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Abstract

This paper presents a version of simple type theory called Qg% that
is based on Qo, the elegant formulation of Church’s type theory created
and extensively studied by Peter B. Andrews. Qg?° directly formalizes
the traditional approach to undefinedness in which undefined expressions
are treated as legitimate, nondenoting expressions that can be compo-
nents of meaningful statements. Qg% is also equipped with a facility for
reasoning about the syntax of expressions based on gquotation and evalu-
ation. Quotation is used to refer to a syntactic value that represents the
syntactic structure of an expression, and evaluation is used to refer to the
value of the expression that a syntactic value represents. With quotation
and evaluation it is possible to reason in Qy® about the interplay of the
syntax and semantics of expressions and, as a result, to formalize in Qy“°
syntax-based mathematical algorithms. The paper gives the syntax and
semantics of Qy?® as well as a proof system for Qy4°. The proof system is
shown to be sound for all formulas and complete for formulas that do not

contain evaluations. The paper also illustrates some applications of Qg®.
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1 Introduction

A huge portion of mathematical reasoning is performed by algorithmically ma-
nipulating the syntactic structure of mathematical expressions. For example,
the derivative of a function is commonly obtained using an algorithm that re-
peatedly applies syntactic differentiation rules to an expression that represents
the function. The specification and analysis of a syntax-based mathematical
algorithm requires the ability to reason about the interplay of how the expres-
sions are manipulated and what the manipulations mean mathematically. This
is challenging to do in a traditional logic like first-order logic or simple type
theory because there is no mechanism for directly referring to the syntax of the
expressions in the logic.

The standard approach for reasoning in a logic about a language L of ex-
pressions is to introduce another language Ly, to represent the syntax of L.
The expressions in Lgy, denote certain syntactic values (e.g., syntax trees) that
represent the syntactic structures of the expressions in L. We will thus call
Ly a syntaz language. A syntax language like Lgyy is usually presented as
an inductive type. The members of L are mapped by a quotation function to
members of Lgy,, and members of Ly, are mapped by an evaluation function
to members of L. The language Ly, provides the means to indirectly reason
about the members of L as syntactic objects, and the quotation and evalua-
tion functions link this reasoning directly to L itself. In computer science this
approach is called a deep embedding [8]. The components of the standard ap-
proach — a syntax language, quotation function, and evaluation function —
form an instance of a syntax framework [28], a mathematical structure that
models systems for reasoning about the syntax of a interpreted language.

We will say that an implementation of the standard approach is global when
L is the entire language of the logic and is local otherwise. For example, the use
of Gdédel numbers to represent the syntactic structure of expressions is usually
a global approach since every expression is assigned a Goédel number. We will
also say that an implementation of the standard approach is internal when the
quotation and evaluation functions are expressed as operators in the logic and is
external when they are expressed only in the metalogic. Let the replete approach
be the standard approach restricted to implementations that are both global and
internal. The components of an implementation of the replete approach form
an instance of a replete syntax framework [28].

It is a straightforward task to implement the local approach in a traditional
logic, but two significant shortcomings cannot be easily avoided. First, the
implementation must be external since the quotation function, and often the
evaluation function as well, can only be expressed in the metalogic, not in the
logic itself. Second, the constructed syntax framework works only for L; an-
other language (e.g., a larger language that includes L) requires a new syntax
framework. For instance, each time a defined constant is added to L, the syn-
tax language, quotation function, and evaluation function must all be extended.
See [25] for a more detailed presentation of the local approach.

Implementing the replete approach is much more ambitious: quotation and



evaluation operators are added to the logic and then a syntax framework is built
for the entire language of the logic. We will write the quotation and evaluation
operators applied to an expression e as e and [e], respectively. The replete
approach provides the means to directly reason about the syntax of the entire
language of the logic in the logic itself. Moreover, the syntax framework does not
have to be extended whenever the language of the logic is extended, and it can
be used to express syntactic side conditions, schemas, substitution operations,
and other such things directly in the logic. In short, the replete approach enables
syntax-based reasoning to be moved from the metalogic to the logic itself.

At first glance, the replete approach appears to solve the whole problem of
how to reason about the interplay of syntax and semantics. However, the replete
approach comes with an entourage of challenging problems that stand in the
way of an effective implementation. Of these, we are most concerned with the
following two:

1. Fvaluation Problem. Since a replete syntax framework works for the entire
language of the logic, the evaluation operator is applicable to formulas and
thus is effectively a truth predicate. Hence, by the proof of Alfred Tarski’s
theorem on the undefinability of truth [62, 63, 64], if the evaluation oper-
ator is total in the context of a sufficiently strong theory like first-order
Peano arithmetic, then it is possible to express the liar paradox using the
quotation and evaluation operators. Therefore, the evaluation operator
must be partial and the law of disquotation cannot hold universally (i.e.,
for some expressions e, [e] # e). As a result, reasoning with evaluation
is cumbersome and leads to undefined expressions.

2. Variable Problem. The variable z is not free in the expression "z + 3™
(or in any quotation). However, z is free in ["2 + 37] because [z +
37 = = + 3. If the value of a constant ¢ is "z 4+ 37, then z is free
in [¢] because [c] = [z + 37] = = + 3. Hence, in the presence of an
evaluation operator, whether or not a variable is free in an expression may
depend on the values of the expression’s components. As a consequence,
the substitution of an expression for the free occurrences of a variable in
another expression depends on the semantics (as well as the syntax) of the
expressions involved and must be integrated into the proof system of the
logic. Hence a logic with quotation and evaluation requires a semantics-
dependent form of substitution. This is a major departure from traditional
logic.

See [25] for a more detailed presentation of the replete approach including dis-
cussion of some other problems that come with it.!

There are several implementations of the replete approach in programming
languages. The most well-known example is the Lisp programming language
with its quote and eval operators. Other examples are Agda [49, 50], Ar-
chon [60], F# [65], MetaML [61], MetaOCaml [58], reFLect [35], and Template
Haskell [59].

IThe replete approach is called the global approach in [25].



Implementations of the replete approach are much rarer in logics. One ex-
ample is a logic called Chiron [21, 22] which is a derivative of von-Neumann-
Bernays-Godel (NBG) set theory. It admits undefined expressions, has a rich
type system, and contains the machinery of a replete syntax framework. As far
as we know, there is no implementation of the replete approach in simple type
theory. See [30, 45] for research moving in this direction. Such an implementa-
tion would require significant changes to the logic:

1. A syntax language that represents the set of expressions of the logic must
be defined in the logic.

2. The syntax and semantics of the logic must be modified to admit quotation
and evaluation operators.

3. The proof system of the logic must be extended to include the means to
reason about quotation, evaluation, and substitution.

Moreover, these changes must provide solutions to the Evaluation and Variable
Problems.

The purpose of this paper is to demonstrate how the replete approach can
be implemented in Church’s type theory [12], a version of simple type theory
with lambda-notation introduced by Alonzo Church in 1940. We start with
Qp, an especially elegant version of Church’s type theory formulated by Peter
B. Andrews and meticulously described and analyzed in [2]. Since evaluation
unavoidably leads to undefined expressions, we modify Qg so that it formalizes
the traditional approach to undefinedness [19]. This version of Qg with unde-
fined expressions called Qf is presented in [23]. (Qf is a simplified version of
LUTINS [16, 17, 18], the logic of the the IMPs theorem proving system [26, 27].)
And, finally, we modify Qf so that it implements the replete approach. This
version of Qg with undefined expressions, quotation, and evaluation called Qy%°
is presented in this paper.

Qu™ consists of three principal components: a syntax, a semantics, and a
proof system. The syntax and semantics of Qg™ are relatively straightforward
extensions of the syntax and semantics of Qf. However, the proof system of Qg
is significantly more complicated than the proof system of Qf. This is because
the Variable Problem discussed above necessitates that the proof system employ
a semantics-dependent substitution mechanism. The proof system of Qg% can
be used to effectively reason about quotations and evaluations, but unlike the
proof systems of Qg and Qf it is not complete. However, we do show that it is
complete for formulas that do not contain evaluations.

The paper is organized as follows. The syntax of Qy?° is defined in section 2.
A Henkin-style general models semantics for Oy is presented in section 3. Sec-
tion 4 introduces several important defined logical constants and abbreviations.
Section 5 shows that Qg?° embodies the structure of a replete syntax framework.
Section 6 finishes the specification of the logical constants of Qy° and defines
the notion of a normal general model for Qy9°. The substitution mechanism
for Qj%° is presented in section 7. Section 8 defines P"9°, the proof system of



9y, P is proved in section 9 to be sound with respect to the semantics of

9Q,*°. Several metatheorems of P"I® are proved in section 10. P"%° is proved in

section 11 to be complete with respect to the semantics of Qy for evaluation-
free formulas. Some applications of Qy*® are illustrated in section 12. And the
paper ends with some final remarks in section 13 including a brief discussion on
related and future work.

The great majority of the definitions for Qy%° are derived from those for
Qo given in [2]. In fact, many OQy*° definitions are exactly the same as the
Qp definitions. Of these, we repeat only the most important and least obvious

definitions for Qp; for the others the reader is referred to [2].

2 Syntax

The syntax of Qu*° includes the syntax of Qf plus machinery for reasoning
about the syntax of expressions (i.e., wifs in Andrews’ terminology) based on
quotation and evaluation.

2.1 Symbols

uqe

A type symbol of Qy"" is defined inductively as follows:
1. 2 is a type symbol.
2. o is a type symbol.

€ is a type symbol.

If @ and B are type symbols, then (af) is a type symbol.

BT

If @ and 3 are type symbols, then (af) is a type symbol.

Let 7 denote the set of type symbols. «, 3,7, ... are syntactic variables ranging
over type symbols. When there is no loss of meaning, matching pairs of paren-
theses in type symbols may be omitted. We assume that type combination of
the form (o) associates to the left so that a type of the form ((«f8)v) may be
written as a37.

The primitive symbols of Qy*° are the following:

1. Improper symbols: [, ], A, c, q, e.

2. A denumerable set of variables of type a for each o € T fo, g, Pay Ta,

1 1 1 1 1 1
Yar Zay Jar Gas hou Tos Yar By =+ -

3. Logical constants: see Table 1.

4. An unspecified set of nonlogical constants of various types.

The types of variables and constants are indicated by their subscripts.
fy,84,00,%X0, Y0, Za, - - - are syntactic variables ranging over variables of type a.



Q((0a)a) forallae T
L(a(oa)) for all @ € T with aw # o
Pair(((aB)B)a) for all o, € T
Val’(oé)

COI‘I(OC)

aPP((ee)e)

abs((ce)e)

cond((ee)e)e)

qUOt(ee)

eval((ce)o)

eval-free ¢

not-free-in((oc)e)

cleanse .

sub((ce)e)e)

wifoe) foralla € T

Table 1: Logical Constants

Note 1 (Iota Constants) Only ¢y, is a primitive logical constant in Qo;
each other t4(oq) is @ nonprimitive logical constant in Qg defined according to
an inductive scheme presented by Church in [12] (see [2, pp. 233-4]). We will
see in the next section that the iota constants have a different semantics in nge
than in Qp. As a result, it is not possible to define the iota constants in Qy° as
they are defined in Qp, and thus they must be primitive in Qy. Notice that
Lo(oo) 18 MOt a primitive logical constant of Q). It has been left out because it
serves no useful purpose. It can be defined as a nonprimitive logical constant

as in [2, p. 233] if desired.

2.2 Wils

Following Andrews, we will call the expressions of Qg% well-formed formulas

(wffs). We are now ready to define a wff of type a (wff,,) of Qp%°. A4, Ba, Ca, ...
are syntactic variables ranging over wifs of type a. A wff,, is defined inductively
as follows:

1. A variable of type « is a wif,,.

2. A primitive constant of type « is a wif,,.

@

[AypBg] is a wif,.

N

. [AxpA,] is a wifyp.
5. [cA,B,C,] is a wif,.
6. [qA,] is a wif..



7. [eAcxy] is a wif,,.

A wif of the form [A,gBg], [AxgA.], [cAB.Cy), [qA,], or [eAcx,] is called
a function application, a function abstraction, a conditional, a quotation, or an
evaluation, respectively. A formula is a wif,. A, is evaluation-free if each
occurrence of an evaluation in A, is within a quotation. When there is no
loss of meaning, matching pairs of square brackets in wifs may be omitted. We
assume that wif combination of the form [A,3Bg| associates to the left so that
a wif [[C,saAq]Bg] may be written as C,5,A.Bg.

The size of A, is the number of variables and primitive constants occurring
in A,. The complexity of A, is the ordered pair (m,n) of natural numbers such
that m is the number of evaluations occurring in A, that are not within a quo-
tation and n is the size of A,. Complexity pairs are ordered lexicographically.
The complexity of an evaluation-free wif is a pair (0,n) where n is the size of
the wif.

Note 2 (Type €¢) The type e denotes an inductively defined set D, of values
called constructions that represent the syntactic structures of wifs. The con-
stants app,.., abScee, condecce, quot,., and eval.. are used to build wifs that
denote constructions representing function applications, function abstractions,
conditionals, quotations, and evaluations, respectively. An alternate approach
would be to have a type €, of constructions that represent the syntactic struc-
tures of wifs,, for each oo € T.

Note 3 (Type (af)) A type (of) denotes a set of partial and total functions
from values of « to values of type 8. 8 — « is an alternate notation for (o).

Note 4 (Type (af)) A type («f) denotes the set of ordered pairs (a, b) where
a is a value of type «: and b is a value of type 8. a x 8 is an alternate notation for
(afB). The constant pair, )4, is used to construct ordered pairs of type (a/3).
Note 5 (Conditionals) We will see that [cA,B,C,] is a conditional that
is not strict with respect to undefinedness. For instance, if A, is true, then
[cA,B,C,] denotes the value of B, even when C, is undefined. We construct
conditionals using a primitive wif constructor instead of using a primitive or
defined constant since constants always denote functions that are effectively
strict with respect to undefinedness.

Note 6 (Evaluation Syntax) The sole purpose of the variable x,, in an eval-
uation [eA.X,] is to designate the type of the evaluation. We will see in the
next section that this evaluation is defined (true if & = o) only if A, denotes
a construction representing a wif,. Hence, if A. does denote a construction
representing a wif,, [eA.xg] is undefined (false if & = o) for all § € T with

B #a.



Kind Syntax Syntactic Representation
Variable Xa [a%4]
Primitive constant Ca [aca]
Function application [A,zBg]

[
Function abstraction [AxgA,] [abscee £(x5) E(AL)
Conditional [cA,BLC.] [condeeec E(AL) E(BL) E(Cy)]
Quotation [qA.] [quot,. £(AL)
Evaluation [eA x,] [evaleee E(AC) E(X4)]

Table 2: Seven Kinds of Wils

3 Semantics

The semantics of Qy?° is obtained by making three principal changes to the

semantics of Qf: (1) The semantics of the type e is defined to be a domain D,
of values such that, for each wif A, of Qg?°, there is a unique member of D,
that represents the syntactic structure of A,. (2) The semantics of the type
constructor () is defined to be a domain of ordered pairs. (3) The valuation
function for wifs is extended to include conditionals, quotations, and evaluations
in its domain.

3.1 Frames

Let £ be the function from the set of wifs to the set of wifs, defined inductively
as follows:

6. £([qA4]) = [quot.. E(AL)]-

1. €(xq) = [axa]-
2. &(cq) =[gca] where ¢, is a primitive constant.
3. E([AapBg]) = [aPPece £(Anp) E(Bg)]-
4. E([MxpA4]) = [abscee E(xp) E(AL)]-
5. £([cAsBaCol) = [condeeec E(AL) E(By) E(Cy)].
(
(

7. E([eAexa]) = [evaleee E(AL) E(x0)]-

£ is obviously an injective, total function whose range is a proper subset of the
set of wifs.. The wif. £(A,) represents the syntactic structure of the wif A,,.
The seven kinds of wifs and their syntactic representations are given in Table 2.

A frame of Qg* is a collection {D, | @ € T} of nonempty domains such
that:

1. D, = {T,F}.

10



2. {£(AL) | Ag is awif} CD..

3. For o, 8 € T, D(qap) is some set of total functions from Dg to D, if a = o
and is some set of partial and total functions from Dy to D, if o # o.

4. For o, B € T, Dyapy is the set of all ordered pairs (a, b) such that a € D,
and b € Dg.

D, is the domain of individuals, D, is the domain of truth values, D, is the
domain of constructions, and, for a, 8 € T, D(ap) is a function domain and
D(ap) is a ordered pair domain. For all a € T, the identity relation on D, is the
total function ¢ € Dyne such that, for all z,y € D, q(x)(y) =T iff z = y. For
all « € T with « # o, the unique member selector on D,, is the partial function
J € Dy(oa) such that, for all s € D,q, if the predicate s represents a singleton
{z} C D,, then f(s) = z, and otherwise f(s) is undefined. For all o, € T,
the pairing function on D, and Dg is the total function f € D (4554 such that,
for all a € Dy and b € Dg, f(a)(b) = (a,b), the ordered pair of a and b.

Note 7 (Function Domains) In a Qo frame a function domain D, contains
only total functions, while in a Q™ (and Qf) frame a function domain D,
contains only total functions but a function domain D, with a # o contains

partial functions as well as total functions.

3.2 Interpretations

An interpretation ({Do | a € T}, J) of Qg consists of a frame and an inter-
pretation function J that maps each primitive constant of Qy of type a to an

element of D, such that:
1. J(Qoae) is the identity relation on D,, for all a € T.
2. J(ta(oa)) is the unique member selector on D, for all a € T with o # o.
3. J(pair(4p44) is the pairing function on D, and Dy for all a, B € T

The other 12 logical constants involving the type e will be specified later via
axioms in section 6.1.

Note 8 (Definite Description Operators) The 1o (o) in Qo are description
operators: if A, denotes a singleton, then the value of ¢y (pa)Aoa is the unique
member of the singleton, and otherwise the value of 4 (oa)Asa is unspecified. In
contrast, the ty(oq) in 9, (and Q) are definite description operators: if A,q
denotes a singleton, then the value of ty(pa)Aoa is the unique member of the
singleton, and otherwise the value of o (0q)Aoa 1S undefined.

An assignment into a frame {D, | « € T} is a function ¢ whose domain is
the set of variables of Q3 such that, for each variable X,, ¢(Xq) € Dy. Given
an assignment ¢, a variable x,, and d € D,, let ¢[x, — d] be the assignment
¥ such that ¥(x,) = d and ¥(ys) = ¢(ys) for all variables y; # x,. Given
an interpretation M = ({D, |« € T}, J), assign(M) is the set of assignments
into the frame of M.

11



3.3 General and Evaluation-Free Models

An interpretation M = ({D,, | a € T} J) is a general model for Qy° if there is
a binary valuation function V™ such that, for each assignment ¢ € assign(M)
and wif Ds, either Vg/l(Dg) € Ds or Vf;/( (Ds) is undefined and the following
conditions are satisfied for all assignments ¢ € assign(M) and all wifs Ds:

1. Let Dys be a variable of Qg?. Then V{:‘(D(;) = o(Dy).
2. Let Ds be a primitive constant of Q3. Then Vg’l (Ds) = J(Dy).

3. Let Dj be [AqsBgl. If V3 (Aqp) is defined, V! (Bj) is defined, and the
function VﬁA(Aalg) is defined at the argument VQA(Bﬁ), then

VY (Ds) = VI (Aup) (VY (Bg)),

the value of the function Vf;/[ (A,p) at the argument VQA (Bg). Otherwise,
Vﬁd (Ds) =Fif @ =0 and Vﬁ’l(Dg) is undefined if « # o.

4. Let Ds be [AxgB,]. Then VQA(D(;) is the (partial or total) function
f € Dog such that, for each d € D, f(d) = Vi, . .q)(Ba) f VI g (Ba)
is defined and f(d) is undefined if V olxa ,_,d](B ) is undefined.

5. Let Ds be [cA,Bo,Co]. If VA'(A,) = T and V3(B,) is defined, then
V(Ds) = VX' (Ba). If VY'(A,) = T and V4'(B,) is undefined, then

VQA(D(S) is undefined. If Vf;/l(AO) = F and VﬁA(CQ) is defined, then
V(Ds) = VIY(Ca). It VI(A,) = F and V5'(C,) is undefined, then
Vﬁ/l (Ds) is undefined.

6. Let D; be [qA,]. Then VA (Ds) = £(A.).

7. Let Ds be [eAcx,]. If VM( ¢) is defined, Efl(Vﬁ/l(Ae)) is an evaluation-
free wif,, and VA'(E~ (VM(AE))) is defined, then

Vi (Ds) = VIET (VY (AL)).
Otherwise, VQA (Ds) =Fif @ = 0 and Vi;/l(D(;) is undefined if a # o.
Proposition 3.3.1 General models for Q% exist.

Proof It is easy to construct an interpretation M = ({D,, | a € T}, J) that is
a general model for Qg for which D, is the set of all total functions from Dy
to Dy if @ = o0 and is the set of all partial and total functions from Dg to D, if
a#oforal afeT. a

An interpretation M = ({D, |« € T}, J) is an evaluation-free model for
Q4% if there is a binary valuation function V™ such that, for each assignment

12



@ € assign(M) and evaluation-free wif Dy, either VQA(D(;) € Ds or VQA(Dg)
is undefined and conditions 1-6 above are satisfied for all assignments ¢ €
assign(M) and all evaluation-free wifs Ds. A general model is also an evaluation-
free model.

