrate
on

Interoperability
(translation

+
m

igration
vs.

prescription)

–
“O

pen-K
now

ledge”
m

odel
( instead

oflocalfiefdom
s)

–
E

m
brace

“W
eb

S
ervices”

idea
( distribution

as
a

w
ay

to
unite)

•
Letus

w
ork

together
to

create
a

greatresource!
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