Note 9 (Valuation Function) In Qp, if M is a general model, then V* is
total and the value of V™ on a function abstraction is always a total function.
In Q)%, if M is a general model, then VM is partial and the value of V™ on a
function abstraction can be either a partial or a total function.

Proposition 3.3.2 Let M be a general model for Q3. Then VM is defined
on all variables, primitive constants, function applications of type o, function
abstractions, conditionals of type o, quotations, and evaluations of type o and is
defined on only a proper subset of function applications of type o # o, a proper
subset of conditionals of type o # 0, and a proper subset of evaluations of type

o #o.

Note 10 (Traditional Approach) Q% satisfies the three principles of the
traditional approach to undefinedness stated in [19]. Like other traditional
logics, Qp only satisfies the first principle.

Note 11 (Theories of Quotation) The semantics of the quotation operator
q is based on the disquotational theory of quotation [9]. According to this
theory, a quotation of an expression e is an expression that denotes e itself.
In our definition of a syntax framework, [qA,] denotes a value that represents
A, as a syntactic entity. Andrew Polonsky presents in [54] a set of axioms for
quotation operators of this kind. There are several other theories of quotation
that have been proposed [9].

Note 12 (Theories of Truth) [eA.x,| asserts the truth of the formula repre-
sented by A.. Thus the evaluation operator e is a truth predicate [32]. A truth
predicate is the face of a theory of truth: the properties of a truth predicate
characterize a theory of truth [43]. What truth is and how it can be formalized
is a fundamental research area of logic, and avoiding inconsistencies derived
from the liar paradox and similar statements is one of the major research issues
in the area (see [37]).

Note 13 (Evaluation Semantics) An evaluation of type « is undefined (false
if &« = o) whenever its (first) argument represents a non-evaluation-free wif,.
This idea avoids the Evaluation Problem discussed in section 1. The origin of
this idea is found in Tarski’s famous paper on the concept of truth [62, 63, 64,
Theorem III]. See [36] for a different approach for overcoming the Evaluation
Problem in which the argument of an evaluation is restricted to wifs that only
contain positive occurrences of evaluations.

Vﬁ’l (A,) =~ VQ/‘(B(X) means either Vﬁ’l (A,) and VQA(BQ) are both defined
and equal or Vﬁ/‘(AQ) and Vﬁ/l(Ba) are both undefined. Given a set X of
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variables, A, is independent of X in M if V{;’l (A,) ~ Vﬁ(AQ) for all ¢, ¢’ €
assign(M) such that ¢(x,) = ¢'(xo) whenever x, ¢ X. A, is semantically
closed if A, is independent of X in every general model for Q;% where X is
the set of all variables. A sentence is a semantically closed formula. A, is
invariable if V@A(Aa) is the same value or undefined for every general model
M for Qg% and every ¢ € assign(M). If A, is invariable, A, is said to denote
the value VQA (A,) when Vﬁ/l (A,) is defined and to be undefined otherwise.

Proposition 3.3.3 A wff that contains variables only within a quotation or the
second argument of an evaluation is semantically closed.

Proposition 3.3.4 Quotations and tautologous formulas are invariable.

Let H be a set of wifs, and M be a general model for Qy°. A, is valid in
M, written M = A,, if Vﬁ’t(Ao) =T for all assignments ¢ € assign(M). M is
a general model for H, written M | H, if M = B, for all B, € H. We write
H E= A, to mean M = A, for every general model M for H. We write E A,
to mean () = A,.

Now let A, be evaluation-free, H be a set of evaluation-free wffs,, and M
be an evaluation-free model for Qy%°. A, is valid in M, written M = A,, if
Vf;/[ (A,) =T for all assignments ¢ € assign(M). M is an evaluation-free model
for H, written M = H, if M |= B, for all B, € H. We write H =L A, to
mean M = A, for every evaluation-free model M for H. We write =°f A, to
mean ) = A,.

Note 14 (Semantically Closed) Andrews shows in [2] that Qp is undecid-
able. Hence it is undecidable whether a formula of Qg is valid in all general
models for Qg. By similar reasoning, it is undecidable whether a formula of
Qp™ is valid in all general models for Qg?°. This implies that it is undecidable
whether a conditional of the form cA,c,x,, where ¢, is a primitive constant,
is semantically closed. (Primitive constants are semantically closed by Proposi-
tion 3.3.3.) Therefore, more generally, it is undecidable whether a given wif is

semantically closed. See also Note 18 in section 7.

3.4 Standard Models

An interpretation M = ({D, | @« € T}, J) is a standard model for Qg* if Dyp
is the set of all total functions from Dg to D, if & = o and is the set of all
partial and total functions from Dg to Dy if v # o for all o, f € T.

Lemma 3.4.1 A standard model for Qy° is also a general model for Qu*

Proof Let M be a standard model for Qg%°. It is easy to show that Vﬁ’l (Ds)
is well defined by induction on the complexity of Ds. o

uqge

By the proof of Proposition 3.3.1, standard models for Q™ exist. A general
model for Oy is a nonstandard model for Qy° if it is not a standard model.
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4 Definitions and Abbreviations

As Andrews does in [2, p. 212], we introduce in Table 3 several defined logical
constants and abbreviations. The former includes constants for true and false,
the propositional connectives, a canonical undefined wff, the projection func-
tions for pairs, and some predicates for values of type e. The latter includes
notation for equality, the propositional connectives, universal and existential
quantification, defined and undefined wils, quasi-equality, definite description,
conditionals, quotation, and evaluation.

[F1xaA,] asserts that there is a unique x,, that satisfies A,.

[Ixo A, is called a definite description. It denotes the unique x,, that satisfies
A,. If there is no or more than one such x,, it is undefined. Following Bertrand
Russell and Church, Andrews denotes this definite description operator as an
inverted lower case iota (7). We represent this operator by an (inverted) capital
iota (I).

[A,l] says that A, is defined, and similarly, [A, 1] says that A, is unde-
fined. [A, ~ B,] says that A, and B, are quasi-equal, i.e., that A, and B,
are either both defined and equal or both undefined. The defined constant 1,
is a canonical undefined wff of type a.

Note 15 (Definedness Notation) In Qo, [A, ] is always true, [A, 1] is al-
ways false, [A, ~ B,] is always equal to [A, = B,], and 1, denotes an
unspecified value.

5 Syntax Frameworks

In this section we will show that Oy with a fixed general model and assignment

is an instance of a replete syntax framework [28]. We assume that the reader is
familiar with the definitions in [28].

Fix a general model M = ({D, |« € T}, J) for Q5™ and an assignment
¢ € assign(M). Let £ to be the set of wifs, £, to be the set of wifs,, and
D = J,Da. Choose some value L ¢ D. Define ngl : L - DU{L} to be
function such that, for all wifs Ds, Wg/l(Dg) = Vﬁ/l (Ds) if V£4 (Ds) is defined
and Wﬁ/l (Ds) = L otherwise. It is then easy to prove the following three
propositions:

Proposition 5.0.2 [ = (£,DU{Ll}, Wf;/t) is an interpreted language.
Proposition 5.0.3 R = (D.U{L},&) is a syntazx representation of L.
Proposition 5.0.4 (L., I) is a syntaz language for R.

We will now define quotation and evaluation functions. Let Q : L — L.
be the injective, total function that maps each wiff Ds to its quotation "Dy
Let E : L. — L be the partial function that maps each wif. A, to [A]a if
VQA([[Ae]]a) is defined for some o € T and is undefined otherwise. E is well

defined since 5_1(V£A(AE)) is a wif of a most one type.
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[Ada
fst(a(as))

snd(5(ap))
var(oe

con?‘oe)
eval-free(;,
syn-closed

stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for
stands for

[

[ .

[ 000 — Qooo]'
[ o] = [Mzoz,].

o] = [Mxa Ay
[Axo)\yo[[)\gooo [goooToTOH =
[/\OOOAOBO]'

[)\xo)\yo[xo = [xo A yom'

[ oovoBO]'
{ 000 Fo)-

[)\gooo [goooxoyo]]]] .

AalVB,] D [A,
La(oa) [AXaAs]]

[Im [Ta # Tal]
[cA,B,C,].
[9Aq].
[eAcz,].
/\z<aﬂ>1xa3y5 [Z(aﬁ) = paiI’(aB)ﬁa T yg].
My lypITalziapy = Pair (o) ga Ta ya].
AZ[Var(oe) e A wa 6]

AT[con (oe) Te /\wffa )xe}.

Az [eval-free,e x A wff o T

AL VYe[Varpe ye D not-free-ingee ye xe)-

=B,
where o # o.

where a # o.

Table 3: Definitions and Abbreviations
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Theorem 5.0.5 (Replete Syntax Framework) F = (D.U{Ll},&,L.,Q, E)
is a replete syntax framework for (L,I).

Proof F is a syntax framework since it satisfies the following conditions:
1. R is a syntax representation of £ by Proposition 5.0.3.
2. (L, 1) is a syntax language for R by Proposition 5.0.4.
3. For all "D € L,
Wi QD) = W' (TDs 7)) = V("Ds 7)) = €(Ds),
i.e., the Quotation Axiom holds.
4. ForallTA "€ L.,
W (E(A))
=W, ([Ade)
=V ([Ade)
=VET (v (A))
=WH(ET W (A))
if E(A,) is defined, i.e., the Evaluation Axiom holds.

Finally, F is replete since £ is both the object and full language of F' and F' has
build-in quotation and evaluation. O

6 Normal Models

6.1 Specifications

In a general or evaluation-free model, the first three logical constants are spec-
ified as part of the definition of an interpretation, but the remaining 12 logical
constants, which involve the type €, are not specified. In this section, each
of these latter logical constants is specified below via a set of formulas called
specifying axioms. Formula schemas are used to present the specifying axioms.

Specification 1 (Quotation)
FA,T=E(AL).
Specification 2 (var,)
1. varye"x, .

2. ~|var,e "A,T] where A, is not a variable.
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Specification 3 (con,)

1. cony,e"c, ' where ¢, is a primitive constant.
2. ~Jcon,"A,] where A, is not a primitive constant.
Specification 4 (¢)
1. ~[varye Ac A conge All.
2. ~|var,e Ac AN A = app,.. D E].
3. ~varoe Ac AN A = absc. D E.].
4. ~Jvaroe Ac N A, = condeeee D E F(].
5. ~[var,e Ac A A, = quot,. D].
6. ~[var,e Ac AN A = evale.. D E].
7. ~[conye Ac AN A = app... Dc E].
8. ~[con,e Ac AN A, = abs... D E.].
9. ~[cony,e Ac A A = condeeee D E. F.
10. ~[conye A A A, = quot, D]
11. ~[conee A A A = evale.. D E].
12. app.. AcB. # abs... D, E..
13. app.. AcB. # cond... D. E . F..
14. app,.. Ae Be # quot, D..
15. app. AcBe # evalee D E..
16. absccc A Be # condeeee D E. F..
17. absee Ac B # quot,. D..
18. absc.c A B, # evale.c D E..
19. condecee Ae Be Cc # quot, De.
20. condecee A B C, # eval.. D E..
21. quot,, A, # eval.. D E..
22. "xo '#Tyz ! where xo #Yy,-

23. "co'#"dg" where c, and d, are different primitive constants.
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24.
25.
26.

27.
28.
29.

app...AcB.=app...D.E. D[A.=D.AB. =E.].

absc.c AcB. = abs...D.E. D [A. =D. AB. = E.

condecce AcB.C, =conde.. D.E.F. D

[A, =D, A

B.=E.ANC.=F.

quot.. A, = quot,. D, D A, =D..

evale.c AcB. = eval . D.E. D [A. =D AB. = E].

[ALANAZANASAALANAS ANAS A AT D Ve [poeze] where:

Al s
is
A3 s
is
A s

is
A7 s

Vxe[Varge e D Doclel.

YV [Conge Ze D Pocel.

VT VYe[[Poee A Poece A [aPPece Te Ye] 4] D Poc[aPPece e Yell-

YV VYe[[PoeTe A Docle N [abScee Te Ye] 4] D Poe[abseee Te yel]-

VL VYV 2e[[Poce A Doele N Pocze N [cONdecee Te Ye 2] 4] D
DoelCONdcece Te Ye 2¢]]-

V& e[PoeTe D Poc[quot,, z.]].

VY VYe[[Poee A Docle A [eValeee Te Ye] 4] D Doelevaleee e ye]-

Specification 5 (eval-free,)

1. var,e A, D eval-free,. A..

2.
3.

6.
7.

conye A, D eval-free, A..

[appecc AcBc]l D
eval-free, [app... Ac B] = [eval-free,. A A eval-free,. B.].

[abscee Ac B]] D
eval-free, [absccc A B¢] = eval-free,. B..

[Condeeee Ae Be Ce] \I( o
eval-free, [condccee A B, C.] =
[eval-free, A A eval-free,. B, A eval-free,. C].

A. ] D eval-free, [quot,.. A].

~leval-free, [evalc.c A B.]].

Specification 6 (wffS.)

1. Wi Tx, .

2. wifg. Tcg,

where c,, is a primitive constant.

3. [wife? A Awff? B,] D wif® [app,.. Ac B].
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4. [wift, A, v wife, A, v wife, A, v wif®® A S [app,.. Ac Bt .
5. [wfe? A A ~wff? B,.]] O [app... A BT .

6. [var® A, Awff® B.] D wff®® [abs... A, B.].

7. ~[varee Ac] D [abscee Ac BT .

8. [wffo, Ac A wify, B. A wff, C.] D wfff, [condeeee Ac B. Cel.

9. [~[wffo, AV [wif". B, Awff2 C.]] D [condecce Ac B, C] 1
where a # f.

10. A |l D wfff, [quot.. A].

11. [wff,, Ac Avarg, B.] D wffy, [evale.c AcB].
12. [~[wffs, A] V ~[varee B]] D [evale.e Ac B.] 1.
13. ~[wffo. A A Wfff6 A.] where a # 3.

Specification 7 (not-free-in,..)
1. varye A D ~[not-free-in,ee Ac A .
2. [varge Ac Avar,e B A Ac # B.] D not-free-in,. A B..
3. [varye Ac A conge Be] D not-free-in,e. A Be.

4. [varoe Ac Alapp... B Cc])] D
not-free-inyee A [app... Bc C] =
[not-free-inyee A Be A not-free-ingee A Cel.
5. [varee Ac A [abscee Ac Bc]l] D not-free-inyec A [absccc Ac B].
6. [varoe Ac Avar,e Bc A Ac # B A [abse.. B C]l] D
not-free-in,e. A [absccc B. C.] = not-free-in, A, C..

7. [varee Ac A [condeeee D E.F(]]] D

not-free-in,ce A [condeeee D E F(] =

[not-free-in,ee A D A not-free-ingee Ac Ec A not-free-inyec A F].
8. [varoe Ac A Bl D not-free-inye A [quot,. B].
9. [varye A Avars C. A [eval... B. C]] D

not-free-inyee A [evaleee B Cc] =

[syn-closed,. B, A eval-free; B, A

eval-freel. [B]e A not-free-inyee A [Be]e]-

10. ~[varye A] D not-free-inyee A B..
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Specification 8 (cleanse,.)
1. var,e A D cleanse., A, = A..
2. conye A, D cleanse.. A, = A..

3. [appeee A€ BE] *L )
cleanse. [app... Ac B] ~ app,.. [cleanse.. A ] [cleanse.. B].

4. [absecc AcB]) D
cleanse. [abscce A Be| ~ abs.. A [cleanse.. B].

5. [condecee Ac B C.]] D
cleanse. [condeeec Ac B, C| ~
condecee [cleanse . A ] [cleanse.. B¢]| [cleanse. C.].

6. cleanse. [quot.. A.] ~ [quot. A.].

7. [varg, B¢ A [evaleee Ac B]] D
cleanse.. [evale.c A B.] ~
if [syn-closed,. E. A eval-free, [Ec]] [Ee]e L
where E. is [cleanse.. A].

Specification 9 (subc.)

1. [wffy, Ac Avary, B.] D
subeeee Ac B, B, = cleanse.. A..

2. [wifo. A Avar?, B Avar, Cc AB # C.] D
subeeee Ac B, C. = C..

3. [wffo, Ac Avar? B A conye C| D
Subecee Ae B, Ce = Ce~

4. [wffs, Ac Avare Be A [app... Dc Ec] )] D

SUbeeee Ae Be [app555 De Ee] =~
APPeee [SUbeeee Ae Be De] [SU beeee Ae Be Ee]

5. [wffo, Ac Avar® Be A [abscee B E(] 1] D
subecee A B [abscec Bc E(| ~ abs,. B. [cleanse.. A].

6. [wifo. A Avar?, B Avar,e D AB. # D, A [abs.. D E(]}] D
Subecee Ae Be [abseee D E.] ~
if [not-free-inyec Be E. V not-free-inyec De A ]
[abscee De [subecee Ac B E]]
Le.
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7. wife, Ac Avar® B A [condeeee D E F(]l] D
subecee Ae Be [condeeee DL E F(] ~
Condeeee [SUbeeee Ae BE De] [SU besee Ae Be Ee] [SU beeee Ae Be Fe]

8. [wifo, Ac Avars, B.AC )] D
subecee A B [quot,, C.] = quot,, C..

9. [wffe. A, Avary B, Avar?_E A [eval... D E.]]] D
Subecece A Be [evaleee D E| ~
if [syn-closed, E! A eval-free”’ [E!]]E? L.
where:
E! is [subcec Ac B.D.].
E? is [subcccc Ac B [El]].

10. [wffs, A A ~[vare, B.] D
[SUbCGEE AE BE CE] T .

6.2 Normal General and Evaluation-Free Models

Let S be the total set of specifying axioms given above. A general model M
for Q5% is normal if M = A, for all A, € S. We write H =, A, to mean
M E A, for every normal general model M for H where H is a set of wils,.
We write =, A, to mean 0 =, A,. A, is valid in Qp%° if =, A,.

An evaluation-free model M for Qg is normal if M |= A, for all evaluation-
free A, € S. We write H =f A, to mean M |= A, for every normal evaluation-
free model M for H where A, is evaluation-free and # is a set of evaluation-free
wifs,. We write =¢f A, to mean ) =5F A,

Since standard models exist, normal general models (and hence normal
evaluation-free models) exist by Corollary 6.2.3 given below.

Proposition 6.2.1 Let M be a normal general model for Q.  Then
Vﬁ/l (E(AL)) = E(Ay) for all ¢ € assign(M) and A,.

Proof Immediate from the Specification 1 and the semantics of quotation. O

Note 16 (Construction Literals) The previous proposition says that a wif
of the form £(A,) denotes itself. Thus each image of £ is a literal: its value
is directly represented by its syntax. Quotation can be viewed as an operation
that constructs literals for syntactic values. Florian Rabe explores in [56] a kind
of quotation that constructs literals for semantic values.

Note 17 (Quasiquotation) Quasiquotation is a parameterized form of quo-
tation in which the parameters serve as holes in a quotation that are filled with
the values of expressions. It is a very powerful syntactic device for specifying ex-
pressions and defining macros. Quasiquotation was introduced by Willard Van
Orman Quine in 1940 in the first version of his book Mathematical Logic [55]. Tt
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has been extensively employed in the Lisp family of programming languages [4].2
A quasiquotation in Q" is a wif of the form £(A,) where some of its subwffs
have been replaced by wifs.. As an example, suppose A, is NpooFoT, and so

E(A,) is
aPPcc [APP e MNovo ' E(FL)] E(T).

Then
aPPecc [aPPecc” Nooo ' Be] Ce

is a quasiquotation that we will write in the more suggestive form
"Nooo[Be][Ce] ™

|B.] and |C,] are holes in the quotation "A, ™ that are filled with the values
of B, and C.. For instance, if B, and C, are "D, and "E,, 7, then

,_/\ooo LBeJ LCer = I—/\ooo LFD01J LrEo—lJ 1= r/\oooDo:on-

Lemma 6.2.2 Let M be a standard model, c}“, ceey c(lll11 be the 11 logi-
cal constants varge, CONoe, APP.ees; AbScee, CONdecee, quot,., evale., eval-free,,
not-free-in,c., cleansec., and subecc, and dg be the logical constant wff. for each
a € T. Then there are unique functions f* € Doy, ..., f11 € Doy, and g* € Dy
for each a € T such that the members of S are satisfied when c cll and
d; for each o € T are interpreted in M by fro o fY and g@ for each o €T,

0 Cany
respectively.

Proof Let M = ({D,|a€T},J) be a standard model for Qy%°. Then
D. = {£(A.) | A, is a wif} by the Proposition 6.3.1 stated below. f1 is the
predicate p € D, such that, for all wifs A, p(E(A,)) =T iff A, is a variable.
f? is the predicate p € D, such that, for all wifs A, p(E(A,)) = Tiff A, is a
primitive constant.

/3 is the function f € De. such that, for all wifs A, and Bg, if [A,Bg]
is a wif, then f(£(Aq))(E(Bg)) is the wit [app.. E(Aqs) E(Bg)], and otherwise
F(E(AL))(E(Bg)) is undefined. f* is the function f € D, such that, for
all wifs A, and Bg, if [AA,Bg] is a wif, then f(£(A,))(E(Bg)) is the wif
[absccc E(AL) E(Bg)], and otherwise f(£(A,))(E(Bg)) is undefined. f° is the
function f € Deeee such that, for all wifs A,, B,, and C,, if [cA,B,C,] is a
wif, then f(E(A,))(E(Ba))(E(Cy)) is the wif [condceee Ao By, Cql, and otherwise
FE(AL))(E(BL))(E(C,)) is undefined. f© is the function f € D, such that,
for all wifs A, f(£(A,)) is the wif [quot.. E(A,)]. 7 is the function f € D,
such that, for all wifs A, and Bg, if [eA,Bg] is a wil, then f(E(A,))(E(Bg))
is the wif [evaleec E(Ay) E(Bg)], and otherwise f(E(AL))(E(Bg)) is undefined.

1% is the predicate p € D, such that, for all wifs A,, p(£(A,)) = T iff A,
is evaluation-free. And, for each «, g% is the predicate p € D, such that, for

2In Lisp, the standard symbol for quasiquotation is the backquote (¢) symbol, and thus in
Lisp, quasiquotation is usually called backquote.
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all wifs Ag, p(E(Ag)) =T iff 8 = a. All of these functions above clearly satisfy
the specifying axioms in S that pertain to them.

f? is the unique function constructed by defining f°(£(An))(E(Bg)) for
all wifs A, and Bg by recursion on the complexity of Bg in accordance with
Specification 7. f1° and f!! are constructed similarly. o

Corollary 6.2.3 If M is a standard model for Qy%°, then there is normal stan-
dard model M’ for Qy° having the same frame as M.

A normal general model or evaluation-free model is a general or evaluation-
free model M = ({D,, | @ € T}, J) in which the structure of the domain D, is
accessible via the logical constants involving €. From this point on, we will only
be interested in general and evaluation-free models that are normal.

6.3 Nonstandard Constructions

Let M = ({D, |« € T},J) be a normal general model and d € D.. The con-
struction d is standard if d = E(A,,) for some wit A, and is nonstandard if it is
not standard. That is, if d is nonstandard, then d € D\ {€(A,) | A, is a wit}.

One might think that Specification 4.29, the induction principle for the
type €, would rule out the possibility of nonstandard constructions in M. This
is the case only when D, contains all possible predicates. Thus the following
proposition holds:

Proposition 6.3.1 If M is a normal standard model for Qy%°, then D, =
{E(A,) | Ay is a wff}, i.e., M contains no nonstandard constructions.

The variables of type € in the specifying axioms given by Specifications 1—
9 thus range over both standard and nonstandard constructions in a normal
general model with nonstandard constructions. We will examine some basic
results about having nonstandard constructions present in a normal general
model.

uqe

Lemma 6.3.2 Let M be a normal general model for Qy*° and ¢ € assign(M).
Suppose VﬁA(Ae) is a nonstandard construction. Then VﬁA([[Ae]]V) =Fify=o0

and Vﬁ/[([[Ae]]v) s undefined if v # o.
Proof Immediate from the semantics of evaluation. O
uqe

Lemma 6.3.3 Let M be a normal general model for Qy%° and ¢ € assign(M).

1. IfVﬁA (apPece Xe Y,.) is defined, then o(x.) and o(y,) are standard construc-
tions iff Vg/[ (aPPeec e Y.) s a standard construction.

2. I]‘V@A(abs666 x. y.) is defined, then ¢(x.) and ©(y,) are standard construc-
tions iff Vg/l (absece e Y.) s a standard construction.
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3. If Vj;/l(cond6666 T Y. z) is defined, then p(x.), ¢(y.), and ¢(z) are stan-
dard constructions iff Vé/l (aPPece Xe Y. 2¢) is a standard construction.

4. @(x.) is a standard construction iff Vg/l (quot,, x.) is a standard construc-
tion.

5. 1If Vﬁ/l (evaleee e y,) is defined, then o(x.) and ¢(y.) are standard con-
structions iff Vﬁ’l (evaleee e y.) is a standard construction.

Proof

Part 1 Let Vﬁ/l (apPece Xe ¥.) be defined. Assume p(x.) and ¢(y,) are standard
constructions. Then ¢(x.) = £(Aqyp) and ¢(y.) = E(Bg) for some wifs A,
and Bg by Specifications 6.4 and 6.5. Hence, by the definition of &,

V2 (apPece Xc ¥e)
=V, (@PPecc E(Aap) E(Bg))
=V, (E(AxsBg));
which is clearly a standard construction.

Now assume Vg/l (apPece Xe ¥.) is a standard construction. Then, by Specifi-
cations 4.1-21 and Specifications 6.4 and 6.5,

V1 (appee) (9(x)) (2(y.))

= V) (aPPecc Xe V)

=V (apPecc £(Aap) E(Bp))

=V (appecc) (E(Anp)) (E(Bg))

for some wifs Ayp and Bg. Hence p(xe) = £(Aqp) and ¢(y.) = E(Bg) by
Specification 4.24 and are thus standard constructions.

Parts 2—5 Similar to Part 1.
O

Let ¢ € assign(M). Suppose Vﬁ/t(sub6666 XY, Ze) is a standard construc-
tion. Does this imply that ¢(x.), ¢(y.), and ¢(z.) are standard construc-
tions? The answer is no: Let ¢(x.) = E(cy) for some constant c, and
o(y.) = p(zc) be a nonstandard construction such that Vf:‘ (varLy,) = T.
Then Vﬁ,/t(sub““ X Y. 2z.) = E(c,) by Specifications 3.1, 6.2, 8.2, and 9.1.
However, the following result does hold:

Lemma 6.3.4 Let M be a normal general model for Qy% and ¢ € assign(M).
If o(z), ¢(y.), and V{:‘(subem T Y. z.) are standard constructions and

Vf;/l (eval-free,e z.) = T, then p(z.) is a standard construction.

Proof Let Vg/l (subecee X ¥ 2) = E(A,) for some wif A,. Then the proof of
the lemma is by induction on the size of A,. ]
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6.4 Example: Infinite Dependency

Having specified the logical constant var, in this section, we are now ready to
present the following simple, but very interesting example.

Let M = ({D, | « € T}, J) be a normal general model for Qy° with D, =
{E(AL) | Ay is a wil} and ¢ € assign(M). Let A, be the simple formula

Vavars, x. D [z]o)
involving evaluation. If we forget about evaluation, A, looks like a semanti-
cally close formula — which is not the case! By the semantics of universal
quantification Vg/[ (A,) =Tiff V%QJEHE(BQ)] (vare. z. D [zc]o) =T for every wif
B,. If B, is not a variable of type o, then Vﬁ/[leHS(Ba)] (varf, z¢) = F, and so
Vg/[lzeHs(B(,)] (var, x. D [zc]o) = T. If B, is a variable y,, then

Vi cetyay (Vars e O [zeo))
=Vilewsetyo(lrdo)
= Vit € Vileaeo (@)
=V e € E®YD)))
=V e (Vo)
=p(¥,)-

Hence Vﬁ/l (A,) =T iff p(y,) =T for all variables y, of type o. Therefore, not
only is A, not semantically closed, its value in M depends on the values assigned
to infinitely many variables. In contrast, the value of any evaluation-free wff
depends on at most finitely many variables.

7 Substitution

Our next task is to construct a proof system P"%° for Q% based on the proof
system of Qf. We need a mechanism for substituting a wif A, for a free variable
X, in another wif B, so that we can perform beta-reduction in P"%°. Beta-
reduction is performed in the proof system of Qg in a purely syntactic way using
the basic properties of lambda-notation stated as Axioms 41—45 in [2]. Due to the
Variable Problem discussed in section 1, P"9° requires a semantics-dependent
form of substitution. There is no easy way of extending or modifying Axioms
41—45 to cover all function abstractions that contain evaluations. Instead, we
will utilize a form of explicit substitution [1]. We will also utilize as well the
basic properties of lambda-notation that remain valid in Qy°.
The law of beta-reduction for Qf is expressed as the schema

A,lD [[)\XQBB]AQ ~ SX’;BB]

where A, is free for x, in Bg and S’X’a Bg is the result of substituting A, for
each free occurrence of x,, in Bg.?> The law of beta-reduction for Oy will be

3 Andrews uses S (with a dot) instead of S for substitution in [2].
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expressed by the schema
[Agd Asubeeee "AL 7 Tx,TTBg T ="C37 D [AxoBglA, ~ Cp

without the syntactic side condition that A, is free for x, in Bg and with the
result of the substitution expressed by the wif subccec"Ay "%, "Bg'. The
logical constant sub.. was specified in the previous section. We will prove in
this section that the law of beta-reduction for nge stated above — in which

substitution is represented by subeeee — is valid in Qg%°.

7.1 Requirements for sub...

The specification of sub... needs to satisfy the following requirements:

Requirement 1 When subeeee " Ao '@ " Bg ' is defined, its value must
represent the wffs that results from substituting A, for each free occurrence

of ©, in Bg. More precisely, for any normal general model M for Qy9°, if

M ': [SU beeee erzj ’_Xa—l I—Bﬁj} \Lv
then

V2 ([subecce "Aa x0T BT ) Vﬁ/[txaav(f,}’l(Aa)] (Bs)

must be true for all ¢ € assign(M) such that V’;’t (A,) is defined. Satisfy-
ing this requirement is straightforward when A, and Bg are evaluation-
free. Since the semantics of evaluation involves a double application of
Vﬁ« the specification of subeece"Ay ' %o '"Bg ' must include a double
substitution when By is an evaluation.

Requirement 2 sub..." A, "z, " Bg" must be undefined when sub-
stitution would result in a variable capture. To avoid variable capture we
need to check whether a variable does not occur freely in a wiff. We have
specified the logical constant not-free-in,.. to do this.

Requirement 3 When subeee. " Ao ", " Bg ' is defined, its value must
represent an evaluation-free wffz. Otherwise [subceee "AL T "x0 " "Bg g
will be undefined. We will “cleanse” any evaluations that remain after a
substitution by effectively replacing each wif of the form "[A ], with

[if [eval-frees. A Ac Lc].
We have specified the logical constant cleanse.. to do this.

Requirement 4 When subeeee " Ao " @ " Bg ' is defined, its value must
be semantically closed. That is, the variables occurring in A, or Bg must
not be allowed to escape outside of a quotation. To avoid such variable
escape when a wif of the form "[A.]," is cleansed as noted above, we
need to enforce that A, is semantically closed. We have used the defined
constant syn-closed,, to do this.

27



Requirement 5 Subeeec " Ao ", " Bg! is defined in the cases
corresponding to when substitution is defined in Qy. More precisely,
Subcece "An "X, '"Bg ! is defined whenever A, and Bg are evaluation-
free, A, is defined, and substituting A, for each free occurrence of x, in
Bg does not result in a variable capture.

We will prove a series of lemmas that show (1) the properties that
not-free-in ., cleanse.., and sub... have and (2) that sub... satisfies Require-
ments 1-5.

7.2 Evaluation-Free Wils

Proposition 7.2.1 (Meaning of eval-freel.) Let M be a normal general
model for Qg. M |= eval-free. A, iff A, is evaluation-free.

Proof Immediate from the specification of eval-freel.. a
Lemma 7.2.2 (Evaluation-Free) Let M be a normal general model for Qp°
and A, and Bg be evaluation-free.

1. not-free-inyec ", " Bg ™, syn-closed,." A, ", cleanse.."Bg, and
Subceec " Ao Tz T Bg ! are invariable.

2. If M |= not-free-inoe. ", " B, then By is independent of {x,} in M.

3. If M = not-free-ingec "o, 1" Bg ", then M = subeeee "An T, "B =
rB al
B .

B

. M [=cleanse.. "Bz ="Bg".

5. Either M |=subeeee " Ao "xo, "B =" Cg " for some evaluation-free Cg
or M = [subeeee TAL T2, T BT

6. M = ~[not-free-inye. ", " Bg | for at most finitely many variables x, .

Proof Parts 1-5 follow straightforwardly by induction on the size of "Bg™.
Part 6 follows from the fact that M |= ~[not-free-inye. "X, ' "Bg | implies "x, "
occurs in "Bg™. O

By virtue of Lemma 7.2.2 (particularly part 1), several standard defini-
tions of predicate logic that are not applicable to wifs in general are appli-
cable to evaluation-free wifs. Let A,, Bg, and C, be evaluation-free wifs.
A variable x, is bound in Bg if not-free-inye. "xo '"Bg' denotes T and is
free in Bg if not-free-in,.. "x, '"Bg denotes F. A, is syntactically closed if
syn-closed,."A, " denotes T. A wuniversal closure of C, is a formula

vxy, - Vx2 C,

Qn

such that y is free in C, iff y5 € {x},,...,x% }.

(TR) )’ oy,
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Lemma 7.2.3 (Universal Closures) Let M be a normal general model for
9u%, A, be an evaluation-free formula, and B, be a universal closure of A,.

1. B, is syntactically closed.
2. M':Ao ZﬁM‘:Bo

Proof Part 1 follows from the definitions of universal closure and syntactically
closed. Part 2 follows from the semantics of universal quantification. O

Note 18 (Syntactically Closed) It is clearly decidable whether an
evaluation-free wff is syntactically closed. Is it also decidable whether a
non-evaluation-free wiff A, is syntactically closed (i.e., | syn-closed, ™A,
holds)? Since Qy% is undecidable, it follows that it is undecidable whether
= syn-closed,. " A, " holds when A, has the form

[ifBoca " x0 Jas

where ¢, is a primitive constant. Therefore, it undecidable whether a non-
evaluation-free wif is syntactically closed.

Lemma 7.2.4 (Semantically Closed) Let M be a normal general model for
Q5.

1. If A, is evaluation-free and syntactically closed, then A, is semantically
closed.

2. If A, is semantically closed, then either M |= A, = "Bg™ for some Bjg
or M = [Ac], ~ L, forallyeT.

3. If A. is semantically closed, M |= syn-closed, A.,, and M [
eval-freeg. A., then [Ac]a s semantically closed.

Proof
Part 1 Follows immediately from part 2 of Lemma 7.2.2.

Part 2 Assume A, is semantically closed. Let ¢ € assign(M). If VHD/Vl (A,) is
undefined or 5_1(ch/\/‘ (Ae)) is undefined, then M = [A(], ~ L, forally € T.
So we may assume 5_1(V¢M (A.)) is some wif Bg. Then VM("Bg7) = £(Bg) =
E(EH(VM(AL)) = VM(AL). The hypothesis implies £~ (VM(A.)) does not
depend on ¢. Hence M = A, ="Bg™.

Part 3 Assume (a) A, is semantically closed, (b) M = syn-closed,. A, and
(¢) M [ eval-frees. A.. (a) and part 2 of this lemma imply either there is
some B, such that (d) M E A, = "B, or M | [AJa =~ Lo Ly is
semantically closed, so we may assume (d). (b), (c), and (d) imply (e¢) M [
syn-closed,. "B, and (f) M [ eval-free, "B, . (f) implies B,, is evaluation-
free by Proposition 7.2.1, and this and (e) imply B, is syntactically closed by
part 1 of Lemma 7.2.2. Thus B,, is semantically closed by part 1 of this lemma.
Therefore, [A ], is semantically closed since M = B, ~ [ B, "« by (f) and
M E[Ba o = [Ac]a by (d). U
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7.3 Properties of not-free-in,,,

Lemma 7.3.1 (Not Free In) Let M be a normal general model for Qy%°.

1. If X is a set of variables such that M = not-free-inyee ", " Bg™ for all
Ty € X, then Bg is independent of X in M.

2. If M = not-free-inge. ", "B, then

VM (Bg) ~ VI L 4(Bs)

p[xarrd]

for all p € assign(M) and all d € D,

Proof

Part 1 Let X be a set of variables. Without loss of generality, we may assume
that X is nonempty. We will show that, if

M = not-free-inye. "%, "Dy for all x, € X [designated H("Ds™, X)),
then
D; is independent of X in M [designated C'(Ds, X)].

Our proof is by induction on the complexity of Ds. There are 9 cases correspond-
ing to the 9 parts of Specification 7 used to specify not-free-in . "x, " D5 .

Case 1: Ds is a variable x,. Assume H("x,7, X) is true. Then x, ¢ X
by the specification of not-free-in,e.. Hence C(x4, X) is obviously true.

Case 2: Dy is a primitive constant ¢,. Then C(c,, X) is true since every
primitive constant is semantically closed by Proposition 3.3.3.

Case 3: D; is A.pBg. Assume H("A.3Bg™,X) is true. Then
H("Aup ", X) and H("Bg',X) are true by the specification of
not-free-in,ee. Hence C(Ayp,X) and C(Bg, X) are true by the induc-
tion hypothesis. These imply C(A,3Bg, X ) by the semantics of function
application.

Case 4: D; is AxqAg. Assume H("Ax,Ag", X) is true. C(AxoAg, {Xa})
is true by the semantics of function abstraction. H("Ax,Ag™”, X) implies
H("Ap7, X\ {x4}) by the specification of not-free-in,... Hence C(Ag, X\
{Xqa}) is true by the induction hypothesis. This implies C'(AxqaAg, X \
{xa}) by the semantics of function abstraction. Therefore, C(Ax,Ag, X)
holds.

Case 5: D;s is if A, B, C,. Similar to Case 3.

Case 6: Dy is "TA, 7. Then C("A,7, X) is true since every quotation is
semantically closed by Proposition 3.3.3.
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Case 7: Dy is [Ac]q. Assume H("[A(].", X) is true. Then (a) M =
syn-closed,."A.", (b) M [ eval-free;_ TA.", (c) M [ eval-freel. A,
and (d) H(A., X) by the specification of not-free-in,.. and the fact X
is nonempty. (a) and (b) imply (e) A, is semantically closed by Propo-
sition 7.2.1 and part 1 of Lemma 7.2.4. (e) and part 2 of Lemma 7.2.4
implies either [Ac], is semantically closed or (f) 5_1(1)24 (A,)) is de-
fined for all ¢ € assign(M). So we may assume (f). (c) and (f) imply
(g) 5_1(V$4 (A.)) is an evaluation-free wff, for all ¢ € assign(M), and
thus the complexity of £ _1(V£A (A,)) is less than the complexity of [A ]«
(for any ¢ € assign(M)). Hence (d) implies C(S_l(VﬁA(AG)),X) by the
induction hypothesis. Let ¢, ¢’ € assign(M) such that p(x4) = ¢'(Xa)
whenever x, ¢ X. Then

VY([Ads) (1)
~ VIETTVEAL) (2)
~ VINETT(VEY(AL) (3)
~VINET (VE(AY)) (4)
~ VI ([Ads) (5)

(2) is by (g) and the semantics of evaluation; (3) is by

—1 M . . :
C(E(V,(AL))),X); (4) is by (e); and (5) is again by (g) and the se-
mantics of evaluation. This implies C([A¢]g, X).

Part 2 This part of the lemma is the special case of part 1 when X is a
singleton. O

7.4 Properties of cleanse,
Lemma 7.4.1 (Cleanse) Let M be a normal general model for Q™.
1. If M = [cleanse.. " Ds |, then cleanse.. " Ds™ is semantically closed and

M = eval-free?_ [cleanse.. ™ D;T].

2. Either M = cleanse.." A, = "B, for some evaluation-free B, or M =
[cleansecc "A, ]y ~ Ly forally € T.

3. If C, contains an evaluation [A.]q not in a quotation such that, for some
variable g, M |= ~[not-free-iny.. "2z T A7, then

M [ [cleanse.. " C, |1 .

4. If M = [cleanse.. " D5, then

M = [cleanse.. "Ds )5 ~ Ds
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Proof Let A("D;") mean cleanse("D;™).

Part 1 Our proof is by induction on the complexity of Ds. There are 7 cases
corresponding to the 7 parts of Specification 8 used to specify A("Dys").

Cases 1, 2, and 6: Dy is a variable, primitive constant, or quotation.
Then M | A("Ds7) = "Ds " by the specification of cleanse... Hence
A("D;") is semantically closed since a quotation is semantically closed by
Proposition 3.3.3 and M |= eval-free’, A("D;7) since a variable, primitive
constant, or quotation is evaluation-free.

Case 3: D; is A,3Bg. Assume M | A("AusBg") |. Then
M E A(CAu") | and M | A("Bg™) | by the specification of
cleanse.. It follows that A("A,gBg™") is semantically closed and M =
eval-freey, A("A,sBg™) by the induction hypothesis and the specification
of cleanse,..

Case 4: Ds is AxgA,. Similar to Case 3.
Case 5: Dy is if A, B, C,. Similar to the proof of Case 3.

Case 7: Dy is [Ac]a. Assume (a) M E A(T[AJ.") J. (a) implies
(b) M = syn-closed,, A("A.™), (¢) M |= eval-free. [A("A )], and

(d) M A(T[AdaT) = [ACT AT

by the specification of cleanse... (a) implies () M = A(TA.T) |,
and (e) implies (f) A("A.") is semantically closed and (g) M |
eval-free;. A("A.™7) by the induction hypothesis. (b), (f), and (g) imply (h)
[A("AM)]e is semantically closed by part 3 of Lemma 7.2.4. Therefore,
A("[Ae]o) is semantically closed by (d) and (h).

Part 2 Follows easily from part 1 of this lemma and part 2 of Lemma 7.2.4.

Part 3 Follows immediately from the specification of cleanse,.

Part 4 Assume
ME A(TDs ") [designated H("Ds™)].
We must show that
M E[A(TDs )]s =~ Ds [designated C("Ds")].

Our proof is by induction on the complexity of Ds. There are 7 cases correspond-
ing to the 7 parts of Specification 8 used to specify A("Ds"). Let ¢ € assign(M).

Case 1: D; is x,. Then

V(A% )]a) (1)
~ VI (["%a7a) (2)
~ Vﬁ/l (Xa)- (3)
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(2) is by the specification of cleanse.., and (3) is by the fact that x, is
evaluation-free and the semantics of evaluation. Therefore, C("x, ") holds.

Case 2: Dy is a primitive constant c,. Similar to Case 1.
Case 3: D5 is AozBBﬁ- H(I—AGBBB_‘) implies H(I_Aa[g—l) and H(FBB—I)

by the specification of cleanse... These imply C("A,s") and C("Bg™) by
the induction hypothesis. Then

VI (TA(TALsBs]a) (1)
~ V' ([appecc A(TAas™) A(TBg)]a) (2)
~ V(AT Aap]as[A(Bs)]p) (3)
~ V2 (AusBg). (4)

(2) is by the specification of cleanse.; (3) is by the semantics of app,.,
and evaluation; and (4) is by C(TA.s") and C("Bg"). Therefore,
C("AqsBs") holds.

Case 4: Dy is AxgA,. H("AxgA,") implies H("A,") by the specifica-
tion of cleanse... This implies C'("A,™") by the induction hypothesis and
A("TA,") is semantically closed by part 1 of this lemma. Then

VI TA(AxpA)]ap) (1)
= Vﬁ/l([[abseee x5 A("A0N]ap) (2)
~ V3 Axg[A(TALT]a) ()
~ VY (AxsA.). (4)

(2) is by the specification of cleanse.; (3) is by the semantics of abs,. and
evaluation and the fact that A("A, ") is semantically closed; and (4) is by
C("A."). Therefore, C("AxzA, ") holds.

Case 5: D; is if A, B, C,. Similar to Case 3.
Case 6: Dy is "A, . Similar to Case 1.

Case 7: Dy is [A]o- H(TA.™) is true by the proof for Case 7 of Part 1,
and hence C(TA.7) is true by the induction hypothesis. Then

VI (ACTAd ) (1)

~ VI ([ACA)]a) (2)

~ V' ([Ada)- (3)
(2) is by

MEA(TA]) = [A(TA)]

shown in the proof for Case 7 of Part 1, and (3) is by C("A.™). Therefore,
C("[Ac]a) holds.

O
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7.5 Properties of sub...

Lemma 7.5.1 (Substitution) Let M be a normal general model for Qy%°.

1. If M = [subeeee "Aa "o " Bg ] |, then subeeee "Ao T Ty T Bg ™ is se-
mantically closed and

M= eval-freefE [subeeee " Ao "y T Bg .

2. Fither M = subecee " Ao "x0 "B =" Cg " for some evaluation-free Cg
or M = [subeeee Ao "y "B, ~ L, forally e T.

3 If M | subeee "Ay "2, "Be = "Cg? for some Cg and M =
eval-free”. B., then M |= B, = "Dg" for some evaluation-free Dg.

4. If C, contains an evaluation [B.] sz not in a quotation such that, for some
variable y., with T, # y.,

M = ~[not-free-inge, "y, [subecee "AG T2, T BT,
then

M = [subeeee A T2, T CL T

5. If M EEsubeeee "Ay "2, " D5 =T Es™ for some Es and
M E not-free-inye. "o, " D5,
then

M ': [[sub““ r‘Aoéj rwa7FD57ﬂ5 ~ .D(;.

6. If M l=subeeee "An "y " D5 =T Es" for some Es , then

V2 ([subecee "Aa 2o D5 5) ~ Vg/[lx(X»—)V(f,‘A(Aa)] (Ds)

for all v € assign(M) such that VﬁA(Aa) is defined.

7. M = [subeeee "Ay "2, " Bg | | whenever A, and Bg are evaluation-
free, VﬁA(Aa) 1s defined, and substituting A, for each free occurrence of
zo in Bg does not result in a variable capture.

Proof Let S("Ds ") mean subecee "An "%, "Ds .

Part 1 Similar to the proof of part 1 of Lemma 7.4.1.

Part 2 Follows easily from part 1 of this lemma and part 2 of Lemma 7.2.4.
Part 3 Follows from Lemma 6.3.4.

Part 4 Follows immediately from the specification of subc.

34



Part 5 Assume

and

M E S("TDs7) =TE;s " for some Es [designated Hy("D;™")]

M = not-free-inye. "%, "Dy [designated Ho("Ds ™).

We must show that

ME[S(TDs")]s =~ Ds [designated C("Ds™)].

Our proof is by induction on the complexity of Ds. There are 9 cases correspond-
ing to the 9 parts of Specification 9 used to specify S("Ds ™). Let ¢ € assign(M).

Case 1: Dj is x,. By the specification of not-free-in,e., Ha("x, ") does
not hold in this case.

Case 2: Dj is yg where x, # yz. Then

VIIS(Tys)]s) (1)
=~V (["y57s) (2)
~ V' (y5)- (3)

(2) is by the specification of subecc, and (3) is by semantics of evaluation
and the fact that y, is evaluation-free. Therefore, C("y;") holds.

Case 3: Ds is a primitive constant cg. Similar to Case 2.

Case 4: D; is Bg,Ds. H1("Bg,D;s™) implies H;("Bg, ") and H1("Ds")
by the specification of subee.. H2("BpgyDs") implies Ha("Bg,) and
H>("Ds™) by the specification of not-free-iny... These imply C("Bg, ™)
and C("D;") by the induction hypothesis. Then

VﬁA([[S( B3, Dsls) (1)

~ V" ([apPPecc S(TBy ) S("D5 1)) (2)
:V’f([[S(rBﬁv )y [S("Ds)]) (3)
~ V" (Bp, D). (4)

(2) is by the specification of subcc.; (3) is by the semantics of app,.. an
evaluation; and (4) is by C("Bg, ") and C("Ds ). Therefore, C("Bg, D5
holds.

— o

Case 5: Ds is Axo,Bpg. Hi("Ax,Bs™) implies M = [cleanse.. "B ]| by
the specification of subcc.. This implies that cleanse.. "B is semantically
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closed by part 1 of Lemma 7.4.1. Then

VI([S(A%aBp)]sa) (1)
~ V{;‘([[abs666 "x, 'cleanse.. "Bg " ga) (2)
~ Vé’l()\xa [cleanse.. "Bz ) (3)

(/\xaBg). (4)

(2) is by the specification of subc; (3) is by the semantics of abs... and
evaluation and the fact that cleanse.. "By is semantically closed; and (4)
is by part 4 of Lemma 7.4.1. Therefore, C("Ax,Bg") holds.

Case 6: Ds is \ygB, where x, #yz. H1("\yzB, ") implies
VI (S(TAy By ) = Vi (@bseee Ty S(TB, )

and H;("B,") by the specification of subecee. Ha2("AyzB,") implies
H>("B,7) by the specification of not-free-inyee. These imply C("B,™)
by the induction hypothesis and S("B, ") is semantically closed by part 1
of this lemma. Then

VI ISy 5B4)]hs) (1)

~ V! ([abscec "y 5 S("B5 )]4p) (2)
~ V' (\ys[S("B,)],) (3)
~ V' (\ysB,). (4)

(2) is by the equation shown above; (3) is by the semantics of abse.. and
evaluation and the fact that S("B, ") is semantically closed; and (4) is by
C("B,"). Therefore, C("A\yzB, ") holds.

Case 7: D is if A, B, C,. Similar to Case 4.
Case 8: D5 is "Bg™". Similar to Case 2.
Case 9: Dj is [Be]lg. Hi("[Be]s”) implies
(a) M [ eval-free”? [S("B.)].
and
(b) M= S(T[Bcls™) = S([S("B]e)

by the specification of subeeee. (a), (b), and Hi("[B.]g") imply
Hi([S("BM)]e) by part 3 of this lemma, and so (¢) M = [S("B")]e =
TCps™ for some evaluation-free Cg. Hi([S("B¢")]¢) implies H;("B.")
by the specification of sube... By the specification of not-free-in,c,
Hy("[B.] ") implies M |= syn-closed,,, "B, (hence Hy("B.™) by the def-
inition of syn-closed, ), M = eval-freel. "B, and Hy([ B, "]¢) (hence
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Hy(B.) by the semantics of evaluation). H;("B.") and Hy("B.") imply
C("B.") by the induction hypothesis, and so (d) M = [S("B.")]. ~ B..
(c) and (d) imply (¢) M = B. ="Cg™. H1([S("B.")].) and (c) imply
Hi("Cs™). Hy(B,) and (e) implies Ho("Cp7). H1("Cs™") and Ho("Cps™)
imply C("Cg™) by the inductive hypothesis. Then

VIS [BAsM]s) (1)
~ VI ([S(IS(TBM)]o)]s) (2)
~ VI([S("Cs7)]s) (3)
~ V' (Cy) (4)
~ VI ([TCsp) (5)
~ VI ([Bls) (6)

(2) is by (b); (3) is by (d) and (e); (4) is by C("Cg"); (5) is by the
semantics of evaluation and the fact Cg is evaluation-free; and (6) is by
(e). Therefore, C("[B.]s™") holds.

Part 6 Assume
M E S("TDs7) =TE;s " for some Es [designated H(™D;s™)]
We must show that

M= Vﬁ’l([[S('—Dg—')]]g) o~ V/;/[leHVﬁA(AQ)](D(;) for all ¢ € assign(M) such
that VQA (A,) is defined [designated C'("Ds7)].
Our proof is by induction on the complexity of Ds. There are 9 cases correspond-
ing to the 9 parts of Specification 9 used to specify S("D;7). Let ¢ € assign(M)
such that VQA (A,) is defined.

Case 1: D; is x,. Then

VI([S(%a]a) (1)
~ Vg/l([[cleanse66 TAL o) (2)
~V(Aa) (3)
~ V%XQH%\A(AQ)] (Xq)- (4)

(2) is by the specification of subec; (3) is by H("x,") and part 4 of
Lemma 7.4.1; and (4) is by the semantics of variables. Therefore, C("x, ")
holds.
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Case 2: Dj is yg where x, # y3. Then

VZU(IS(Tys]s) (1)
~ V' (["y57s) (2)
~V (ys) (3)
~ V] Plxa— VM (A a)]()’@) (4)

(2) is by the specification of subecce; (3) is by the semantics of evaluation
and that fact that yj, is evaluation-free; and (4) follows from x, # ygz.
Therefore, C("y4™") holds.

Case 3: D; is a primitive constant cg. Similar to Case 2.

Case 4: D; is Bg,Ds. H("Bg,D;") implies H("Bg, ") and H("Ds") by
the specification of subec.. These imply C("Bg, ") and C("Ds™) by the
induction hypothesis. Then

VZ([S(™Bg, D5 )]s) (1)
~ V" ([apPece S("Bpy ") S(TDs7)]a) (2)
~ VI ([S("Bpy gy [S(TDs]4) (3)
~ VIIS(TBay Nsy) (V([S(TDs L) (4)
= Vvt (aa) B Vi, ym(any (Ds)) (5)
~ V’LQ/[IXQHVL{,V‘(A(,)] (BgyDs). (6)

(2) is by the specification of subecce; (3) is by the semantics of app,.. and
evaluation; (4) and (6) are by the semantics of application; and (5) is by
C("Bg, ") and C("Ds"). Therefore, C("Bg,D;™) holds.

Case 5: Dj is AxoBg. H("Ax,Bg") implies M |= [cleanse.. "Bg7| | by
the specification of subccc.. This implies that cleanse.. "B is semantically
closed by part 1 of Lemma 7.4.1. Then

VI([S(xaBg)lsa) 1)
o~ VM([[abs€€€ "X, 'cleanse.. "Bs ' ga) (2)
o~ VM(/\xa [cleanse.. "Bs ) (3)

7 (OxaBg) (4)
=~ Vga[xaHVL{,V‘(A(,)] (AxaBp). (5)

(2) is by the specification of sub.c; (3) is by the semantics of abs... and
evaluation and the fact that cleanse. "By is semantically closed; (4) is
by part 4 of Lemma 7.4.1; and (5) is by the fact that

Vit sa(Bg) =~ V/L;/[leC»—)V{p\/‘(Aa)][xaHd] (Bs)
for all d € D,. Therefore, C'("Ax,Bg™) holds.
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Case 6: D; is \y3B,, where x, # yj. H(r)\yﬁij) implies
(a) VEU(S(MAysB, 7)) ~ Vi (abscee "y5 7 S(TB, 7)),

H("B,™), and either (x) M |= not-free-in,e. "x, "B, or (xx) M |=
not-free-inyec "y 5 1" A, by the specification of subeeee. H ("B, ) implies
C("B,7) by the induction hypothesis and (b) S("B,7) is semantically
closed by part 1 of this lemma. Then

VIS (AysBy)]4s) (1)
~ V! ([abscee Ty 5 S(TB )] 4) (2)
~ V' \ys[S("B,)]4) (3)
= V%XQHV;’,V‘(AQ)](AyﬁB’Y)' (4)

(2) is by (a); (3) is by (b) and the semantics of abs.. and evaluation; and
(4) is by separate arguments for the two cases (x) and (xx). In case (),

Viuma([SCBy L) (1)
~ Vi (B (2)
~ Vi ) e VM(AL) (By) (3)
a Vg/;/[lxaHVL{,"'(Aa)][yQHd] (By) (4)

for all d € D,. (2) is by (%), H("B,7), and part 5 of this lemma; (3) is
by (*) and part 2 of Lemma 7.3.1; and (4) follows from x, # yg. In case

(),

Viyesa([SB)]L) (1)
= Vﬁ?ywd] [xaHvxyaHd](Aa)](B’Y) (2)
~ Vi e VM(AL) (By) (3)
~ Vﬁ/[[xaHvy(Aa)][yaHd] (B,) (4)

foralld € D,. (2)is by C("B,7); (3) is by (**) and part 2 of Lemma 7.3.1;
and (4) follows from x,, # ygz. Therefore, C("AyzB, ™) holds.

Case 7: D is if A, B, C,. Similar to Case 4.
Case 8: D; is "Bg™". Similar to Case 2.
Case 9: D; is [Be]g. H("[B.]g™") implies
(a) M |= eval-free” [S(TB.7)].
and

(b) M= S(T[Belp™) = S([S("BM]e)
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by the specification of subee.. (a), (b), and H("[B¢]s") imply
H([S("B.M)].) by part 3 of this lemma, and so (¢c) M E= [S("B.")]. =
TCps™ for some evaluation-free Cg. H([S("B.")]¢) implies H("B.™) by
the specification of subecee. H("B.7) implies C("B,") by the induction
hypothesis, and so

(d) VZUIS(B)]e) ~ Vg/[lxuwvé‘/‘(Aa)](Be)'
(c) and (d) imply
(e) Vﬁ/[lxaavy(Aa)} (Bo) =V3(TCs7) = V%xaavgy(Aa)}(rCBj)

since "Cpgis semantically closed. H([S("B.™)]¢) and (c¢) imply H("Cpz7),
and H("Cg") implies C("Cg™) by the inductive hypothesis.
(

VIUIS(T[BsMs) (1)
~ VI(IS(IS(TB)])s) (2)
~ VI ([S(CsM]s) (3)

=~ V%XQHV;’,V‘(AQ)](Cﬁ) (4)

= Vﬁ?xaavy(Aa)]([[rcﬁj]]ﬁ) (5)

= Vﬁ/[txuwvj,‘"(Aa)]([[Bﬁﬂﬁ)' (6)

(2) is by (b); (3) is by (d) and (e); (4) is by C("Cg™); (5) is by the
semantics of evaluation and the fact Cg is evaluation-free; and (6) is by
(e). Therefore, C("[B.]s™") holds.

Part 7 Follows from the specifications of not-free-in,.., cleanse.., and sube,cc.

O

The five requirements for sub.... are satisfied as follows:

1.

Requirement 1 is satisfied by Specification 9 for sube... Part 6 of
Lemma 7.5.1 verifies that sub. performs substitution correctly.

Requirement 2 is satisfied by Specification 7 for not-free-in,.. and Spec-
ification 9.6 for subee.. Part 6 of Lemma 7.5.1 verifies that, when
Subceec" Ay '"xo '"Bg ! is defined, variables are not captured.

Requirement 3 is satisfied by Specification 8 for cleanse.. and Specifications
9.1, 9.5, and 9.9 for sube. Part 1 of Lemma 7.5.1 verifies that, when
Subceec" A TTxo 1" Bg ! is defined, it represents an evaluation-free witg.

. Requirement 4 is satisfied by Specification 7.9 for not-free-in,e., Speci-

fication 8.7 for cleanse.., and Specification 9.9 for subee.. Part 1 of
Lemma 7.5.1 verifies that, when subccc” Ag'"xo '"Bg ™ is defined, it is
semantically closed.
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5. Requirement 5 is satisfied by Specifications 7-9. Part 7 of Lemma 7.5.1
verifies that subeecc” Ao "X '"Bg ! is defined in the cases corresponding
to when substitution is defined in Q.

As a consequence of sub... satisfying Requirements 1-5, we can now prove
that the law of beta-reduction for Q) is valid in Qg%

Theorem 7.5.2 (Law of Beta-Reduction) Let M be a normal general
model for QBqC. Then

ME[AgL Asubeeee "Ay T2, "B =" C37] D [AxoBslAn ~ Cp.
Proof Let ¢ € assign(M). Assume (a) Vg/[ (A,) is defined and
(b) Vﬁ’l (Subeeee "TAL "%, "B ="Cs ) =T.
We must show
Vi (MxaBslAa) ~ V! (Cp).
(b) implies
(€) M = Subeeee "Aq 1 %0 1TB T = TCy7
and (d) Cg is evaluation-free by part 1 of Lemma 7.5.1. Then

VI (AxaBplA,) (1)
~ Vﬁfxqu@(Aaﬂ (Bs) (2)
~ V2 ([subeccce "Aa %0 "B 5) (3)
~ VI (["Csp) (4)

)

~ V(Cp). (5

(2) is by (a) and the semantics of function application and function abstraction;
(3) is by (c) and part 6 of Lemma 7.5.1; (4) is by (b); and (5) is by (d) and the
semantics of evaluation. Therefore, VﬁA([)\xaBﬂ]AQ) ~ VQA(C,B). O

7.6 Example: Double Substitution

We mentioned above that subccee "As "X, '"Bg ™ may involve a “double sub-
stitution” when Bg is an evaluation. The following example explores this pos-
sibility when By is the simple evaluation [x.],.

Let M be any normal general model for 9y, ¢ € assign(M), and A, be
an evaluation-free wif in which x. is not free. Then

VQA (subeece "TAL T X T [xc]0 ) (1)
— Vﬁd (subceee " AL X [sUbecee TTAL T X T T x ) (2)
— ngl (subceee "TAL X T [TTAL ) (3)
- Vﬁ/l (subeece AL TTTX TTALT) (4)
=V(TA). (5)
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(2) is by the specification of subec, the fact that "A,™ is syntactically closed,
and the fact that A, is evaluation-free; (3) is by the specification of subcec;
(4) is by the semantics of evaluation and the fact that "A,7 is evaluation-free;
and (5) is by the specification of sub. and the fact that x. is not free in A,.
Therefore,

M ': sub6666 I—I—Ao—l_\ I—Xe—l I—[[Xeﬂo_\) — I—Ao—l

and only the first substitution has an effect.
Now consider the evaluation-free wif x. = x. (in which the variable x. is
free). Then

Vé/[ (sUbeeee "X = x. 7 x 7 [x],7) (1)
_ VM (sUbeeee TXe = X X7 [SUbeeee X = x 7T x T 7% T]) (2)
_ VM (SUbeeee =x rx ] [rrxe — Xe—l—l]]e) (3)
_ Vg/l(SUbeeee "X = x 7% 7T x = %) (4)
- VQA('TXG =x.'="x.=x). (5)

(1)—(4) are by the same reasoning as above, and (5) is by the specification of
subeeee. Therefore,

rr — aar ar a_rr — S — a7
M E subeeee "X = X Xe T [xe]o ' =% = %= "% = X

and both substitutions have an effect.

7.7 Example: Variable Renaming

In predicate logics like Qg, bound variables can be renamed in a wif (in certain
ways) without changing the meaning the wif. For example, when the variable z,,
is renamed to the variable y,, (or any other variable of type ) in the evaluation-
free wif A\z,xo, the result is the wif Ayoya. AToxo and Ay,y, are logically
equivalent to each other, i.e.,

M E Ataa = MNYaYa-

In fact, a variable renaming that permutes the names of the variables occurring
in an evaluatlon free wif of Qg% without changing the names of the wif’s free
variables preserves the meaning of the wif.

Unfortunately, meaning-preserving variable renamings do not exist for all
the non-evaluation-free wffs of Q;%. As an example, consider the two non-
evaluation-free wifs Az [7c] () and Aye[ye](eey where z. and y. are distinct
variables. Obviously, Aye[ye] ) is obtained from Az.[z](.) by renaming z.
to be y.. If we forget about evaluation, we would expect that Azc[zc](cc)
and Ayc[yc](ee) are logically equivalent — but they are not! Let A, be
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"Pair(ceyee Te Ye s and suppose ¢(zc) = E(xe) and @(ye) = E(yc). Then

VM([)\xE[[x ]] ]Ae)
[z de)

(
NETT Vv (@)
ZVﬁ?w v a) (ETHE(PAIN (e Te )
Vv, a) (PAIT ey ce e Ye)

= <5(palr<ee>“ TeYe)s E(Ye))-

Similarly,

Vg/;/[([/\ye[[ye]]<ee)]A6) ~ (E(ze), g(pair(ee)ee TeyYe)).

Therefore, Az, [zc] (ee) and Ay. [[ye]] (e) are not logically equivalent, but the func-
tions Vw (Az[zc](eey) and Vg, (AYe[yel(eey) are equal on constructions of the
form £(B.y) where B, is semantically closed.

This example proves the following proposition:

Proposition 7.7.1 Alpha-conversion is not wvalid in Qy*® for some non-
evaluation-free wffs.

Note 19 (Nominal Data Types) Since alpha-conversion is not universally
valid in Qy, it is not clear whether techniques for managing variable naming
and binding — such as higher-order abstract syntaz [46, 52] and nominal tech-
niques [29, 53] — are applicable to Qy?°. However, the paper [48] does combine
quotation/evaluation techniques with nominal techniques.

7.8 Limitations of sub...

Theorem 7.5.2 shows beta-reduction can be computed using sub..... However,
it is obviously not possible to use subec to compute a beta-reduction when the
corresponding application of sub.. is undefined. There are thus two questions
that concern us:

1. When is an application of sube. undefined?

2. When an application of sub... is undefined, is the the corresponding beta-

reduction ever valid in Qg™.

Let M be a normal general model for Quqe. There are two cases in which

M = [subeeee” Ay "%, "Bg | 1 will be true. The first case occurs when the
naive substitution of A, for the free occurrences of x, in Bg causes a variable
capture. In this case the corresponding beta-reduction is not valid unless the
bound variables in B are renamed so that the variable capture is avoided. This
can always be done if Bg is evaluation-free, but as we showed in the previous
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subsection it is not always possible to rename variables in a non-evaluation-free
wif.

The second case in which M = [subeeee” A "% "Bg |1 will be true occurs
when the naive cleansing of evaluations in the result of the substitution causes
a variable to escape outside of a quotation. This happens when the body of an
evaluation is not semantically closed after the first substitution. In this case, the
corresponding beta-reduction may be valid. We will illustrate this possibility
with three examples.

Example 1
Let A .. be the wif

AzAYe[apPece Te Yela

and B,g and Cg be syntactically closed evaluation-free wifs. Then
MEAL.BaTCs" =~ B,sCps.

However, we also have
M E [subecee Bag "2 T Agee T

since the body of the evaluation contains y. after the first substitution. Hence
the beta-reduction of A, "Bag ™ Cps™ is valid in Q5?°, but the corresponding
application of sub.... is undefined.

This is a significant limitation. It means, for instance, that using sub.c. we
cannot instantiate a formula with more than one variable within an evaluation
(not in a quotation). An instance of specification 9.9 where the syntactic vari-
ables are replaced with variables is an example of a formula with this property.

In some cases this limitation can be overcome by instantiating all the vari-
ables of type € within an evaluation together as a group. For example, let A/ .
be the wif Az (D, where D, is

[[appeee [fSt€<66> x(ee)][snde(ee> x(ee)]]]a-
Then
Vﬁ/[ (subeece "Pairiceyee ' Bap TCs 1 ey D,
= ng;/t (appeee [fSte(ee) [pair<ee>ee I—BOé,B—I I—Cﬁ—l]]
[Snde(ee) [pair(ee)ee I—BOé,B—I I—Cﬁ—l]])
= V./g;/l (appeee I—Baﬁ—l rcﬂj)
~ V' ("BasCs)
for all ¢ € assign(M). Hence

M [ subeeee "pair ey "Bag "Cp 1 Ta MDD = "BoCp,
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and so by Theorem 7.5.2
M ': A;ee [pair<se>es ,_B@/B—l I—Cﬂ—l] = B(’(Bcﬁ

The main reason we have introduced pairs in Qy® is to allow us to express

function abstractions like A, in a form like A’ . that can be beta-reduced
using subecee.
Example 2
Let C,, be the wif [Az.z][z]o. Then
ME Dzezd[za =~ [Te]a
but
M ': [SUbeeee I—[[xe]]a—l I—xe—l I—xe—l] T

since M = [cleansec [zc]o] T- We will overcome this limitation of subcc. by
including

Az ]An ~ A,
and the other basic properties of lambda-notation in the axioms of P"4°. These
properties will be presented as schemas similar to Axioms 4,45 in [2].
Example 3
Let C,, be the wif [Az[zc]]z.. Then

M= Pzelzalze ~ [z]a
but

M E [subeeee " T2 T ] o T

since the body of the evaluation contains x. after the first substitution. We will
overcome this limitation of sub... by including

AeoBglra ~ B,
B

in the axioms of P1ae,

8 Proof System

Now that we have defined a mechanism for substitution, we are ready to present
the proof system of Q) called P"%°. It is derived from P", the proof system
of Q5. The presence of undefinedness makes P" moderately more complicated
than P, the proof system of Qg, but the presence of the type € and quotation
and evaluation makes P"9° significantly more complicated than P". A large
part of the complexity of Q% is due to the difficulty of beta-reducing wifs that
involve evaluations.
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8.1 Axioms

PU9¢ consists of a set of axioms and a set of rules of inference. The axioms are
given in this section, while the rules of inference are given in the next section.
The axioms are organized into groups. The members of each group are presented
using one or more formula schemas. A group is called an “Axiom” even though
it consists of infinitely many formulas.

Axiom 1 (Truth Values)
(GooTo A GooFo] = V%, [GooXo].
Axiom 2 (Leibniz’ Law)
Ao =B, O [HoaAq = HyoBal.
Axiom 3 (Extensionality)
[Fapl A Gapl] O Fap = Gap = Vxp[Fapxs ~ GapXgl.
Axiom 4 (Beta-Reduction)
1. [Aal AStbee "TAn T ™x0 "B T = Cs7] D [AxaBjlAg ~ Cp.
2. [AXaXa]Aa =~ A,.
3. Aol D [MXayslAa ~ys where X, # yp.
4. Aol D [Mxqcp]Aq ~ co  Wwhere cg is a primitive constant.
5. [Ma[BapCpllAa = [AxaBaslAa[[Axa CplAal-
6. Ayl D [Mxo[MxoBgl|As = Ax,Bg.

7. Ayl A [not-free-inge. "xo "B,V not-free-in,.. "ys ' TAL ] D
[Axq [)\yBBA,]]Aa = )\yﬁ[[)\xan]Aa] where x,, £y,

8. Mxq[if B, Cs Dgl]A, ~ if AxoBo]AL] [AxaCplAL] [AxaDglAL].
9. Ayl D [Mx."Bg A, ~"Bg™.
10. [AxoBg]xa ~ Bg.
Axiom 5 (Tautologous Formulas)
A, where A, is tautologous.

Axiom 6 (Definedness)

1. x4 4.
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2. co| where c, is a primitive constant.*

A,sBjl.

- W

[Aoc,BT\/ BBT] D) AQBBB ~ 1.
[)\XaB,B]\I/-
if A, B, Co]l .

o

N

FA, .
8. [Aod -
9. [TAL L.
10. ~J[eval-frees. A(] D [Ac]a =~ La-
11. L,1T where a # o.
Axiom 7 (Quasi-Equality)
1. A, ~A,.
Axiom 8 (Definite Description)
1. J1x0 A, = [Ixq ALl where a # o.
2. [F1xa Ao Asubeeee "Ix0 A, ™%, TA, =B, ] DB, where a# o.
Axiom 9 (Ordered Pairs)
L. [pair (a5 50 Aa Bg = pair 455, Ca Dg] = [Aq = Co A Bg = Dgl.
2. Aapyd O FxaTya[Aap) = Pairnp ga Xa Yal-
Axiom 10 (Conditionals)
1. [ifT, B, Co] ~ B..
2. [if F, B, C,] ~ C,.
3. [ifAs B CJa ~if Ay [Be]o [Cela-
Axiom 11 (Evaluation)
1. [ %0 o = Xa-
2. [TcaJa = ca where ¢, is primitive constant.

3. wif®® A, S [app.. Ac Bla =~ [Ados[Be]s-

4Notice that, for a # o0, cqa | is false if ¢ is the defined constant L.

47



4. not-free-ingee "X "B D [abscee "Xo ' Be]ga = Axo[Be] s
5. [condecee Ac B Cclla ~ if [Ac]o [Be]a [Cela-
6. [quot.. Ac]cd D [quot.  AJe = A..
Axiom 12 (Specifying Axioms)
A, where A, is a specifying axiom in Specifications 1-9.

Note 20 (Overview of Axioms) Axioms 1-4 of Qy% correspond to the first
four axioms of Qy. Axioms 1 and 2 say essentially the same thing as the first
and second axioms of Qp (see the next note). A modificiation of the third axiom
of Qp, Axiom 3 is the axiom of extensionality for partial and total functions.
Axiom 4 is the law of beta-reduction for functions that may be partial and ar-
guments that may be undefined. Axiom 4.1 expresses the law of beta-reduction
with substitution represented by the logical constant subc. Axioms 4.2-9 ex-
press the law of beta-reduction using the basic properties of lambda-notation.
Axiom 4.10 is an additional property of lambda-notation.

Axiom 5 provides the tautologous formulas that are needed to discharge
the definedness conditions and substitution conditions on instances of Axiom 4.
Axiom 6 deals with the definedness properties of wifs; the first five parts of
Axiom 6 address the three principles of the traditional approach. Axiom 7
states the reflexivity law for quasi-equality. Axioms 8 and 9 state the properties
of the logical constants ty(oq) and Pair o g)8aq), respectively. Axiom 10 states
the properties of conditionals. Axioms 11 states the properties of evaluation.
Axiom 12 gives the specifying axioms of the 12 logical constants involving the

type €.

Note 21 (Schemas vs. Universal Formulas) The proof systems P and P"
are intended to be mimimalist axiomatizations of Qp and Qf. For instance,
in both systems the first three axiom groups are single universal formulas that
express three different fundamental ideas. In contrast, the first three axiom
groups of P9 are formula schemas that present all the instances of the three
universal formulas. The instances of the these universal formulas are obtained
in P and P" by substitution. Formulas schemas are employed in P"9¢ instead
of universal formulas for the sake of convenience and uniformity. In fact, the
only axiom presented as a single formula in Axioms 1-12 is Specification 4.29,
the principle of induction for type €.

Note 22 (Syntactic Side Conditions) The syntactic conditions placed on
the syntactic variables in the schemas in Axioms 1-12 come in a few simple
forms:

1. A syntactic variable A, can be any wif of type «.

2. A syntactic variable x, can be any variable of type a.
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3. A syntactic variable ¢, with the condition “c, is a primitive constant”
can be any primitive constant of type «,

4. A syntactic variable A, with the condition “A, is a not a variable” can
be any wif of type « that is not a variable.

5. A syntactic variable A, with the condition “A, is a not a primitive con-
stant” can be any wff of type a that is not a primitive constant.

6. Two variables must be distinct.
7. Two primitive constants must be distinct.
8. Two types must be distinct.

Notice that none of these syntactic side conditions refer to notions concerning
free variables and substitution.

8.2 Rules of Inference

9Qp™ has just two rules of inference:

Rule 1 (Quasi-Equality Substitution) From A, ~ B, and C, infer
the result of replacing one occurrence of A, in C, by an occurrence of B,
provided that the occurrence of A, in C, is not within a quotation, not
the first argument of a function abstraction, and not the second argument
of an evaluation.

Rule 2 (Modus Ponens) From A, and A, D B, infer B,.

Note 23 (Overview of Rules of Inference) Qy* has the same two rules of
inference as Q. Rule 1 (Quasi-Equality Substitution) corresponds to Qq’s single
rule of inference, which is equality substitution. These rules are exactly the same
except that the Q) rule requires only quasi-equality (~) between the target
wif and the substitution wif, while the Qp rule requires equality (=). Rule 2
(Modus Ponens) is a primitive rule of inference in Q;*°, but modus ponens is a
derived rule of inference in Qp. Modus ponens must be primitive in Qg% since
it is needed to discharge the definedness conditions and substitution conditions
on instances of Axiom 4, the law of beta-reduction.

8.3 Proofs

Let A, be a formula and H be a set of sentences (i.e., semantically closed
formulas) of Qy%°. A proof of A, from H in P is a finite sequence of wifs,,
ending with A,, such that each member in the sequence is an axiom of P", a
member of H, or is inferred from preceding members in the sequence by a rule
of inference of P, We write H F+ A, to mean there is a proof of A, from H

in P9, | A, is written instead of @ - A,. A, is a theorem of PU% if - A,.

49



Now let H be a set of syntactically closed evaluation-free formulas of Qy%°.
(Recall that a syntactically closed evaluation-free formula is also semantically
closed by Lemma 7.2.4.) An evaluation-free proof of A, from H in P"€ is
a proof of A, from H that is a sequence of evaluation-free wifs,. We write
H ' A, to mean there is an evaluation-free proof of A, from H in Pude,
Obviously, H Ff A, implies H - A,. Ff A, is written instead of () Ff A,.

H is consistent in P"9€ if there is no proof of F, from H in P"9€,

Note 24 (Proof from Hypotheses) Andrews employs in [2] a more compli-
cated notion of a “proof from hypotheses” in which a hypothesis is not required
to be semantically or syntactically closed. We have chosen to use the simpler no-
tion since it is difficult to define Andrews’ notion in the presence of evaluations
and we can manage well enough in this paper with having only semantically or
syntactically closed hypotheses.

9 Soundness

Puae is sound for Qu*® if H + A, implies H =, A, whenever A, is a formula

and H is a set of sentences of Qy°. We will prove that the proof system P"%°

is sound for Qg% by showing that its axioms are valid in every normal general

model for Qg™ and its rules of inference preserve validity in every normal general
model for Qg%.

9.1 Axioms and Rules of Inference

Lemma 9.1.1 FEach axiom of P is valid in every normal general model for
oy,

Proof Let M = ({D,|a € T},J) be a normal general model for Q3% and

€ assign(M). There are 16 cases, one for each group of axioms.

Axiom 1 The proof is similar to the proof of 5402 for Axiom 1 in [2, p. 241]
when Vg/l(Goo) is defined. The proof is straightforward when VQ/I(GOO) is
undefined.

Axiom 2 The proof is similar to the proof of 5402 for Axiom 2 in [2, p. 242]
when V@’l(Hm) is defined. The proof is straightforward when V’;‘ (Hop) is
undefined.

Axiom 3 The proof is similar to the proof of 5402 for Axiom 3 in [2, p. 242].

Axiom 4

Axiom 4.1 Each instance of Axiom 4.1 is valid in M by Theorem 7.5.2.

Axiom 4.2 We must show

(a) V2 ([AxaXa]Aa) = VY (AL)
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to prove Axiom 4.2 is valid in M. If Vﬁ’l(AQ) is undefined, then clearly
(a) is true. So assume (b) Vﬁ/l (A,) is defined. Then

VI ([AxaXa]Aq) (1)
o~ V%XQHVQA(AQ)] (Xa) (2)
~ V' (Aa) (3)

(2) is by (b) and the semantics of function application and function ab-
straction, and (3) is by the semantics of variables.

Axiom 4.3 Assume (a) Vf;/t(Aa) is defined and (b) x, # y5. We must
show

VI (%Y 5lAL) >V (v5)

to prove Axiom 4.3 is valid in M. Then

Vﬁl([}\anﬂ]Aa) (1)
o Vﬁ/[lxaHvy(Aa)] (¥s) (2)
~ V] (ys)- (3)

(2) is by (a) and the semantics of function application and function ab-
straction, and (3) is by (b) and the semantics of variables.

Axiom 4.4 Similar to Axiom 4.3.

Axiom 4.5 We must show

(a) VﬁA([)‘Xa[BaBCBHAa) = VQA(H)‘XaBaﬂ]Aa][[)‘Xacﬂ]Aa])

to prove Axiom 4.5 is valid in M. If V@A(Aa) is undefined, then clearly
(a) is true. So assume (b) Vﬁ’l(Aa) is defined. Then

VI (A0 [BasCsllAa) (1)
~ V%xava"(Aa)](Baﬁcﬂ) (2)
=~ Vg[lxavaA(Aa)](BaB)(Vﬁ/[lxava,w(Aa)](C/B)) (3)
~ V2 ([AxaBaglAa) (V5 ([(AxaCplAl)) (4)
~ V! ([AxaBapl Ad][Axa Cs]Al). (5)

(2) and (4) are by (b) and the semantics of function application and func-
tion abstraction, and (3) and (5) are by the semantics of function appli-
cation.
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Axiom 4.6 Assume (a) Vg/t (A,) is defined. We must show
VI ([Axa[AxaBg]]Aa)(d) ~ V5 (AxBg)(d),

where d € D, to prove Axiom 4.6 is valid in M.

VI (Wxa[AxaBglJAG) (d) 1)
= V;/z:/[lxai—)Vé\A(Aa)]()‘xaBﬁ)(d) (2)
= V%XQHVQA(AQ)][xaHd](Bﬁ) (3)
~ VA ag(Bg) (4)
~ VX (\xaBj))(d). (5)

(2) is by (a) and the semantics of function application and function ab-
straction; (3) and (5) are by the semantics of function abstraction; and
(4) is by

P[Xq VﬁA(AQ)][XQ = d] =[x > d].

Axiom 4.7 Assume (a) V!

o (Aq) is defined, (b) xo # y4, and

(¢) M [= not-free-inye. "x,, "B, or
M = not-free-inge "y 5 1T AL

We must show
VI (Mo My 5B, 1AL (d) = VI Ay 5[[Axa B, AL (d),

where d € Dg, to prove Axiom 4.7 is valid in M.

VI (Wxa[Ay B, 1A (d) (1)
=~ Vﬁ/[[xaHvy(Aa)] (AysB4)(d) (2)
~ Vﬁ/[lxaHvy(Aa)][yﬂad] By) (3)
~ Vﬁ/[lyﬁHd][xava,w (a.)(By) (4)
~ Vf[ymdnxwvxywd](m)] (B,) (5)
~ VI (MaByAq) (6)
~ V' (\y5[[AxaB,]AL)) (d) (7)

(2) and (6) are by (a) and the semantics of function application and func-
tion abstraction; (3) and (7) are by the semantics of function abstraction;
(4) is by (b); and (5) is by (c) and part 2 of Lemma 7.3.1.

Axiom 4.8 Similar to Axiom 4.5.
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Axiom 4.9 Similar to Axiom 4.3.

Axiom 4.10 We must show
VI (AxaBgslxa) = VI(Bp)

to prove Axiom 4.10 is valid in M.

V' (AxaBglxa) (1)
= V;/z:/[lxan—)go(xa)] (BB) (2)
~ V' (Bp) (3)

(2) is by the semantics of function application, function abstraction, vari-
ables; and (3) is by ¢ = ¢[xa — ©(X4)]-

Axiom 5 The propositional constants T, and F, and the propositional con-
nectives Aooo, Vooo, and Dyee have their usual meanings in a general model.
Hence any tautologous formula is valid in M.

Axiom 6 M = A, | iff Vf;/l(Aa) is defined for all ¢ € assign(M). Hence
Axioms 6.1, 6.2, 6.3, 6.4, 6.5, 6.6, 6,7, and 6.8 are valid in M by conditions 1,
2,3,3,4, 5,6, and 7 in the definition of a general model. Axiom 6.9 is valid
in M by the fact that quotations are evaluation-free and conditions 6 and 7 in
definition of a general model. Axiom 6.10 is valid in M by Proposition 7.2.1
and condition 7 in the definition of a general model. Axiom 6.11 is valid in M
since J (ta(oa)) is @ unique member selector on D, and Az, [2a # T4] represents
the empty set.

Axiom 7 Clearly, VI'(A, ~ A,) = Tiff VY(A,) ~ VI(AL), which is
always true. Hence M E A, ~ A,,.

Axiom 8

Axiom 8.1 Axiom 8.1 is valid in M since J (¢4 (0a)) is a unique member
selector on D,,.

Axiom 8.2 Assume (a) VQA(E;LXQAO) =T and
VZ/;[ (SUbseee ,_Ixoon—I I—Xa—l er—I - I—Bo—l) =T.

We must show Vﬁt(BO) = T to prove that Axiom 8.2 is valid in M.

Axiom 8.1 and (a) implies VﬁA(IxaAo) is defined. (a) and the fact that
J (ta(oa)) is a unique member selector on D,, implies

M _
VM([AxaAL)[IxaAL]) = T.
Then VﬁA([/\XaAO] [xqA,] = B,) by the proof for Axiom 4. Thus
VB, =T.
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Axiom 9 Axiom 9.1 is valid in M since J(pair ,43,) 18 a pairing function
on D, and Dg. Axiom 9.2 is valid in M since every p € D ,p) is a pair (a,b)
where a € D, and b € Dg and J(pair(,p4,) is a pairing function on D, and
Dy.

Axiom 10 Axioms 10.1 and 10.2 are valid in M by condition 5 in the definition
of a general model. VSJ;A (A,) = T implies VQA([[ifAO B.C.) ~ VQA([[BE]]Q)
and Vé/l(Ao) = F implies VﬁA([[ion B.C.) ~ V“;/l([[CE]]a) by conditions 5
and 7 in the definition of a general model. Hence Axiom 10.3 is valid in M.

Axiom 11

Axioms 11.1 and 11.2 Immediate by condition 7 in the definition of a
general model since variables and primitive constants are evaluation-free.

Axiom 11.3  Assume V(W% A.) = T. This implies (a) V4'(A.) =
E(Cgup) for some C,p. We must show X ~ Y where X is

Vﬁ/l([[appeee AE BG]]Q)
and Y is

Vﬁ/l ([[AE]]aﬁ [[BE]]B)~

First, assume (b) VéA(Be) = &(Dg) for some Dg. If (¢c) CypDg is
evaluation-free, then

V3 ([apPece Ac B]a) (1)
~ V' ([apPecc £(Cap) E(Ds)]a) (2)
~ VI([E(CapDp)]a) (3)
~ V! (CapDp) (4)
~ VI (Cap) (VL (Dp)) (5)
~ VI([E(Cap)lap) VZ ([EDp)]5)) (6)
~ VI ([Adas) (VY ([Bls)) (7)
~ V' ([Adas[Bclp). (8)

©
(2) and (7) are by (a), (b), and Proposition 6.2.1; (3) is by the definition
of &; (4) and (6) are by (c) and the semantics of evaluation; and (5) and
(8) are by the semantics of function application. Hence X ~ Y. If C,3Dg
is not evaluation-free, then C,g or Dg is not evaluation-free. Then X and
Y are both undefined by the semantics of evaluation and the beginning
and end of the derivation above. Hence X ~ Y.

Second, assume V{,}/I(BE) = &£(D,) with v # . Then X is undefined by
Specifications 6.4 and 6.5, the semantics of evaluation, and the beginning
of the derivation above, and Y is undefined by the semantics of evaluation
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and function application and the end of the derivation above. Hence
X~Y.

Third, assume Vf;/l (B¢) = d where d is a nonstandard construction.
Then X is undefined by Lemmas 6.3.2 and 6.3.3, and Y is undefined
by Lemma 6.3.2 and the semantics of function application. Hence X ~Y
in this case, and therefore, in every case.

Axiom 11.4 Let
(a) Vﬁ’l(not—free—ino66 "%, ™B. ) =T

and d € D,. It suffices to show X (d) ~ Y (d) where X is
V{,f/‘([[abs666 %0 "' Be]ga)

and Y is
VI (Axa[Be]s)-

First, assume (b) VQ/I(BE) = &(Cp) for some Cg. This implies
M —

(é; };%ﬁ;ﬁgt(f;_)fr;e’iigﬁ) by (a) and part 2 of Lemma 7.3.1. If (d)

1)

2)

Vﬁ/l([[abseee "Xo ' Be]ga)(d) (

= Vé/l([[abseee %0 E(Cp)]pa)(d) (

~ V' ([EOxaCp)l5a) (d) (3)
~ V2 (AxaCp)(d) (4)
~ Vgl (Cp) (5)
~ Vi a([E(Cp)lp) (6)
= Vifensa ([Belg) (7)
= VﬁA()‘Xa[[BE]]ﬂ)(d)- (8)
(2) is by (b) and Proposition 6.2.1; (3) is by the definition of &; (4) and (6)
are by the semantics of evaluation and (d); (5) and (8) are by the semantics
of function abstraction; and (7) is by (c) and and Proposition 6.2.1. Hence
X (d) ~Y(d). If Cg is not evaluation-free, then X (d) and Y(d) are both

undefined by the semantics of evaluation and the beginning and end of
the derivation above. Hence X (d) ~ Y (d).

Second, assume Vg/l(BE) = &£(C,) for some C, where v # 3. Then
X (d) is undefined by the semantics of evaluation and the beginning of the
derivation above, and Y (d) is undefined by the semantics of evaluation
and the end of the derivation above. Hence X (d) ~ Y (d).

Third, assume Vf;/t(BE) is a nonstandard construction. Then X (d) is un-
defined by Lemmas 6.3.2 and 6.3.3, and Y (d) is undefined by Lemma 6.3.2.
Hence X (d) ~ Y (d) in this case, and therefore, in every case.

99



Axiom 11.5 Similar to Axiom 11.3.
Axiom 11.6 First, assume VﬁA(AE) = £(B,) for some B,. Then

V! ([auot,. AcJo). (1)
~ V! ([quot,. £(Ba)]e)- (2)
~ VI ([E(TBa]0)- (3)
~ VY(TBLT). (4)

)

~ VX(Ao). (5

(2) is by Proposition 6.2.1; (3) is by the definition of £; (4) by the semantics
of evaluation and the fact that quotations are evaluation-free; and (5) is
by Specification 1. Hence Vi;/l([[quot66 Ale) = VQA(AE) since VQA(AE) is
defined.

Second, assume V/;A(AE) # E£(Bgy) for all B,. Then Vf;/l(quot€€ A #

E(A,) for all B, by Lemma 6.3.3. Hence Vf;/l([[quot€€ A ]¢) is undefined
by Lemma 6.3.2. Therefore, Axiom 11.6 is valid in M in both cases.

Axiom 12 FEach axiom of this group is a specifying axiom and thus is valid
in M since M is normal. O
Lemma 9.1.2 Fach rule of inference of P"I° preserves validity in every normal

general model for Qy*°

uge

Proof Let M be a normal general model for Q,™*". We must show that Rules
1 and 2 preserve validity in M.

Rule 1 Suppose C, and C., are wifs such that C/, is the result of replacing one
occurrence of A, in C, by an occurrence of B, provided that the occurrence
of A, in C, is not within a quotation, not the first argument of a function
abstraction, and not the second argument of an evaluation. Then it easily follows
that V2(Aq) ~ V2 (B,) for all ¢ € assign(M) implies V3 (C,) = V!(C))
for all ¢ € assign(M) by induction on the size of C,. Hence M = A, ~ B,
implies M E C, = C., since M = A, ~ B, implies Vg/l(Aa) ~ Vﬁ/l (By) for
all ¢ € assign(M). Therefore, Rule 1 preserves validity in M.

Rule 2 Since D, has its usual meaning in a general model, Rule 2 obviously
preserves validity in M. O

9.2 Soundness and Consistency Theorems
Theorem 9.2.1 (Soundness Theorem) P"I is sound for Q™.

Proof Assume H F A, and M |= H where A, is a formula of Qy%, H is a
set of sentences of Qg?°, and M is a normal general model for Q;*°. We must
show that M = A,. By Lemma 9.1.1, each axiom of P"%° is valid in M, and by
Lemma 9.1.2, each rule of inference of P"4° preserve validity in M. Therefore,

HE A, implies M E A,. ]
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Theorem 9.2.2 (Consistency Theorem) Let H be a set of sentences of
Qu%. If H has a normal general model, then H is consistent in P"9°.

Proof Let M be a normal general model for . Assume that H is inconsistent
in P19 ie., that H + F,. Then, by the Soundness Theorem, H =, F, and
hence M = F,. This means that Vﬁ/l (F,) =T and thus Vg/l (F,) # F (for any
assignment ), which contradicts the definition of a general model. |

10 Some Metatheorems

We will prove several metatheorems of Q;*°. Most of them will be metatheorems
that we need in order to prove the evaluation-free completeness of Qy?° in

section 11 and the results in section 12.

10.1 Analogs to Metatheorems of Q,

Most of the metatheorems we prove in this subsection are analogs of the metathe-
orems of Qp proven in section 52 of [2]. There will be two versions for many of
them, the first restricted to evaluation-free proofs and the second unrestricted.
In this subsection, let %! be a set of syntactically closed evaluation-free formu-
las of Qp° and H be a set of sentences of Qy%°.

Proposition 10.1.1 (Analog of 5200 in [2])
1. Ff A, ~ A, where A, is evaluation-free.
2.FA,~A,.
Proof By Axiom 7 for both parts. a

Theorem 10.1.2 (Tautology Theorem: Analog of 5234)

1. Let AL, ... A", B, be evaluation-free. If HT FF AL ... T of A and
[AL A - A A" D B, is tautologous for n > 1, then H' ' B,. Also, if
B, is tautologous, then H +<f B,.

2. If H + A}), oo, HE AD and [A}) A--+NAl] D B, is tautologous for
n > 1, then H+ B,. Also, if B, is tautologous, then H + B,.

Proof Follows from Axiom 5 (Tautologous Formulas) and Rule 2 (Modus
Ponens) for both parts. a

Lemma 10.1.3
1. F[A, = B,] D [Aq =~ B,] where A, and B, are evaluation-free.

2. F [Ay = Ba] O [A4 ~ B,].
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Proof Follows from the definition of ~ and the Tautology Theorem for both
parts. ]

Lemma 10.1.4

1. IFHSE Rt AL L or HE' o By |, then H' Hef A, ~ B, implies H +of
A, = B, where A, and B, are evaluation-free.

2. IfHE Ayl or HE By, then H+ A, ~ B, implies H+ A, = B,.

Proof Follows from the definition of ~ and the Tautology Theorem for both
parts. u

Corollary 10.1.5 FfT,.

Proof By the definition of T,, Axiom 6.2, Lemma 10.1.4, and Proposition 10.1.1.
O

Both versions of the Quasi-Equality Rules (analog of the Equality Rules
(5201)) follow from Lemma 10.1.1 and Rule 1. By virtue of Lemmas 10.1.3 and
the Quasi-Equality Rules, Rule 1 is valid if the hypothesis A, ~ B,, is replaced
by B ~A,, A, =B,,or B, =A,,

Proposition 10.1.6
1. Ff A, | where A, is evaluation-free.

2. F Ayl
Proof By Axioms 6.1-3 and 6.5-8 for both parts. O
Lemma 10.1.7 Let A, and Bg be evaluation-free. Either
Ff [subecee "A0 T "o "Bt
or
ol SUbeeee " A T2y "B = Oy
for some (evaluation-free) wff Cg.

Proof Follows from Axiom 6.11, Axiom 10, Lemma 10.1.3, Specifications 7-9,
the Tautology Theorem, and Rule 1. O

When A, and Bpg are evaluation-free, let SR> Bg be the wif

Subceee " Ao "X ' "Bg ! denotes if subeeee "AL X, TBg” is defined and be un-
defined otherwise.
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Theorem 10.1.8 (Beta-Reduction Theorem: Analog of 5207)

1. FY A, D [A\zoBslA, ~ SX“; Bg, provided S’;fa Bg is defined, where A,
and Bg are evaluation-free.

2. F [Aq L Asubeeee Ay Ty "B =" Cy7] O [Ama Bs| Ao ~ Cs.

Proof Part 1 is by Axiom 4, Lemma 10.1.7, and the Tautology Theorem.
Part 2 is immediately by Axiom 4.1. |

Theorem 10.1.9 (Universal Instantiation: Analog of 5215)

1 IR AL and 1 eIV, B, then H - SX* B,, provided S} Bg
is defined, where A, and Bg are evaluation-free.

2. If HE AL l, HEsubeeee "Ay "2, "B, ="C,", and H + Vx,B,, then
HE C,.

3. If HE [AxyBo)An = C, and H F VY, B,, then H + C,.
4. If H+VaoB,, then H+ B,.

Proof

Part 1
H e Ax,, T, = \x,B,. .
HE T AxaTo]An ~ [AxaBo|A,. 2
H T, > S Bg. o
et pof S5 Bg. @

(1) is by the definition of V; (2) follows from (1) by the Quasi-Equality Rules; (3)
follows from (2) by the first hypothesis, the Beta-Reduction Theorem (part 1),
and Rule 1; and (4) follows from (3) and Corollary 10.1.5 by Rule 1.

Part 2 Similar to Part 1.
Part 3 Similar to Part 1.

Part 4 Follows from Axiom 4.10, Lemma 10.1.4, and part 3 of this theorem.
O

Theorem 10.1.10 (Universal Generalization: Analog of 5220)
1. If HF et Ay, then H oV, A, where A, is evaluation-free.
2. If H+ A,, then HEVz,A,.
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Proof

Part 1
H A, (1)
HERE T, = A, (2)
HE o Ao T, = Ao T, (3)
HO Hef vx A (4)

(1) is by hypothesis; (2) follows from (1) by the Tautology Theorem; (3) is by
Axiom 6.5, Lemma 10.1.4, and Proposition 10.1.1; and (4) follows from (2) and
(3) by Rule 1 and the definition of V.

Part 2 Similar to Part 1. O

Lemma 10.1.11 (Analog of 5209) If -°f A,] and F* By ~ Cp, then !
SA* [Bp =~ Cpg|, provided Sy [Bg ~ Cp| is defined.

Proof Similar to the proof of 5209 in [2]. It uses Proposition 10.1.1, the
Beta-Reduction Theorem (part 1), and Rule 1. ad

Corollary 10.1.12 If F*f A, | and F*f B, = C,, then - SX‘: [B, = C,],
provided S}* [B, = C,] is defined.

Proof By Lemma 10.1.3, Lemma 10.1.11, Proposition 10.1.6, and the Tautology
Theorem. m]

Lemma 10.1.13 (Analog of 5205) F f.5 = Ays[fasysl-

Proof Similar to the proof of 5205 in [2]. It uses Axiom 3, Axioms 6.1 and
6.5, Corollary 10.1.12, Lemmas 10.1.3 and 10.1.4, the Quasi-Equality Rules, the
Beta-Reduction Theorem (part 1), and Rule 1. O

Lemma 10.1.14 (Analog of 5206) F*f \zzA4, = A25S,5 Ao, provided zg is
not free in Ao and S;% A, is defined.

Proof Similar to the proof of 5206 in [2]. It employs Axioms 6.1 and 6.5,
Corollary 10.1.12, Lemma 10.1.13, the Beta-Reduction Theorem (part 1), and
Rule 1. |

Analogs of a-conversion, S-conversion, and n-conversion in [2] for evaluation-
free proof are obtained directly from Lemma 10.1.14, the Beta-Reduction The-
orem (part 1), Lemma 10.1.13 using Lemma 10.1.11 and Rule 1.

Theorem 10.1.15 (Deduction Theorem: Analog of 5240) Let A, and
H, be syntactically closed evaluation-free formulas. If H°' U {H,} F°f A,, then
H P H, S A,

Proof Similar to the proof of 5240 in [2]. It uses Axioms 1-3 and 6, the Tau-
tology Theorem, the Beta-Reduction Theorem (part 1), Universal Instantiation
(part 1), Universal Generalization, a-conversion, and Rule 1. m|
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10.2 Other Metatheorems

The metatheorems we prove in this subsection are not analogs of metatheorems
of Qp; they involve ordered pairs, quotation, and evaluation.

Lemma 10.2.1 (Ordered Pairs)
1. FY2,Yys(pair i, 6) 50 Ta Y] -
2. FVz o, Vyg(fstaas [Pair (o 3y g Ta Y] = Tal.
3. FYx,Yyslsndg gy [PAIr 4 p) 50 Ta Ys] = vg)-

4 FY 200 PRI () ga fStatas) 2(am)][SNds(as) 2(as)] = Z(ap)]-

Proof These four metatheorems of Qy* can be straightforwardly proved using
the definitions of fst, (.3 and sndg(gy and Axioms 8 and 9. O

Theorem 10.2.2 (Injectiveness of Quotation) If -f "4, = "B,”, then
A, = B,.

Proof Assume FfTA,7 = "B,7. By Specification 1 and Rule 1, this implies
Fef £(A,) = £(Bg). From this and Specifications 4.1-28, we can prove that
A, = B, by induction on the size of A,. O

Theorem 10.2.3 (Disquotation Theorem) If Dj is evaluation-free, then
H [['_Dg—‘]]a >~ D(g.

Proof The proof is by induction on the size of Ds.
Case 1: Dy is x4. Then F ["x4 o = Xo by Axiom 11.1.

Case 2: Dy is a primitive constant c,. Then F [c, o = co by Ax-
iom 11.2.

Case 3: D; is A,3Bg. Assume (a) A,3Bg is evaluation-free. (a) implies
(b) A.s and Bg are evaluation-free. Then we can derive the conclusion
of the theorem as follows:

FT T AwsBs Mo = ["AusBs a- (1)
1" AusBs o =~ [E(AasBg)]a- (2)
1" AusBs o = [appece E(Anp) E(Bg)]a- (3)
1" AasBs Mo ~ [appecc "Aas ' "Bs a- (4)
F [aPPece "Aas "B o ~ [TAas Tas[ Bs s (5)
F"AasBs Mo = [T Aas Tasl Bs s (6)
F [[rAagBﬁ—‘]]a ~ AagB,g. (7)

(1) is by Proposition 10.1.1; (2) and (4) follow from the (1) and (3),
respectively, and Specification 1 by Rule 1; (3) follows from (2) by the
definition of &; (5) is by Axiom 11.3; (6) follows from (4) and (5) by
Rule 1; (7) follows from (b), the induction hypothesis, and (6) by Rule 1.
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Case 4: Ds is AxgA,. Similar to Case 2. It is necessary to use the fact
that £(A,) is semantically closed.

Case 5: D; is if A, B, C,. Similar to Case 2.

Case 6: Ds is"A,". Then we can derive the conclusion of the theorem
as follows:

}_ [[FFAQ—IT]]E ~ [[FFAa‘l‘l]]E.

AL e = [E(T AT ]

FITMAL e =~ [quot.. E(AL)]e.

FITTAL e = [quot, "TAL ]

F [quot,. "As e = if[quot,. "TAL e TALT Le.
- [quot,. "An T ~ if[ AL ) TALT L.

}_ [I:I_I_Aa—l—l]]E\L .

F [quot,."A, ] = TAL

}_ |I|_|—Aa—|—l]]€ ~ |—Aa—|.

[\

=)

AN N N N N N N /N
— O — D D DD O —

9

(1) is by Proposition 10.1.1; (2) and (4) follow from the (1) and (3),
respectively, and Specification 1 by Rule 1; (3) follows from (2) by the
definition of &; (5) is by Axiom 11.6; (6) follows from (4) and (5) by
Rule 1; (7) is by Axiom 6.8; (8) follows from (6) and (7) by Axiom 10.1
and Rule 1; and (9) follows from (4) and (8) by Rule 1.

Case 7: Ds is [Ac]o. The theorem holds trivially in this case since Djs
is not evaluation-free.

11 Completeness

Puac is complete for Qp if H =, A, implies H - A, whenever A, is a formula
and H is a set of sentences of nge. However, P"9° is actually not complete for

Q,*. For instance, let A, be the sentence
[AxEAyE [[appeee Le yﬁ]]a]r'\’oo—lh—z—‘oj = Fo'

Then, as observed in subsection 7.8, =, A, holds but - A4, does not hold.
Pud® is evaluation-free complete for Qp%° if H =f A, implies H Ff A,
whenever A, is an evaluation-free formula and H is a set of syntactically closed
evaluation-free formulas of Qp°. We will prove that P"° is evaluation-free
complete. Our proof will closely follow the proof of Theorem 22 (Henkin’s
Completeness Theorem for Qf) in [23] which itself is based on the proof of 5502

(Henkin’s Completeness and Soundness Theorem) in [2].
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11.1 Extension Lemma

For any set S, let card(S) be the cardinality of S. Let £(Qg™) be the set of
wifs of 9%, let k = card(L£(Qy™)), let C, be a well-ordered set of cardinality
# of new primitive constants of type « for each o € T, and let C = |7 Ca-

Define Quqe to be the logic that extends Qy° as follows. The syntax of Qy%°
is obtained from the syntax of Q;%° by adding the members of C to the primi-
tive constants of Qj?° without extending the set of quotations of Qy°. That is,
Tc,, ' is not a wif of Quqc for all ¢, € C, and & is still only defined on the wffs
of Quqc Let £(Qy) be the set of wifs of Q*°. Obviously, card(L(Qy)) =
The semantics of Qy* nae
general or evaluation-free model for QO is a general or evaluation-free model
({Do | € T}, TJ) for Qy%° where the domain of J has been extended to in-
clude C. Let Pua¢ be the proof system that is obtained from P"%° by replacing
the phrase “primitive constant” with the phrase “primitive constant not in C”
in each formula schema in Specifications 1-9 and Axioms 1-12 except Axiom
6.2. Since £(Qy*°) is a proper superset of £(Qy), the axioms of Pud are a
proper superset of the axioms of PU4°. Pude has the same rules of inference as
Puae. Let H F°f A, mean there is an evaluation-free proof of A, from # in
Puae. Assume Qp° inherits all the other definitions of Qp%.

An zwff of Qy* Ol is a syntactically closed evaluation-free wif of Quqe. An

is the same as the semantics of Q," except that a

zwff,, is an xwif of type a. Let H be a set of xwifs, of Quqe H is evaluation-free
complete in Pue if, for every xwiff, A, of Q0% either H Ff A, or H Ff~A,,.
H is evaluation-free extensionally complete in Puae if, for every xwif, of the
form A,p = Bag of Q™ there is an xwff Cg such that:

1. HFfCpl.

2. H E[AQB\L/\Baﬁi/\ [AQBCB = BaﬁCBH 2 [Aaﬁ = Baﬂ]-

Lemma 11.1.1 (Extension Lemma) Let G be a set of xwils, of Q5™ con-
sistent in P"9°. Then there is a set H of xwils, of Qg™ such that:

1. GCH.

2. H is consistent in P1ae,

3. H is evaluation-free complete in P1ae,

4. H is evaluation-free extensionally complete in Pude,

Proof The proof is very close to the proof of 5500 in [2]. By transfinite
induction, a set G, of xwffs, is defined for each ordinal 7 < k. The main
difference between our proof and the proof of 5500 is that, in case (c) of the
definition of G, 41,

gT+1 = gT U {N[Aa,@\lr A BOt,B\L A [Aaﬁcﬁ = BaﬁCBH}
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where cg is the first constant in Cg that does not occur in G, or A,z = Bag.
(Notice that Fefcgl by Axiom 6.2.)

To prove that G, is consistent in P19° assuming G, is consistent in Pude
when G, 41 is obtained by case (c) , it is necessary to show that, if

G, EA&BJ( A Ba[g\L N [Aa5C6 ~ Ba[gCB],

then G, EAQB = B,g. Assume the hypothesis of this statement. Let P be an
evaluation-free proof of

Aa,@i ABagl A [AQ5C,@ ~ Ba5Cﬂ]

from a finite subset S of G, and let x3 be a variable that does not occur in P
or §. Since cg does not occur in G,, Ayg, or Bog and cg € C, the result of
substituting xg for each occurrence of cg in P is an evaluation-free proof of

Aaﬁl, A\ BagJ, AN [AQ5X5 ~ BQBXB]
from S. Therefore,
SFFALsL ABasd A [Ausxs ~ Basxs].

This implies

SEfAL5), SFIBasl, SFfVxs[Ausxs =~ Basxs)

by the Tautology Theorem and Universal Generalization. It follows from these
that G, F¢f A,3 = Bog by Axiom 3, the Tautology Theorem, and Rule 1.
The rest of the proof is essentially the same as the proof of 5500. O

11.2 Henkin’s Theorem
uqe

A general or evaluation-free model ({D, | a € T}, J) for Qp% is frugal if
card(D,) < card(L£(Qy*)) for all aw € T.

Theorem 11.2.1 (Henkin’s Theorem for P"I®) Every set of syntactically
closed evaluation-free formulas of Oy consistent in P"% has a frugal normal
evaluation-free model.

Proof The proof is very close to the proof of Theorem 21 in [23]. Let G be a
set of xwifs, of Qy* consistent in P"°, and let H be a set of xwils, of Qy%°
that satisfies the four statements of the Extension Lemma.

Step 1 We define simultaneously, by recursion on v € T, a frame {D, |« € T}
and a partial function V whose domain is the set of xwifs of Q% so that the
following conditions hold for all v € T

(17) D, = {V(A,) | A, is a xwff, and H FT A |}.
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(27) V(A,) is defined iff H Fef A, | for all xwifs A,.
(37) V(A,) = V(B,) iff HFFA, =B, for all xwffs A, and B,,.

Let V(z) ~ V(y) mean either V(x) and V(y) are both defined and equal or V(z)
and V(y) are both undefined.

Step 1.1 We define D, and V on xwffs,. For each xwff A,, if H FfA, ], let
V(A,) = {B, | B, is a xwff, and # FfA, = B,},

and otherwise let V(A,) be undefined. Also, let
D,={V(A,)) | A, is a xwff, and H QAA}.

(1%), (2"), and (3") are clearly satisfied.

Step 1.2 We define D, and V on xwfifs,. For each xwif A,, if H fef A,
let V(A,) = T, and otherwise let V(A,) = F. Also, let D, = {T,F}. By the
consistency and evaluation-free completeness of H, exactly one of H F¢f A, and
H Fef ~A, holds. By Proposition 10.1.6, H Ff A, | for all wifs A,. Hence (1°),
(2°9), and (3°) are satisfied.

Step 1.3 We define D, and V on xwifs.. Let
D, ={E(A,) | A, is a wif of Qy9°}.

Choose a mapping f from {A. | A, is an xwif. and H Fef A, 1} to D, such that:

1. f(A) = f(B,) iff H A, = B..
2. I H LA, =E(C,), then f(A,) = £(C,).

3. If H Fefwffo. A, then f(A.) = E(C,) for some wif C,.

It is possible to choose such a mapping by Lemma 10.2.2, Specification 6.13, and
the fact that card(L£(Qy™)) = card(L£(Qy™)). For each xwif A, if H Ff A |,
let V(A.) = f(A¢), and otherwise let V(A be undefined. (2¢) and (3¢) are
clearly satisfied; (1¢) is satisfied since, for all wifs A, of Q,%, £(A,) is an
xwif, by the definition of £ and Specification 7 and H F°f £(A,) | by Axiom
6.7 and Specification 1.

Step 1.4 We define D3 and V on xwils,g for all o, 8 € 7. Now suppose that
D, and Dy are defined and that the conditions hold for o and 5. For each xwit
A, if H ALY, let V(Ayp) be the (partial or total) function from Dg to
D, whose value, for any argument V(Bg) € Dg, is V(A.5Bg) if V(A.3Bg) is
defined and is undefined if V(A ,3Bg) is undefined, and otherwise let V(A,3) be
undefined. We must show that this definition is independent of the particular
xwif Bg used to represent the argument. So suppose V(Bg) = V(Cg); then
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H FE By = Cy by (37), so H Ff A,sBs ~ A,3Cs by Lemma 10.1.3 and
the Quasi-Equality Rules, and so V(A,gBg) ~ V(A,3Cg) by (2¢) and (3%).
Finally, let

Dap = {V(Aup) | Aup is a xwit,s and H FFA 51}

(197) and (2%7) are clearly satisfied; we must show that (3%?) is satisfied. Sup-
pose V(Aup) = V(Bas). Then H Fef Ayl and H Ff B,gl. Since H is
evaluation—free extensionally complete, there is a Cg such that H -f Cg | and

H B[Aaﬁi/\ Baﬂl« A [Aaﬁcﬂ = Baﬁcﬁﬂ =) [Aaﬁ = BQB]'

Then V(AQBC/Q) >~ V(Aag)(V(CB)) ~ V(Baﬁ)(licﬁ)) ~ V(BagCB)7 so H ef
A,3Cs ~ B,gCs by (2%) and (3%), and so H F*f A,z = B,3. Now suppose
H Ff Ay = Bag. Then, for all xwifs C5 € Ds, H Ff A,3Cs ~ BosCp
by Lemma 10.1.3 and the Quasi-Equality Rules, and so V(A,g)(V(Cg)) =~
V(AasCp) = V(BasCp) = V(Bag)(V(Cp)). Hence V(Aap) = V(Bag)-

Step 1.5 We define D (.3, and V on xwffs g for all o, 3 € T. Now suppose
that D, and Dg are defined and that the conditions hold for a and 3. For each

xwit Aap), if H T A s, let

V(Aap)) = (V(fsta(ap) Aap)): V(sndsap) Aap)))s

and otherwise let V(A ) be undefined. Also, let
D(aﬁ) = {V(A(a[g)) | A(a,@) isa waf<a5> and H BA(aﬁ) \L}

(1(@)) and (2*#)) are clearly satisfied; we must show that (3(*#)) is satisfied.

V(Aapy) = V(B(a6>) (1)
iff (V(fstaiap) A sy, V(nds1as) Adp))),

v (fsta<a;3 a8)): V(sndg(ag) Blag)))) (2)
iff V(fstaa am) V(fsty(ap) Bagy) and

V(sndﬂ a8y Aapy) = V(sndgiasy Bag)) (3)
iff H Fofstagap) Aas) = ftaas) Blag) and

H Fefsndg o Afag) = snds(ap) Blag) (4)
iff H 9 pair ) g [fStaas) Aap)] [0dstas) Afag)] =

Pair (o 3) g [fStatasy Biag] [nd5(as) Blag)] (5)

iff H FoF A yns) = Bag)- (6)

(2) is by the definition of V on xwffs/4g); (3) is by definition of ordered pairs;
(4) is by (3%) and (37); (5) is by Axiom 9.1; and (6) is by Axioms 9.1 and 9.2.
Hence (3(*%)) is satisfied.
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Step 2 We claim that M = ({D, | a € T}, V) is an interpretation. For each
primitive constant ¢, of Q5%°, ¢, is an xwif, and H F°f ¢, | by Axiom 6.2, and

thus V maps each primitive constant of Q) of type ~ into D., by (17) and (27).

Step 2.1  We must show V(Quaa) = J(Qoaw); 1-€., that V(Quae) is the
identity relation on D,. Let V(A,) and V(B,) be arbitrary members of
D,. Then V(A,) = V(B,) iff H Ff A, = B, iff H F QuuaAsB, iff
T = V(QaaAaBa) = V(Quaa) V(AL)(V(B,)). Thus V(Quae) is the identity
relation on D,,.

Step 2.2 We must show that V(iq(0a)) = J(ta(oa)), i-e., that, for a # o,
V(ta(oa)) is the unique member selector on D,. For a # o, let V(A,,) be an
arbitrary member of D, and x, be a variable that does not occur in A,,. Sup-
pose V(Asa) = V(QoaaBa). We must show that V(ta(oa))(V(Asa)) = V(Ba)-
The hypothesis implies H F¢f A, = QuaaBa, 50 H Fef 31x,[Aaxs] by the
definition of 3y, and so H Fef A,,[IxqAu.] by Axiom 8.1 and Axiom 8.2.
Hence H Fef QocaBa[IXaAss] by Rule 1, and so V(B,) = V(IxqAun) =
V(LQ(OQ)AOQ) = V(L&(oa))(V(Aoa))'

Now suppose that V(VXa[Ava # QocaXa]) = T. We must show that
V(ta(oa))(V(Aga)) is undefined. The hypothesis implies # fef VX0 [Aoa #
QoaaXa), 50 H Fef ~[F1x,[AoaXa]] by the definition of 3y, and so H Fef
[xa[AsaXa]] T by Axiom 8.1. Hence V(Ixa[AoaXa]) =~ V(ia(oa)Aoa) =
V(ta(oa))(V(Asa)) is undefined.

Step 2.4 We must show that V(pair,gs.) = J(Pairassa). Let
V(A,) be an arbitrary member of D, and V(Bg) be an arbitrary mem-
ber of Dg.  We must show that V(pair,g s, Aa,Bg) = (V(Aa),V(Bg)).
V(fsta(apy PN 0pysa Aas Bpl) = V(Aq) iff H e fsty sy [Pair o sy 50 Aas Bsl =
A, which holds by the definition of fst,(,s and Axiom 9.1. Similarly,
V(sndgs(ap) [Pairap)ga Aas Bg]) = V(Bg) holds by the definition of sndg(as) and
Axiom 9.1. Hence

V(pair(ap) a0 Aa, Bp)

= (V(fsta(ap) [Pair (o gy g0 Aas Bgsl), V(sndg(apy [Paif (o s ga Aoy Bgl))

= (V(Aq),V(Bg)).
Thus M is an interpretation.
Step 3 We claim further that M is an evaluation-free model for Q. For
each assignment ¢ € assign(M) and evaluation-free wif Dy, let

1 n 1 2 n
X5, X8, X5, oXs- Xon
Df =S} on D =Sy Sp -+ St Ds
81 5n 51 ég on

where x5 ---x3 are the free variables of Ds and Ej is the first xwff (in some
fixed enumeration) of £(Qy*) such that ¢(xj, ) = V(Ej ) for all i with 1 <4 < n.
Since each Eg is syntactically closed, DY is always defined.
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Let V(Ds) ~ V(DY). DY is clearly a xwffs, so V' (Ds) € Ds if V2" (Ds)
is defined. We will show that the six conditions of an evaluation-free model are
satisfied as follows:.

1. Let Dy be a variable x5. Choose Es so that ¢(x5) = V(Es) as above.
Then V' (Ds) = V3 (x5) = V(x§) = V(Es) = o(xs).

2. Let Ds be a primitive constant. Then VﬁA(D(;) = VY(Dy) = V(D;) =
J(Ds).

3. Let D; be [AqsBgl. If V3 (Aag) is defined, V3 (Bg) is defined, and
VY (Aap) is defined at V3'(Bg), then V4'(Ds) = V3'(AysBg) =
V(AZ;BY) = V(AZ,)(V(BY)) = Vi'(Aap)(VY'(Bgs)). Now assume
Vﬁ/l (Aop) is undefined, Vﬁ’l(Bg) is uideﬁned, or V{:‘(Aaﬁ) is not defined
at %(Bﬁ). Then H T AZ;1, H ETBET, or V(AZ;BY) is undefined.
H ef AiﬁT or H tef BgT implies H Fef AiﬁBg ~ 1, by Axiom 6.4.
If & = o, then V}'(Ds) = V' (AusBg) = V(AZ,BY) = V(F,) = F. If
a # o, then Vﬁ’l (Ds) =~ VS/;A (AasBpg) =~ V(A7 ;Bf) ~ V(L) is undefined
by Axiom 6.11.

4. Let Ds be [Ax,Bg]. Let V(E,) be an arbitrary member of D, and so
E, is an xwff and H Ff E,]. Given an assignment ¢ € assign(M),
let ¥ = ¢[xo — V(E,)]. It follows from the Beta-Reduction Theo-
rem (part 1) that H Fef [Ax,Bg]?E, ~ Bg. Then VQ/I(D(;)(V(EQ)) ~
VI (MxaBs))(V(Ea)) = V([AxaBsl?)(V(Ea)) = V([AxaBs]*Eq)) =~
V(BZ) o~ VwM(Bg) as required.

5. Let D; be [cA,BoCol. If VJ'(A,) = T, then V' (Ds) =~
VQ/I(CAOBQCQ) ~ V([cA,B,C,]?) ~ V(cAYBYC?) ~ V(cT,BSC?) ~
V(BY) ~ V}(B,) by Axiom 10.1. Similarly, if V2"(A,) = F, then
VI(Ds) ~ V3 (B,) by Axiom 10.2.

6. Let D5 be [qAs]. Then V}'(D;) = V}'([qAl]) = V(aAd)?) =

Thus M is an evaluation-free model for Q;°.

Step 4 We must show that M is normal and frugal. If A, is an evaluation-
free specifying axiom given by Specifications 1-9, then H Ff A, by Ax-
iom 12, so V(A,) = T and M E A,, and so M is normal. Clearly,
(a) card(D,) < card(L£(Qy)) since V maps a subset of the xwifs, of Qy°
onto D, and (b) card(L(Qy*)) = card(L(Qy™)), and so M is frugal.

Step 5 We must show that M is a frugal normal evaluation-free model for
G. We have shown that M is a frugal normal evaluation-free model for Qy9°.
Clearly, M is also a frugal normal evaluation-free model for Qy%°. If A, € G,
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then A, € H, so H Ff A,, so V(A,) = Tand M E A,, and so M is an
evaluation-free model for G. O

11.3 Evaluation-Free Completeness Theorem

Theorem 11.3.1 (Evaluation-Free Completeness Theorem for P"¢)
uge

Pua¢ is evaluation-free complete for Q
Proof Let A, be an evaluation-free formula and H be a set of syntactically
closed evaluation-free formulas of Q3%°. Assume H = A,, and let B, be a
universal closure of A,. Then B, is syntactically closed and H ¢ B, by
Lemma 7.2.3. Suppose H U {~B,} is consistent in P"9. Then, by Henkin’s
Theorem, there is a normal evaluation-free model M for H U {~B,}, and so
M = ~B,. Since M is also a normal evaluation-free model for #, M = B,,.
From this contradiction it follows that HU{~B,} is inconsistent in P"°. Hence
H +°f B, by the Deduction Theorem and the Tautology Theorem. Therefore,
H °f A, by Universal Instantiation (part 1) and Axiom 6.1. O

12 Applications

We will now look at some applications of the machinery in Qy% for reasoning
about the interplay of the syntax and semantics of Qg? expressions (i.e., wifs).
We will consider three kinds of applications. The first kind uses the type €
machinery to reason about the syntactic structure of wifs; see the examples
in subsection 12.1. The second kind uses evaluation applied to variables of
type € to express syntactic variables as employed, for example, in schemas;
see the examples in subsections 12.2 and 12.3. The third kind uses the full
machinery of Qy%° to formalize syntax-based mathematical algorithms in the
manner described in [25]; see the example in subsection 12.4.

12.1 Example: Implications

We will illustrate how the type € machinery in Qj° can be used to reason about
the syntactic structure of wffs by defining some useful constants for analyzing
and manipulating implications, i.e., formulas of the form A, D B,.

Let implies,.. be a defined constant that stands for

AT AYe [appeee [appege "Dooo ! xe} ye]-
Lemma 12.1.1 For all formulas A, and B,,

- implies,.."A, "B, ="A, > B,".
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Proof

Fimplies..."A, "B, ~ implies,_."A, "B, . (1)
F implies..."A, "B, ~

AT AYe[apPece [aPPece "Dooo ' el Yel] TAL B,
Fimplies,.." Ao "B, > app.cc [aPPeee " Dooo T AL ] "B, .
Fimplies..." Ao "By >~ app.ec " Dooo Ab '"Bo
Fimplies..."A, "B, = "D400 AsB,
F implies..."A, " "B,7="A, D B,

\v)

~ A~~~
(G2 GRS
NN NGNS N

=2

(1) is by Proposition 10.1.1; (2) follows from (1) by the definition of implies,;
(3) follows from (2) and Axioms 4.2-5 and 6.6 by Rules 1 and 2; (4) follows from
(3) by Specification 1; (5) follows from (4) by Specification 1; and (6) follows
from (5) by abbreviation. a

That is, implies... is an ¢mplication constructor: the application of it to
the syntactic representations of two formulas A, and B, denotes the syntactic
representation of the implication A, D B,.

Let is-implication,, be a defined constant that stands for

Az JyIzc[x. = implies,.. Ye 2]

That is, is-implication,, is an implication recognizer: the application of it to the
syntactic representation of a formula A, has the value T iff A, has the form
B, O C,.

Let antecedent.. and succedent.. be the defined constants that, respectively,
stand for

Az Jy.Jz.[x. = implies,., ye 2]

and

Az lz Ay [z = implies ., Ye 2.
Then

F antecedent,."A, D B, ="TA,"
and

F succedent.,."A, D B,'="B, .

That is, antecedent.. and succedent.. are implication deconstructors: the ap-
plications of them to the syntactic representation of a formula A, denote the
syntactic representations of the antecedent and succedent, respectively, of A, if
A, is an implication and are undefined otherwise.
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Let converse.. be a defined constant that stands for
Az[implies,.. [succedent,. x| [antecedent,. z]].
Then

F converse,."A, DB,'="B, D A,

€€E

That is, converse.. is an implication converser: the application of it to the
syntactic representation of a formula A, denotes the syntactic representation of
the converse of A, if A, is an implication and is undefined otherwise.

12.2 Example: Law of Excluded Middle

The value of a wif of the form [x], ranges over the values of wffs of type a.
Thus wifs like [x], can be used in other wifs as syntactic variables. It is thus
possible to express schemas as single wifs in Q;9°. As an example, let us consider
the law of excluded middle (LEM) which is usually written as a formula schema
like

A,V ~A,

where A, ranges over all formulas. LEM can be naively represented in Qg% as

Ve l[ze]o V ~[zc]o)-

The variable x. ranges over the syntactic representations of all wifs, not just
formulas. However, [z.], is false when the value of z. is not an evaluation-free
formula. A more intensionally correct representation of LEM is

Vre[eval-freed, z. D [[xc]o V ~[xc]o]]

where x. is restricted to the syntactic representations of evaluation-free formu-
las. This representation of LEM is a theorem of P"4:

Lemma 12.2.1 + Vz,[eval-freep, zc D [[zc]o V ~[ze]0]]-

Proof

Fa,Ve~x,. (1)
FVa,[z, V ~x,]. (2)
F [Azo[z, V ~xo]|[if [eval-freep, z ] [ze]o Lo]

[if [eval-freel, x| [xc]o Lo] V ~[if [eval-freed. ] [zc]o Lo (3)
F [if [eval-free), x| [ze]o Lo] V ~[if [eval-free, x| [ze]o Lo]- (4)
F eval-freep, zc D [[ze]lo V ~[xc]o]- (5)
FVzc[eval-freep, zc O [[ze]o V ~[zc]o]]- (6)

(1) is by Axiom 5; (2) follows from (1) by Universal Generalization; (3) follows
from Axioms 4.2-4 and Proposition 10.1.6 by Rules 1 and 2; (4) follows from
(2) and (3) by Universal Instantiation (part 3); (5) follows from (4) by the
Axiom 10 and the Tautology Theorem; and (6) follows from (5) by Universal
Generalization. |
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12.3 Example: Law of Beta-Reduction
uqe

Axiom 4.1, the law of beta-reduction for Qy™", can be expressed as the following
schema whose only syntactic variables are o and f:

Ve Yy VeV [z d A vars g A WSz A [wif® 2/] A

o€ 7€

SUbccce Te Ye 2¢ = Zé] ) [[appeee [abseee Ye Ze] xe]]ﬂ = [[zéﬂﬁ

Each instance of this schema (for a chosen a and ) is valid in Q3 but not
provable in P"4°. Moreover, the instances of an instance A, of this schema are
not provable in P from A, since A, contains the evaluation

[[appege [abseee Ye Ze] xe]]ﬁ

in which more than one variable is free.

Using the technique of grouping variables together described in Example 1
in subsection 7.8, we can also express Axiom 4.1 as the following schema that
contains just the single variable T ((ce)(ce)):

V2 teeyteen [[XeJad A [Vars, Yo A WS, Z] A [wffS, Z1] A
subeeee X Y Z, = Zé] D [appecc[abscee Ye Ze) Xc] g ~ [[Z;]]ﬁ]
where:
X s fsteee) [fStee) ((ee) (ce)) T((ee) (ee))]
Y is sndeee) [fSt(ee) ((ee) (ce)) T (ee) (ee))]
Z.is fSte(es) [Snd(ee)<(ee)<ee>) $<<ee><ee>>]
7 .
Z is snde(ce) [snd(ee) ((ce) (ee)) T((ee) (ee))]-
Like the first schema, each instance of this second schema is valid in Qy but

not provable in P9, However, unlike the first schema, the instances of an
instance A, of the second schema are provable in P"9° from A,.

12.4 Example: Conjunction Construction

Suppose A is an algorithm that, given two formulas A, and B, as input, returns
as output (1) B, if A, is Ty, (2) A, if B, is Ty, (3) F, if either A, or B, is
F,, or (4) A, AB, otherwise. Although this is a trivial algorithm, we can use it
to illustrate how a syntax-based mathematical algorithm can be formalized in
Qu*°. As described in [25] we need to do the following three things to formalize
Ain Qy*°.

1. Define an operator O 4 in Qy% as a constant that represents A.
2. Prove in P"%° that O4 is mathematically correct.

3. Devise a mechanism for using O4 in Qg™.
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Let and... be a defined constant that stands for
AZAYe[aPPeee [aPPece " Aooo | Te] Yel-
Then
Fande.."A, "B, ="TA,AB,”

for all formulas A, and B, as shown by a derivation similar to the one for
implies,.. in the proof of Lemma 12.1.1. Define O4 to be and-simp,,, a defined
constant that stands for

Az AY[if [xe =TT, ye
[if [ye =T ] we
[if[ze ="F,"F,"
[if[ye ="F,"|"F,"
[

The sentence

Vo Yy [[Wif, xe A Wi, y.] D
[[xe =T, D and-simp,., Ze Ye = Ye] A
ye =T, D and-simp,.. Tc Ye = Tc] A
[zc ="F,"Vy.="F,] D and-simp_ z.y. ="F,] A
[CUe £ TTANYye AT, ANwe #TF, Ay # FFOT] D

and-simpeie TelYe = andeee Te yé]]]v

[
[
[

called CompBehavior, specifies the intended computational behavior of O 4.
Theorem 12.4.1 (Computational Behavior of and-simp,.)
F CompBehavior.

Proof CompBehavior follows easily in P"9° from the definition of and-simp_,..
]

Hence O 4 represents A by virtue of having the same computational behavior as
that of A.
Let us make the following definitions:

P, is [[and“e [fste<“> $<66>} [Snd€<66> l‘<66>]]]0.
QO is [[and—simpm [fst€<66> l‘<66>] [snd6<“> $<€6>]]]0.
R, is [[fst€<€€> l‘<66>]]0 AN [[Shd6<66> $<66>H0.
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So is [if [[fsteee) T(eey] = "To ] [sNde(eey T(eey o
[lf[[snd 66)} = '_TOW [[fst6<66> .%‘<66>]]o
[If[[fSte(ee) Tie) ="Fo | ["Fo o
[if [[snde(eey Tieey] = "Fo ' [T Fo o

Po]l]].

The formula
V$<“> [[Wﬂ:gF [fSt€<65> x(ee)] A Wff [snd (ee) T “)H [Qo =R H

called MathMeaning, expresses the intended mathematical meaning of O4. We
will show that MathMeaning is a theorem of P"%° via a series of lemmas.

The first lemma asserts that the analog of the MathMeaning for and... is a
theorem of Pua°:

Lemma 12.4.2 F Va .o [[Wff) [fstece) 2 ()| AWFF [sNde ) T(eey]] D [Po = Ro]].
Proof
WS, [fSteqee) Zeey] A WiFoe [sNdeieey Z(eq)]] D Po = P, (1)
F [wffo, [fst6<€€> z<€€>} A wrF, [snd (e€) T(ee) I§=)
P, = [[appeee [appeee 000 [fSt (e€) T{ee) ]] [snd (ee) T 66>]ﬂ (2>
F WFFS, [fteqee) Zeey] A WiFoe [sndeieey Z(eey]] D
P, = [[appccc "Nooo '[fsteee) T (eeyl]loo[SNde(ee) T(eey Jo- (3)
= (WIFo, [fsteee) @ eey] A WIFo, [sNde ey T(eey]] D
P, = ["Nooo Nooolfste(ee) TieeyJo[sNde(ee) Z (ee)]o- (4)
WS, [fSteqee) Zeey] A WiFoe [sNdeieey Z(ey]] D
P, = Nooollfsteee) TieeyJolsnde(ee) Z(ee)]o- (5)
WS, [fsteqee) Teey] A Wi, [sndeieey T(ee)]] D Po = Re. (6)
F V2 ey [WiToe [fSteee) @ eey] A Wi, [snd o Teey]] D [Po = Ro]]. (7)

(1) is by Lemmas 10.1.4, Propositions 10.1.1 and 10.1.6, and the Tautology
Theorem; (2) follows from (1) by the definition of ande., Axioms 4.2-5, and
Lemma 10.2.1; (3) and (4) follow from (2) and (3), respectively, by Axiom 11.3,
Lemma 10.2.1, and Specification 6; (5) follows from (4) by Axiom 11.2; (6) is
by abbreviation; and (7) is by Universal Generalization. O

The second lemma shows how Q, can be reduced:

Lemma 12.4.3 - Q, = S,.

Proof The right side of the equation is obtained from the left side in three steps.
First, and-simp,,, is replaced by its definition. Second, the resulting formula is
beta-reduced using Axioms 4.2-5 and 4.8 and parts 2 and 3 of Lemma 10.2.1.
And third, evaluations are pushed inward using Axiom 10.3. O

The next lemma consists of five theorems of P"4¢:
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Lemma 12.4.4

1 F 2eey = [Pair(ooy00 " To ' "To ] D [Qy = Ry].
2. F Ty = [Pair(y, I_F()—"—TO—‘] 2 [Q, = R,).
8 F 2ieey = [Pairooy00 " To " Fo Y D [Q, = Ro).
4 F 2 = 93 fogpon "Fo T, 5 (@, = Rl
9. F[x ey 7 [P (ooyo0 " To " To T A ee) # [PAIF(00y00 " Fo ' T To | A
T(ee) [palr 00) ’_T TTF AT eey # [PaIN00y00 " Fo T EG A
[wf Fge [fste(ee } AWEFo [sndeieey Teey]]] O [Q, = Ro).
Proof
Part 1

b2y = [pair<oo>oo "T,7"T,] D>

(M%) [ Qo = Ro]lT(ce) = [N [Qo = Rol][PaIN (0000 " To '™ To 1] (1)
b ey = [pair<oo>ao L

[Q, = Ry] = A1 [Q, = Roll[Pair(oo)00 " To 1o - (2)
F 2 ey = [Paif(oy00 " To "1 D

HQO = RO} = [)‘I<6€> [SO = RO]][pair<oo>oo T, ’_TOW]' (3)
F ey = [pair<00>oo T, "T, | D

Qo =Ro| =[["To o =TT ANTo ol (4)
F ey = [pair<oo>oo T, ", D

1Q, =Ro| =To). (5)
= x(ee) = [pair<oo>oo rToj I7To—l] ) [Qo = Ro]' (6)

(1) is by Axiom 2; (2) follows from (1) by Axiom 4.10; (3) follows from (2) by
Lemma 12.4.3 and Rule 1; (4) follows from (3) by Lemma 10.2.1, part 2 of the
Beta-Reduction Theorem, Axiom 10.1, and the Tautology Theorem; (5) follows
(4) by Axiom 11.2 and the Tautology Theorem; (6) follows from (5) by the
Tautology Theorem.

Part 2 Similar to Part 1.
Part 3 Similar to Part 1.
Part 4 Similar to Part 1.

Part 5 Let A, be the antecedent of the implication in part 5 of the lemma.

P, =R, (1)
FA, D[P, =R, (2)
FA, D[S, =R (3)
FA,D[Q,=R,] (4)

(6]



(1) is by Lemma 12.4.2 and part 4 of Universal Instantiation; (2) follows from (1)
by the Tautology Theorem; (3) follows from (2) by Axiom 10.2, Lemma 10.2.1,
and the Tautology Theorem; and (4) follows from (3) by Lemma 12.4.3 and
Rule 1. |

Finally, the theorem below shows that MathMeaning is a theorem of P"%°:

Theorem 12.4.5 (Mathematical Meaning of and-simp,..)

F MathMeaning.
Proof

WS [fste(ee) T(eey] A WIS, [sndeeey T(ee)]] D [Qo = Reo]
follows from Lemmas 10.2.1 and 12.4.4 and the Tautology Theorem. Then

F Vo) [[WIT, [fsteee) Ziee)] A WIS, [sndeieey Z(eo)]]] O [Q, = Ro]]
follows from this by Universal Generalization. a

Hence O4 is mathematically correct.

While A manipulates formulas, and-simp,.. manipulates syntactic represen-
tations of formulas. An application of O4 has the form and-simp_.."A," "B,
Its value can be computed by expanding its definition, beta-reducing using Ax-
iom 4, and then rewriting the resulting wif using Axiom 10 and Specification 1.
If A, and B, are evaluation-free, its meaning can be obtained by instantiating
the universal formula MathMeaning with the wif ("A,”,"B,™) and then simpli-

fying.

13 Conclusion

13.1 Summary of Results

We have presented a version of simple type theory called Q)% that admits un-

defined expressions, quotations, and evaluations. Qy?° is based on Qy, a version
of Church’s type theory [12] developed by Peter B. Andrews [2]. Qg®® directly
formalizes the traditional approach to undefinedness [19] in which undefined
expressions are treated as legitimate, nondenoting expressions that can be com-
ponents of meaningful statements. It has the same facility for reasoning about
undefinedness as Qf [23] that is derived from Qg. In addition, it has a facility for
reasoning about the syntax of expressions based on quotation and evaluation.
The syntax of Qu*° differs from the syntax of Qy by having the following
new machinery: a base type € that denotes a domain of syntactic values, a
quotation operator, an evaluation operator, and several constants involving the
type e. Qg also has some additional new machinery for ordered pairs and con-
ditionals: a type constructor for forming types that denote domains of ordered
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pairs, a constant for forming ordered pairs, and an expression constructor for
forming conditionals. The semantics of Qy%° is based on Henkin-style general
models [41] that include partial functions as well as total functions and in which
expressions may be undefined. The expression constructor for conditionals is
nonstrict with respect to undefinedness. An application of the quotation opera-
tor to an expression denotes a syntactic value that represents the expression. An
application of the evaluation operator to an expression E denotes the value of
the expression represented by the value of E. To avoid the Evaluation Problem
mentioned in the Introduction, an evaluation [TA.7], is undefined when A, is
not evaluation-free.

The syntax and semantics of Qj%° are modest modifications of the syntax
and semantics of Qf, but P"%, the proof system of Q;°, is a major modifica-
tion of P", the proof system of Qf. The substitution operation that is needed
to perform beta-reduction is defined in the metalogic of Qf, while it is repre-
sented in Qg™ by a primitive constant subec.. To avoid the Variable Problem
mentioned in the Introduction, sub... defines a semantics-dependent form of
substitution. Moreover, the syntactic side conditions concerning free variables
and substitution that are expressed in the metalogic of a traditional logic are
expressed in the language of Q5. We prove that P is sound with respect
to the semantics of Qy?° (Theorem 9.2.1), but it is not complete. However, it
is complete for evaluation-free formulas (Theorem 11.3.1).

9p% is not complete because it is not possible to beta-reduce all applica-
tions of function abstraction. There are two ways of performing beta-reduction
in Qy%°. The first way uses the specifying axioms of the primitive constant
subc. to perform substitution as expressed by Axiom 4.1. This first way works
for all applications of function abstraction involving just evaluation-free wffs,
but it works for only some applications involving evaluations. The second way
uses the basic properties of lambda-notation as expressed by Axioms 4.2-10.
Like the first way, this second way works for all applications of function ab-
straction involving just evaluation-free wifs, but it works for only some appli-
cations involving evaluations. However, the two ways complement each other
because they work for different applications of function abstraction involving
evaluations.

13.2 Significance of Results

The construction of Qy%° demonstrates how the replete approach to reasoning
about syntax [25] — in which it is possible to reason about the syntax of the

entire language of the logic using quotation and evaluation operators defined in

the logic — can be implemented in Church’s type theory [12]. Moreover, the

implementation ideas employed in Qg% can be applied to other traditional logics
uqge

like first-order logic. Even though the proof system of Qj*" is not complete, it
is powerful enough to be useful. We have illustrated how Qy%° can be used
to (1) reason about the syntactic structure of expressions, (2) represent and
instantiate schemas with syntactic variables, and (3) formalize syntax-based

mathematical algorithms in the sense given in [25]. We believe Q;9¢ is the first

7



implementation of the replete approach in a traditional logic.

The most innovative and complex part of Qg% is the semantics-based form of
substitution represented by the primitive constant sub..... It provides the means
to instantiate both variables occurring in evaluations and variables resulting
from evaluations. In particular, it enables schemas expressed using evaluation
(e.g., as given in subsections 12.2 and 12.3) to be instantiated. We showed
that the substitution mechanism is correct by proving the law of beta-reduction
formulated using subccc. (Theorem 7.5.2). The proof of this theorem is intricate
and involves many lemmas.

Qu* is intended primarily for theoretical purposes; it is not designed to
be used in practice. A more practical version of Qy? could be obtained by
extending it in some of the ways discussed in [24]. For instance, Qg™ could be
extended to include type variables as in the logic of the HOL theorem proving
system [34] and its successors [40, 44, 51] or subtypes as in the logic of the IMPS
theorem proving system [26, 27]. These additions would significantly raise the
practical expressivity of the logic but would further raise the complexity of the
logic. Many of these kinds of practical measures are implemented together in
the logic Chiron [21, 22], a derivative of von-Neumann-Bernays-Godel (NBG)
set theory that admits undefined expressions, has a rich type system, and is

equipped with a facility of reasoning about syntax that is very similar to Qy’s.

13.3 Related Work

Reasoning in Logic about Syntax

Reasoning in a logic about syntax begins with Kurt Godel’s famous use of Géddel
numbers in [33] to encode expressions. Godel, Tarski, and others used reason-
ing about syntax to show some of the limits of formal logic by reflecting the
metalogic of a logic into the logic itself. Reflection is a technique to embed rea-
soning about a reasoning system (i.e., metareasoning) in the reasoning system
itself. It very often involves the syntactic manipulation of expressions. Reflec-
tion has been employed in logic both for theoretical purposes [42] and practical
purposes [39].

The technique of deep embedding is used to reason in a logic about the syntax
of a particular language [8, 13, 67]. This is usually done with the local approach
but could also be done with the global approach. A deep embedding can also
provide a basis for formalizing syntax-based mathematical algorithms. Exam-
ples include the ring tactic implemented in Coq [14] and Wojciech Jedynak’s
semiring solver in Agda [49, 50, 66].

Florian Rabe proposes in [56] a method for freely adding literals for the
values in a given semantic domain. This method can be used for reasoning
about syntax by choosing a language of expressions as the semantic domain.
Rabe’s approach provides a quotation operation that is more general than the
quotation operation we have defined for Q;°. However, his approach does not
provide an escape from obstacles like the Evaluation Problem and the Variable
Problem described in section 1.
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Reasoning in the Lambda Calculus about Syntax

Corrado Béhm and Alessandro Berarducci present in [6] a method for represent-
ing an inductive type of values as a collection of lambda-terms. Then functions
defined on the members of the inductive type can also be represented as lambda
terms. Both the lambda terms representing the values and those representing
the functions defined on the values can be typed in the second-order lambda cal-
culus (System F) [31, 57] as shown in [6]. C. B6hm and his collaborators present
in [5, 7] a second, more powerful method for representing inductive types as col-
lections of lambda-terms in which the lambda terms are not as easily typeable
as in the first method. These two methods provide the means to efficiently
formalize syntax-based mathematical algorithms in the lambda calculus.

Using the fact that inductive types can be directly represented in the lambda
calculus, Torben A. Mogensen in [47] represents the inductive type of lambda
terms in lambda calculus itself as well as defines an evaluation operator in the
lambda calculus. He thus shows that the replete approach to reasoning about
syntax, minus the presence of a built-in quotation operator, can be realized in
the lambda calculus. (See Henk Barendregt’s survey paper [3] on the impact of
the lambda calculus for a nice description of this work.)

Metaprogramming

Metaprogramming is writing computer programs to manipulate and generate
computer programs in some programming language L. Metaprogramming is
especially useful when the “metaprograms” can be written in L itself. This is
facilitated by implementing in L metareasoning techniques for L that involve the
manipulation of program code. See [15] for a survey of how this kind of “reflec-
tion” can be done for the major programming paradigms. Several programming
language support metaprogramming including Lisp, Agda [49, 50], F# [65],
MetaML [61], MetaOCaml [58], reFLect [35], and Template Haskell [59]. These
languages represent fragments of computer code as values in an inductive type
and include quotation, quasiquotation, and evaluation operations. For example,
these operations are called quote, backquote, and eval in the Lisp programming
language. Thus metaprogramming languages take, more or less, the replete
approach to reasoning about the syntax of programs. The metaprogramming
language Archon [60] developed by Aaron Stump offers an interesting alternate
approach in which program code is manipulated directly instead of manipulating
representations of computer code.

Theories of Truth

Truth is a major subject in philosophy [32]. A theory of truth seeks to explain
what truth is and how the liar and other related paradoxes can be resolved. A
semantics theory of truth defines a truth predicate for a formal language, while
an aziomatic theory of truth [37, 38] specifies a truth predicate for a formal
language by means of an axiomatic theory. We have mentioned in Note 12 that
an evaluation of the form [A ], is a truth predicate on wffs. A, that represent
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formulas. Thus Qy? provides a semantic theory of truth via it semantics and
an axiomatic theory of truth via its proof system P"4°.

Since our goal is not to explicate the nature of truth, it is not surprising
that the semantic and axiomatic theories of truth provided by Qu*° are not
very innovative. Theories of truth — starting with Tarski’s work [62, 63, 64]
in the 1930s — have traditionally been restricted to the truth of sentences, i.e.,
formulas with no free variables. However, the nge semantic and axiomatic
theories of truth admit formulas with free variables.

13.4 Future Work

Our future research will seek to answer the following questions:

1. Can nontrivial syntax-based mathematical algorithms — such as those
that compute derivatives symbolically — be formalized in Qg in the

sense given in [25]7

2. Can a logic equipped with the machinery of Qy° for reasoning about
undefinedness and syntax be effectively implemented as a software system?

3. Can the replete approach to reasoning about syntax serve as a basis to
integrate axiomatic and algorithmic mathematics?

We will discuss each of these research questions in turn.

Formalizing Syntax-Based Mathematical Algorithms

We conjecture that it is possible to formalize nontrivial syntax-based mathe-
matical algorithms in Qg™ in the sense given in [25]. We intend to work out the
details for the well-known algorithm for the symbolic differentiation of polyno-
mials as described in [25]. First, we will define a theory R of the real numbers
in Qy°. Second, we will define in R the basic ideas of calculus including the
notions of a derivative and a polynomial. Third, we will define a constant in R
that represents the symbolic differentiation algorithm for polynomials. Fourth,
we will specify in R the intended computational behavior of the algorithm and
prove that the constant satisfies that specification. Fifth, we will specify in R
the intended mathematical meaning of the algorithm and prove that the con-
stant satisfies that specification. And, finally, we will show how the constant
can be used to compute derivatives of polynomial functions in R.

Polynomial functions are total (i.e., they are defined at all points on the real
line) and their derivatives are also total. Hence no issues of definedness arise in
the specification of the mathematical meaning of the differentiation algorithm
for polynomials. However, functions more general than polynomial functions
as well as their derivatives may be undefined at some points. This means that
specifying the mathematical meaning of a symbolic differentiation algorithm for

more general functions will require using the undefinedness facility of Q;9°.
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Implementation of the Q;% Machinery

It remains an open question whether a logic like Qg% can be effectively im-

plemented as a computer program. The undefinedness component of Qy? has
been implemented in the IMPs theorem proving system [26, 27] which has been
successfully used to prove hundreds of theorems in traditional mathematics, es-
pecially in mathematical analysis. However, quotation and evaluation would
add another level of complexity to a theorem proving system like IMPS that can
deal directly with undefinedness.

There are three approaches for implementing the syntax reasoning machin-
ery of Qp%. The first is to implement part of the machinery of Q5" in an
existing implementation of Church’s type theory such as John Harrison’s HOL
Light [40] in order to conduct experiments concerning reasoning about syntax.
For example, a worthy experiment would be to formalize a syntax-based math-
ematical algorithm like the symbolic differentiation algorithm for polynomials
mentioned above. The second is to directly implement Qg% — a version of
Qp™ with perhaps some practical additions — to test the entire design of Qy*.
And the third is to implement Qs syntax reasoning machinery as part of
the implementation of a general purpose logic for mechanized mathematics. We
have engineered Chiron [21, 22] to be just such as logic. It contains essentially
the same syntax reasoning machinery as Qy°, and we have a rudimentary im-
plementation of it [11].

Implementing the ideas in Qy*° will be challenging. Reasoning about the
interplay of syntax and semantics in a logic instead of a metalogic is tricky. It
is easy for both developers and users to become confused — just ask any Lisp
programmer. A practical proof system will require new axioms and rules of
inference as well as an effective means to perform substitution in the presence
of evaluations. The latter, as we have seen, is fraught with difficulties. Finally,
new notation and user-interface techniques are needed to shield the user, as
much as possible, from low-level syntactic manipulations.

Integration of Axiomatic and Algorithmic Mathematics

The MathScheme project [11], led by Jacques Carette and the author, is a long-
term project being pursued at McMaster University with the aim of producing
a framework in which formal deduction and symbolic computation are tightly
integrated. A key part of the framework is the notion of a biform theory [10, 20]
that is a combination of an axiomatic theory and an algorithm theory. A biform
theory is a basic unit of mathematical knowledge that consists of a set of con-
cepts that denote mathematical values, transformers that denote syntax-based
algorithms, and facts about the concepts and transformers. Since transformers
manipulate the syntax of expressions, biform theories are difficult to formalize
in a traditional logic. One of the main goals of the MathScheme is to see if a
logic like Qg% that implements the replete approach to syntax reasoning can
be used develop a library of biform theories.
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